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Network modelling of flow in natural fractures

‘Gemel Yang, Neville G. W. Cook and Larry R. Myer

Department of Materials Science and Mineral Engineering and
Earth Sciences Division, Lawrence Berkeley Laboratory,
University of California, Berkeley, California 94720

ABSTRACT: The void space between the two surfaces of a fracture was simulated using a
stratified percolation model, based on a fractal distribution of apertures. Local apertures were
treated as tubes with elliptical cross-sections, to determine their hydraulic resistance for use
in a network model. This results in a network of highly inhomogeneous resistances. A search
technique was used to remove dead-ends and dead loops. The Hardy-Cross method was used
to solve for flow. Flow was found to depend on the apparent aperture of the fracture to a
much greater power than 3. Correlation inherent in the model generates clusters of high
apertures separated by areas of contact. Critical segments through areas of contact establish
percolation between areas of high apertures. : '

1 INTRODUCTION

Studies of fluid flow in natural fractures are very important for the disposal of nuclear or
toxic wastes and for the recovery of oil. The mechanism of fluid flow in a fracture is not well
understood yet. Some researchers have used the "cubic law” to relate fracture aperture to
flow (e.g., Witherspoon et al., 1980). According to the cubic law, the flow rate is calculated
from the following formula:

dp 1 3

ax Tom ®
in which Q is the flow rate, w is the width of the fracture in the direction perpendicular to
the flow direction, dp/dx is the gradient of hydraulic pressure, u is the viscosity, and b is the
average aperture. But experimental work on natural fractures (Raven and Gale, 1985;
Pyrak-Nolte et al., 1987) shows that the following formula fits laboratory data on natural
fractures measurements better than the cubic law:

Q=0Qc+ C(dmu - d)n (2)

where Q is the flow rate, Q, is an irreducible flow rate, C is a fitted constant, d is the frac-
ture closure under normal stress, dp,, is the maximum fracture closure, and n is an exponent.
Values of n as large as 7.6 - 9.8 have been measured (Pyrak-Nolte et al., 1987).

Further investigations (Nolte et al., 1989) show that the topography of the flow path is of
great importance to flow rates. This paper is based on a fractal distribution of apertures and

contact areas as simulated in the stratified percolation model of Nolte et al., but uses a net-

work technique to simulate fluid flow through all the available paths in the fracture at any
stress. To account for the effect of stress normal to the fracture, all the open void apertures
are diminished uniformly with increasing stress. Fracture closure measured away from the
plane of the fracture is given by the volumetric decrease in the void space divided by the
cross-sectional area of the whole fracture plane (Pyrak-Nolte et al., 1988). Thus, the actual
reduction in void aperture is greater than the fracture closure.
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2 MATHEMATICAL MODEL OF FLOW IN FRACTURES UNDER EFFECTIVE STRESS

At normal stresses greater than the fluid pressure, a better representation than parallel plates
of the void space between rough fracture surfaces may be clusters of tubes with irregular
cross-sections. Suppose the flow is one-dimensional (along the tube axis) and that the tube
shape is elliptical. Because the Reynolds number is very small, the flow is viscosity dom-
inated.
Based on these assumptions, the Navier-Stokes equations are simplified to:
dp 8% 8%

_dx+“:9-;é-+“—a?-_-0 (3)
where x is the axis along the tube center line, y and z are axes perpendicular to x, p is the
pressure, u is the velocity in x direction, and g is the viscosity. The boundary condition is u
(wall) = 0.

If the length of the tube is small enough so that the cross-section area does not change very
quickly, the pressure gradient dp/dx can be considered a constant.

Using nondimensional variables:

* — l z‘ = 3— * ———-——u
y a ’ a ’ u + _a—2£p— 1’
p dx
where a is the long axis of the ellipse, Eq. (3) becomes the Poisson equation:
3u* | O*u*
ay*2 + 82*2 =-1. (4)

Based on Eq. (4), solutions for a wide variety of shapes are given by Berkeer (1963). For an
ellipse, the wall location is:
v*2 + Kz*2 =1 where K = (—;:L)2 , (5)

where a is the half width of the cross-section and h is the half aperture and the solution to
Eq. (4) is :

1-y*2-Kz*2 )
u = — . (6)

2(1 + K)
Integration of Eq. (6) yields:
ey ™)
& 4 RKTT
u dx
. dp Ap . ]
(Panton, 1984). Supposing o = Al (Al is the length of the tube), one gets:
Q _  mt/uAl . (8a)

-Ap  4VK(K +1)

The hydraulic resistance of the tube can be written as:

R AP _ 4uAl\/R'£K+ 1) (8b)

Q ma :
If the real cross-sectional area of the flow path, A, is smaller than the area of the ellipse,
Acllipse = mah = —\;l% the resistance should be proportionally higher. Hence, a modifying fac-

tor is introduced:

=Aelliple and R = 4 AI\/'I-(_IE+I (9)
real ma

f
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3 ALGORITHM AND NETWORK TECHNIQUE

The flow tubes were generated from the fractal distribution of apertures simulated by Pyrak-
Nolte et al. (1988). Basically, the technique is to divide a rectangular fracture plane into 100
x 100 elements, using a fractal distribution to determine the aperture of each element. At
each of 100 cross-sections perpendicular to the fracture plane and to the direction of overall
pressure gradient, non-zero local apertures are approximated by elliptical holes. Holes in one
cross-section that overlap holes in adjacent cross-sections are connected to form a network of
intersecting elliptical tubes.

The network technique is widely utilized to solve electrical and ventilation system problems
(Cross, 1936). But in both of these systems, the network is well connected and the topological
structure is given. In our case, however, the randomly generated network has many dead-end
branches and loops with only one connection to the whole system. This special complication
makes it difficult to choose independent loops for the network calculation. Before applying
the Hardy-Cross method, one has to make sure that every loop upon which the equations are
set is truly independent, and any branch in which there is possibly flow is included. For this
reason, a searching-cutting process was developed (Fig. 1).

The basic principles of the network technique come from graph theory (Chen, 1971;
Christofides, 1975; Minieka, 1978). All the branches are arranged in ascending order of their
resistance and are used to form a spanning tree so that the chords (branches that form
meshes) are those branches with the largest resistance. This facilitates solution by hardy-
Cross iteration (Wang, 1982). Based on these chords, loops or fundamental meshes are
formed so that every loop is independent of the others.

The first and second Kirchhoff’s laws are applied to solve "loop” flows:

Ya=o0 (on every node),

) | (10)
YRQ; =0 (on every independent loop)
J

and Hardy-Cross iteration is utilized:
2RQ;
AQ = 21—
LF,
i

where Q,.w = Qo - AQ, until AQ is small enough.

(on every independent loop) (11)

4 RESULTS

Using the computational scheme outlined in Figure 1, flow path networks and flow quantities
were determined for a particular realization of fracture aperture distributions at different nor-
mal stresses obtained from the stratified percolation model. The networks at zero, medium
and high eflective stresses are illustrated in Figure 2a,b and ¢. The aperture distribution at
zero stress is that given by the stratified percolation model for a fractal dimension D = 1.94.
High stress corresponds to an amount of fracture closure such that percolation is established
by a single critical segment comprising three elements in series as illustrated. Medium stress
corresponds to fracture closure between these extremes. At zero stress some branches are
dead ends (shown dotted) and the apertures are zero (white) over part of the fracture. Corre-
lation between fracture apertures results in clusters of large aperture and clusters of areas of
contact. Critical segments connect the clusters of large aperture across areas of contact.
Increasing stress increases the proportion of dead ends and zero apertures but not greatly.
The effect of increasing stress, or fracture closure, is mainly to reduce the numbers of inter-
connections or critical segment through which fluid can flow from one side of the fracture to
the other. This accords with the experimental findings of Pyrak-Nolte et al. (1987) using
Wood’s metal porosimetry.
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Figure 2. Flow paths network with arrows showing critical segments, (a) no stress, (b)
medium stress with two critical segments, (c) high stress with one critical segment.

To determine the exponent, n, in Eq. (2) the logarithm of the fracture aperture is plotted
against the logarithm of the flow. This was done for results from the network model as
shown in Figure 3 where Q. is zero and Qp,, is the flow at percolation. This figure shows
that the exponent, n = 8.4, is again, in good accord with experimental data on natural frac-
tures subjected to normal stress.

Irreducible flow can be accounted for, physically, by assuming that the critical segments at

the highest stress have cross sections closer to that of a circle than a flat ellipse, so that these

paths would remain open even at high stresses.

o
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Figure 3. Plot of calculated flow as a function of fracture aperture showing the high
exponent n > > 3.

5 CONCLUSIONS

The network modeling has provided new insight about the details of fluid flow between the
rough surfaces of a fracture subjected to normal stress. Many of the results are consistent
with experimental observations of fluid flow through natural fractures.

1. Fractures under effective stress should not be considered as ”parallel plates” but as clus-
ters of "tubes” (channels) intersecting each other.

2. Because of the correlation of fracture apertures, the flow channels do not have a nearly
uniform width (but variable aperture) as proposed by Tsang and Tsang (1987). Rather nar-
row channels, which we define as critical segments, establish percolation {across areas of con-
tact) between wide clusters of high apertures.

3. The ”cubic law” or any other power law, takes the average aperture as the key factor of
fluid flow. In fact, not all the apertures affect the fluid low to the same extent. As shown in
Figure 2a, even for the original fracture (no stress on it) there are many dead ends and dead
loops, which are filled with fluid but through which fluid does not flow. '

4. As the apertures are diminished by increasing stress, flow channels disappear or become
dead ends so that flow is decreased not only by the reduction in aperture but also by the
reduction in the number of parallel channels, or the width of the flow path.

5. If the stress is high enough, a few of the passages become critical paths for the flow
(indicated by arrows in Fig. 2b and ¢). At these stresses, when the network approaches the
limit of percolation, flow in the natural fracture is still controlled by all the apertures; less
than thirty percent of the total pressure drop occurs across the critical segment.

6. The results of the network modeling fit the experimental data very well, that is, the
linear plot of logarithm of apparent fracture aperture against logarithm of the flow has a slope
n>>3.
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