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ABSTRACT

The effect of finike nuclear size on the vacuum

polarization charge density is studied. The results to-
. 3 ' (o \BZD
third order, a(Za)’, and to all orders, a(za) -,
are presented with special attention focused on the
- Lf_- transition in muonic Pb. 1In addition

“8g/2 = /e < ’
the accuracy of analytic calculations exploiting the

smallness of the electron mass and of the nuclear radius

is discussed.

One of the major tests of quantum electredynamics lies in the
calculation Qf transition energies in high-Z muonic atoms. The most
important radiative corrections to these transitioﬁ energies come from
vacuﬁm polarization (VP). Even the higher-bfder, a(Za)nB:B, VP is
important due to the high resolution of recent exﬁeriments. Since
discrepancies between theory and experiment have been o'bserved,l most

2)5)}-"

notably in Ba56 and Pb82, several workers have looked at the

higher-order VP in more detail. 1In particular, the effect of finite



nuclear size on the VP charge density has been studied. However, -
complete agreemenf on the size of thié effect hés nbt yet been reached.
In the hope 6f eliminating this uncertainty, this letter presents the
results of #n independent numerical study of the problem.

In muonic fb, a b2 t 20 eV discrepancyi.exists between theory
and expgriment for the 5g§/2 -vhf%/e transitiqnﬁw#én thé’the@retical
contribution to the transition energy due to highef-order VP is cal-
culated for.a point nuci?us; For a finite size nucleus, characterized
| by a radius R, the VP charge density, p(R,r), differs from its point
nuclets form in such a way as to inéreaée the traﬁsition'energy. This
has the effect of increasing the discrepancy betweeﬁ’theéry and expér-
iment. For the 5g - Uf transition this increase was calculated
numerically by»ﬁinker and Wilets- to be 16 eV. On the other hand, the
3

analytic:calculations of Arfune” and Brown, et al.h, uéing the approx-
imations based on the smallness of m, and the ratio of the nucleér
radius to the muonic orbit, ”R/ao, gave 5 eV.

The calculation reported in this letter gives 6 eV for the
energy shift of the 5g - Lf transition. The central assumption in
this calculation is that the finite nuclear size isbfelt only by the
J ='% eleétrons in the VP density. Tt is shown that this assumption
leads to an error of less than 0.5 eV for the 6 eV calculatéd. The
third order, | a(za)3, contribution and the contribution to all orders,
vd(zzfl>3, are studied separately. This provideé a.qheck on the

internal consistency of the final results since the numerical techniques

required'to calculate each are quite distinct. As a further check, the
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‘-ij>2/Qk;1 » of the VP chargé accunulated at the Origin.fqrr k| 22

point nucleus limif,‘ R+ 0, 1is examined and compared to the results

of Wichmann and Kroll5

and of Blomqvist6. Finally, setting m, = 0
and expanding to lowest order in R/ao in our célculation, we recover
the 5 eV result of Refs. 3 and 4.

° showed that o(R,r) is proportional to a

- Wichmann and Kroll
contour integral along the imaginary energy axis of the trace of the

Green's funcfion, TrG(;,;;z)z for the Dirac equation. Expanding G

in terms of the radial Green's functions, Gk? for "angularvmomehtum,"

k = #(j + %),Vwe define the VP density, Py for a given k, through
the contour integral of Ter. The radial Dirac equation for Gk may
be converted to an integral equation from which afpower series expansion

of Gk in pOWers of Za 1is obtained. In this way the Uehiing term,

‘plk,v and the third order density, p3k, may be isolated. Since the

k = fl(Sl/Q,El/g) states are most sensitive to nuclear size, a natural

~ approximation for . p(R,r) is

.p(RQr)-'E P (R,r) + EA o (0,r) ; : (1)
| - kla | ' |

MEE

"i;e;, the energy shift due to finite size effects on VP is assumed to

come mainly from the |kl = 1 density. The accuracy'of'this approx-
imation depends on how large the contribution from the k| > 2 density
is. The size of the 1k} 2 2 contribution to the total density éan be-

estimated using the results of Ref. 5 for a point nucleus. The ratio,

and fof' lk| =1 giﬁes a measure of the relativé size of pk2$2 to
. . . : rd

~
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to p,_,- For order (za)"”7, in Pb, Ref. 5 gives Qi;%B/Qi:i'~ 0.008

~ with Qi:l'= -6.83 x lO-ulel. From this we conclude that the |k| 22

contribution to the density is less than l% for these orders. For third

il

order, Ref. 5 gives the charge summed over k: QBWK' -4, 487 = 10'5|e
3 , e
Q WK comes from,_!k]

>3

numerically using the integral equation fbr' G k=1 in which we

To calculate what fraction of 1, we calculated

3
P g=1

set m, = 0. 'The nuclear charge distribution used in the calculation

5

was a shell of radius R. The me = 0 limit isolates the piece of o,
which is only a function of r/R. It is precisely this piece that
reducés to a delta function as R - O. (This‘assumes ﬁhat the integral
of - p31 over all space exists, which is the caséJﬁe?é.) The third
order charge due to |kl =1 is then ' |
_ - S :

QBl = J[ ar Lr® pBl(R,r,me=O) . S _ »(2)

Note that le is in fact independent of R. This ﬁaé checked

numerically by célculating Q51 for R = 6., 0.6, 0.06 F with the

result in each case being Q5l = =b,177 x 10_3Ie . Thus le/Q3wK= 0.9%;
i.e., T of the third order density comes from 1k|f?’2. Summarizing
- these relations, .

3
g1

14

. (3)

: 3 ~ 7 5+ A - 5+
155Qk>2—642Qkﬂ.*'”°Qk>e

For the case of & point nucleus‘BlomqvistS-has calculated the
58 - 4f energy shift in Pb due to third order VP to be
ZEP(R:O) = =43 eV. For a finite size nucleus we calgulated pBl(R,f)

numerically ﬁith m, # O using two different models of the nuclear

.(J‘
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charge density: (I) a shell density, Prye = s(r - R)/ (lmp?) and

(II) a uniform density, o = 6[R - r)/(unR5/§). Tables I and II

nuc

contain the results. The R = O 1limit was examined by calculating the

‘energy shifts for R = 0.6 and 0.06 F. Extrapolating to R = 0, we

gét AEjk:l = =4O eV for the 5g - Lf transition. From Eq (3) we

estimate-the |k| 2 2 contribution to be A E5k 5o = -3 eV. Thus,

Fa\ E5 = 4’+5 eV, 1in agreement with Ref.v6. Fdr the calculation of

x>1 _
the finite size effect, R was chosen in each model so that

4l . -
[<r‘2>nu 2-—# 5.5 F . Dirac wave functions were used in the expecta-
tion values, although Schrodinger wave functions gave the same results

to within 1 - 2%. (It should be noted that the unc‘ezl‘t_ainty in the muon

.mass, T 400 eV, alone generates a T 2 eV uncertainty in the

5g - Uf X-ray.) Comparing the two model distributions in Table I, we
see that the energy shifts are sensitive only to ( r2 >nuc for these
high angular momentum states. The result from Table II is AE 1= -‘56 e\f
for [ G%)

1 .
2 - 5,5 F. Thus the finite nuclear size caused a 10%
increase in the third order VP contribution for 'kl = 1. Since the _

nuc]

,kl 2 2 electrons are less sensitive to nuclear size, we estimate

3 eVS AP, (R) S 0.9 x AF

k2 k22(o) =
contribution to the 5g - 4f X-ray from third order VP is AE? ‘= =39 eV

-2.7 eV. Thus the total

as compared to the point nucleus value of -43 eV
| - To solve for the éﬁergy shift to all orders, 'a(Za)nzi , wWe

construct the Green's function for the Dirac equé.tibn in the field of a

fiﬁite sj.ze riuéleﬁs and remove the Uehling term. Since the third order

calculation showed that the energy shift is sensitive only to <r2)nuc’



e

a shell distribution (model I) is used with R = 5.5 F. The shell
distribution is most convenient since both the iutecﬁal and external
wave functions are simple. The Green's function’is,then constructed5
with ﬁhe regular and irregulaf solutions of the Dirac equation: for
r <R these are spheriCal Bessel functions and fcr r >R they are
Whittaker functions._ Both fypes of functions are subject to rapid, high
precision'uumerical computation.8 The Uehllng contribution is obtained
from the integral equation for the radial Green's function and may be
expressed in terms of elementary and exponential integral functions.
The details: of these and of all other calculations mentloned in this
letter will be given in a subsequent paper.
The results of the calculations areAlisted‘in Tables I and IT.

.In the R *IO 1imit we get for orders n 23, bﬂ?;=l = =46 eV. From

(3), the contribution of |k| 32 to these o‘_rcieirvs‘ is estimated to
be -3 eV from third order and < 0.1 eV frcm cudcrs n 25, The
total shift for orders n > 3 is then AE3+(R=O)1ﬁ -49 eV in agreement

with Ref. 6. For finite radius we rewrite Eq. (1)

A (R) x m?* (R) +AE3+ )y, B (1)

. k>2
where the lkl > term is estimated from AE’. (O) using Eq. (3).

The accuracy of Eq. (4) is then estimated by

AE5+ - 287}

k>2 k>2(o)

o
]

~ 0.07h (a8 (R) - AF (o)) + 0.008 x (AE5+(R) - AE5+(O)) ,
(5)

where Eq. (3) has again been used. For the 5g - kf,.transition, the
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error in the approximation in Eq. (4) is then estimated to be less than

.0.5 eV with the result that AE5+(R) = =43 eV. Thus, the finite

nuclear size effect on VP increases the energy of the X-ray by 6 eV.
The VP densities pal and pBI calcula#ed‘here ﬁith the energy
contour alohg the imaginary axis satisfy gauge iﬁyafiance. Therefore a
good check on the numerical accuracy of these dehsities is provided by
the evaluation of their integral over all space; itawas found that for
r S 60 F the densities were negative, while fdf'vr'2 60 F, they were
positive; the densities were calculated out to 8 X, The amount of
charge contained in'the.region rS60F was ~ -box l_O-5 le|, while
o 8
|

the total charge out to r = 8%  was ~ -107 |e|. Thus, better than

five plaée accuracy was achieved for these‘densities;

To study the accuracy of the mé -0 and loﬁest order in R/r
approxiﬁationu'in the calculation of Ap = p(R,r) - p(O;r); ‘fér |
r'Z»R,. we note that A p is proportional to the energy contour integnﬂ;

of the difference, A G, between the Green's function for the Dirac

equation for a finite radius and point-nucleus."The'difference AG

can be expressed as AG = f(R,z,me) W(r,z,me), where z 1is the energy,
W %inVOlVES products of Whittaker functions and - f 'depends on R
through the ratio of internal and external wave functions evaluated at

R. The approximation of neglecting the electron mass in comparison to

- i/ao is implemented by setting m =0 in both f and W. The

approximation based on R/ao <<'1 1is obtained by expanding

f(R,z,me) = 0 1in powers of R and retaining only the first term. We

have made calculations with and without these appfoximations. The
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results for |k| = 1 are p;esented in Table III for the following
three cases: (1) no approximation, (é) m, = 0 oniy and (3) both

m, = O and lowest order in R/r. The results féf'the third case aré

in good agreement with Refs. 3 and L. ﬂumerically,-the comment in

Ref. 3 that corrections to A p(me=0) éppear to 'O((mer)e) is supported
by our results, and thevfunctionai form of ZxQ<#e=O,O(R/r)) is in good
agreement with the aﬁa;ytic formﬁla Qf Ref. 4. A simple comparison df
A p  in the various approximations is indicated by-the values of the

two integrals

-30R ,
A Q = dr(lmrz) Ap,
R
o
g, - ar(br) Ao, - ()
. OR '

listed in Table IITI. The error commited in the m = o, O(R/r
approximation is seen to be 1 eV for the 5g - hf trans1t10n and 135 eV
for the '4f - 3d transition. To this error, the uncertalnty in the
x| = 1 approximation, Eq;.{5), must also be added. For such high
angular momentum statqs, the accuracy of these approximations is
neverthelesé'found to ﬁe quite adequate. The Uehling_contributionVWas
calculated in the two nuclear modeis and found té.bé_ﬁhe séme for
' {<'r2 )nuq]% = 5.5 F. When this contribution is sﬁbﬁracted'from
results beorder n2>1l the n23 energy shifts are in agreement

with Table I, as they must be.
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The problem of vacuum polarization in superheavy electronic

- atoms, Z‘? 170, has also been investigated and Will'be reported

elsewhere.

The author ié very grateful to Dr. P. J. Mohr for many stim-

. ulating discussions on the theoretical and numeriCal.aspects of this

problem. Discussions with Dr. W. J. Swiatecki, Dr. E. Wichmann, Dr.

R. N. Cahn, and Mr. L. D. McLerran are also gratefully acknowledged.
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Table I. Absolute energy shifts (in eV) due to VP orders (za)® in

Pb using nuclear models I and IT described in text. The |k| >1

are calculated from Eqs.‘(h)'and (5).

Model R(F)

e

Order, |k| 5g9/2 v 7/2, .3d5/2>
n=3 [kl=1 I 55 43.39 79.24 151.9
II 7.1 43,4 79.28 152.1
I-0.6 45.16 '85.10 177.0
1 0.06 45.20 85.27" 178.0
n23 [kl=1 I 5.5 48.51 88.36 168.3
I 0.6 51.3k4 ‘97;12* 202.6
1 0.06 51.39 . 97.h2 20k.3
n25 lk|l=1 I 5.5 5.12 9.12 16.4
| I 0.06 6,19 12.15 26.3
n>3 |kl21 I 5.5 51.9 + 0.1 9h;8_t 0.5 181.7t2
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Table II. The VP contribution to 5g9/2 - hf9/2, transition in Fb

energy (in eV) for orders (za)®. The error in the contribution from

x| 22 4s less than 0.5 eV.

Order, [kl 3ms = 5.5 F : R=0

n=3 lkl=-2 =36 W
lk,>2 -3 -3

n>5, |kl =1 _ -6
k| 22 (< 0.1) (< 0.1)




Teble III. Perturbation of muonic levels (in eV) in Po due to finite nuclear size effect on -

. vacuum polarization, |k| = 1, orders (za)™. £Q, , are given by Eq. (6) in units of -le].
' : . : - RN ¥ : )

Order Model R(F) Approx.

589 /e

hf7/2

g,

; 5d5/2 . A Qg
n=>1 I --5,;5', none -5.48 -20.53 ©  -116.1 7.020 X 10‘_2 1.60 x 1o‘L‘
| m, = O - -6.03 -21.43 -117.7 7.018 x 1072 1.9 x 10"1‘
m, = 0,0(R/r) -5.79 -19.99 -102.6 4,481 X 1072 1.91 x 10'lL
n=1 I 5;51 none . :-2.60 -11.46 - 80.02 6.598 x 1072 | 6.03 x 1077
II 7.1 none -2.60 -11.46

- 79.38




LEGAL NOTICE

This report was prepared as an account of work sponsored by the
United States Government. Neither the United States nor the United
States Atomic Energy Commission, nor any of their employees, nor
any of their contractors, subcontractors, or their employees, makes
any warranty, express or implied, or assumes any legal liability or
responsibility for the accuracy, completeness or usefulness of any
information, apparatus, product or process disclosed, or represents
that its use would not infringe privately owned rights.




~ » -~

TECHNICAL INFORMATION DIVISION
LAWRENCE BERKELEY LABORATORY
UNIVERSITY OF CALIFORNIA
BERKELEY, CALIFORNIA 94720



