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Abstract 

An explicit expression for the multiplicity distribution P( n) of sec
ondaries fro~ high energy collisions is derived (in an easily justifiable 
approximation) for the c~e of a partially coherent ~ource with a finite 
autocorrelation length in the chaqtic component. Until now analytical 
expressions were available only fqr tl).e cnmulants of this distribution. 

Recently, much interest has been centered around large fluctuations 
in rapidity density in narrow rq.pidity windows ("spikes"). Such spikes 

,have been investigated (for a review, see [1]) in the context of intermit
tent emission patterns, possibly connected with fractal properties of the 
emitting process, as well as in the hope of observing signals for quark
gluon-plasma for~ation. Natural ch9ices for global characteristics of such 
spikes in large collections of events are factorial moments and/or cumu
lants. As was shown in re£.[2], the behavior of the factorial moments allows 
interpretations within the framework of quantum statistics (QS) as well. 

It would be of interest to have the ;tbility ·of judging individual events 
like, e.g., the famous spike reported by the NA22 Collaboration [3], in 
terms of the simple probability for the number of tracks observed in a 

. given rapidity window to exceed some reasonable limit. This endeavor was 
·until now frustrated by the fact that the QS formalisn;1 for sources with 
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finite correlation lengths, as formulated in optics by Jaiswal and Mehta [4] 
and applied to particle physics by Fowler and Weiner [5,6], provided closed 
expressions only for the factorial cumulants /1k· 

However, an explicit e~piession for the multiplicity distribution P( n) 
itself is needed, as the desired measure for the improbability of a spike of 
multiplicity n > nc is given by 

00 

F(nc) = L P(n). (1) 
n=nc+l 

A ·great effort .to solve this problem numerically was hndertaken by Shih 
[7]. However, that approach involves tremendous computational resources, 
and. since no analytic expression is obtained, the entire calculation has to . 

· be repeated any time one .wants to try a new set of parameters. 
We present here a simpler approach based on the observation that a cer

tain (very involved) function appearing in the factorial cumulants reveals, 
upon numerical inspection, a trivial (exponential) behavior. 

Given the generating function of the factorial moments, G( s), the de
sired distribution P( n) is obtained from 

P(n) = (-~)n :: G(s)l 
. n. s s=l 

(2) 

In the following we derive an expression for G(s) and use it to obtain P(n) 
by means of symbolic manipulation programs (Macsyma). 

The Jaiswal Mehta formalism [4] describes the very general case of a 
multiplicity distribution for partially coherent fields, where the correlations 
in the chaotic component are ch<;t-ractetized by a finite correlation length e' 

< 7r(Yt) 1r(y2) > 

( IYt- Y21) < n >chaotic exp - e (3) 

where < n >chaotic is the mean multiplicity of chaotically produced 
particles. Thus, the multiplicity distribution P( n) for a rapidity interval 
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of width ~y ~s characterised by its m~aJl. valu,e < 7'/- >, the chaoticity 
p&rameter p, 

the ratio 

' < n > chrwtic 
p = <n> 

. AY 
!3== T 

and th,e number of ir+dependent particle species considered, v. 

(4) 

(5) 

For ~ -4 0 , P( 11) is e:x;plicjtly given by the Glauber-Lachs d,istribu
tion [8], which hc;ts c;ts limitipg cases the Poissqn an.~ the neg&tive binomial 
distribution (at p::;:::O an,d p:::;l, I!espectiyely). 

For finite ~ =f:, 0 an,d p =f=. ~' no analytic expression for P(n) can be 
derived. However, one rpay a;na~ytically calcul&te the factorial cu~ulants 
J.lk, which are defined in terms of thegenerating fun,ctions 

00 

G(s)- L(1-,.,stP(11) 
f!."'!P 

- exp[If(s)J 

and 

(7) 

One finds [4] 

<n >k -
/-lk = vk...,

1 
[(k- 1)!pk,lh(,8) + k!pk- 1(1- p)Bk(,B)] (8) 

where the constants Bk, Ih are given by 

Bk 

fh 
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Substitution of eq(8) into eq(7) allows us to express H(s) as 

(10) 

. where . '. . - i- - k . ·- k ;· 

. Hl(s) == v f (-1) .. -(P < n >s) Bk(f3) 
' k=l ' k . 1/ - . 

. (H) 

is forma~ly identical with the generating function for a completely chaotic 
system with ~ean multiplicity< n >1 = p < n >; for the latter case, a:n 
analytic expression has been found [4] which we_ may use here to obtain 

1 z '/3 - -
H 1(s) = v [f3- ln{cosh(z) + "2(/3 + .z-)sinh(z)}] (12) 

with 

-. J/3 2 2f3p < .n >s Z::;:; + . ,, . .· ·v (13) 

To further evaluate the second term on the rhs ofeq(10), · 

Hz(s) = v (1 __,. p) I) -1)k ·(P < n·>s)k fh(f3) (14) 
p ·. k=l 1/ 

we note that the k-dependence of the constants Bk can to a good ap
proximation be described by an exponential fit,as shown in Fig~ 1. 

Bk(f3) = a(f3) .exp[~b(f3) k] (15) 

With such an ansatz, 'the sum in, eq(14) is reduced to a geometric series, 
and, after collection ·of all the different terms, the complete gene~atin,g 
function for P( n) takes the form 

( 
exp[/3 + b !.::E (w- 1)] ) v 

G( s) = . . . P fi . 
cosh(z) + !(~ + J sinh(z) 

(16) 

where z = z(s) is defined in eq(13), and 

( 
p<n>s)~l 

w(s) = 1 + exp( -b) v {17) 
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Suc~essiye ex~ressiqn~';, albeit itt~;J;~~;;t~ip.gly itlvolved, for P( n) can be 
derived ap.d stored q]J,<;e ap.d foF ~1 by syrr;tqoli(,: <;pmputp.tion. ,Evaluation 
with I;"equh·ed sets o{ pararpy~~r~ then pec;omc;J~ tdvial. . 
. J;i'ig.f s~o.Ws an exaropl~ o(F(n) for.vaJ:"io~s v'alues of (3. '!';he quantity 
o~ int~rest for t)1e study o{ spi~j'is; vi~. f(nc), ~s· shownfol." the case nc = 8 
in Fig.3 as a .f.up.c;tiop, of'th~ c;_b,aQticity p._ Af!l ~n ex;am.ple we con~jder the 
specific c~se of the NA~f ev~pt, whe:re < ~ ·:(t~ 0.6; the pmbailjty for 'such 
a fitlct~p.tion is seen tq be Ye"!"y lpw iJ;l.d~ed as-long liS the ern,itt~n,g squ;rce is 
l;trgely coherent (sii1all p ); p.t la;rge :pthe prohabil~tr jnqeases and becomes 

- '- als~ quite dependent (within. a f,a~tqr pf f) on th.e ~utocorrelation le!lgth e. 
'_r' 

The quthors would be glad, to provide tQ_e syrnl>olic p:r;ogr~s 1--1,sed here 
I ' ' . ' . • 

to a;ny interested rc;Jader. 

We are indebteq to C.C.Shih fov u~eflll discussio11s an,d for the use of 
his +outines allowing computatiqn of Bk beyond the pub,ished e)\:presssio~s 
(k :s; 5) . . . , 

This work was supporteq by the Director, Offi_<.!e of Energy Research, 
Office of High Energy and Nuc~ear P)lysic1:1, Nuclear Physics Division of the 
U.S. Depcu;tment of Energy 1-\nqer Oon.tract :OE-AC03-76~FOQ098. 

l\1.P. was s~ppqrted in pa:r;t qy a p~st-doctoral f~llQw!)hip of the D~utsche 
Fov!)~gungsg~;qJ.eiu~chaft, F,R1 of G~rmany. 



Figure Captions 

Fig.l The functions Bk (solid lin~s) and'.Bk (dotted lines) plott~d against 
k, for ,8 =0,1, p.2, 0,5, 1.0, 2.0 a~d 5.0 (frorp. top tq bqtto;m,). 

Fig.2 The multiplicity distrib\ltion P( n ), for a q1ean mu~tiplic;ity :< 11 >= 4 
.. apd a ch~oticity parameter valu~ p= 0.8. The cqrves are for (3 =0.1 

·(solid), 0.2 (dotted), 0.5 (dqshed) andl.O (dashdotted). 

Fig.3 The probability to count more than 8 particles as a function of the 
chaoti~ity p, for ,8 = 0.1 (solid lil}es) a:p.d ,8 :::; 1.0 (dotted lip.es ). The 
two upper curves correspond to a ;m,ean :r:rmltiplicity. < n >= 3, the 
two lower curves to < n >...:. 1. 
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