April 1990

IFUP-TH 13/90

' 1‘ Dispersion Relations and Finite Size Effects in
i I | High-Energy Electroweak Interactions!

Massimo Porrati

ILN.F.N., sez. di Pisa, Pisa, Italy

and

Department of Physics, University of California,
Lawrence Berkeley Laboratory, Berkeley, California 94720, USA

.* |
1 ond
) -
‘» - !‘,r ;"
i " + -
UNIVERSITA DEGLI STUDI DI PISA Istituto Nazionale di Fisica Nucleare |
DIPARTIMENTO DI FISICA Sezione di Pisa o
=
noe
~
Q0o
SRS




DISCLAIMER

This document was prepared as an account of work sponsored by the United States
Government. While this document is believed to contain correct information, neither the
United States Government nor any agency thereof, nor the Regents of the University of
California, nor any of their employees, makes any warranty, express or implied, or
assumes any legal responsibility for the accuracy, completeness, or usefulness of any
information, apparatus, product, or process disclosed, or represents that its use would not
infringe privately owned rights. Reference herein to any specific commercial product,
process, or service by its trade name, trademark, manufacturer, or otherwise, does not
necessarily constitute or imply its endorsement, recommendation, or favoring by the
United States Government or any agency thereof, or the Regents of the University of
California. The views and opinions of authors expressed herein do not necessarily state or
reflect those of the United States Government or any agency thereof or the Regents of the
University of California.



April 1990 V IFUP-TH 13/90

Dispersion Relations and Finite Size Effects in
High-Energy Electroweak Interactions!

Massimo Porrati

I.N.F.N., sez. di Pisa, Pisa, Italy
and
Department of Physics, University of California,
Lawrence Berkeley Laboratory, Berkeley, California 94720, USA

ABSTRACT

Dispersion relations between the forward elastic scattering am-
plitude and the total inclusive cross section are shown to hold
for B+L violating instanton-induced interactions in the elec-
troweak sector of the Standard Model and in the two dimen-
sional Abelian Higgs model. The result is due to instanton-
antiinstanton interactions, which are evaluated in the frame-
work of the dilute instanton approximation. Within that frame-
work finite instanton-size corrections are considered, and it is
shown that their effect is not sufficient to suppress multiple
gauge vector or Higgs scalar production below the threshold
Ey =~ My /aw. These processes may be sensitive to deviations
from the dilute gas approximation.
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1 Introduction

Interest in non-perturbative baryon (B) and lepton (L) number violating
processes in the electroweak sector of the Standard Model has grown again
after years, due to two different (and related) observations. The first one [1]
is that at temperatures of the order of Mw [ aw, the cross sections of baryon
number violating amplitudes could become strong. Various evidence for [2]
and against [3] this possibility has been brought up in the literature in
the past years. Anyway, a second, more recently observed phenomenon
has been pointed out. In [4,5] it was shown that even in zero-temperature,
high-energy scattering of weakly interacting particles, some baryon number
violating cross sections become enormous at energies My /aw?, so large
indeed that they eventually violate unitarity bounds. Put in another way,
weak interactions, according to this analysis, become strong at energies
around ten TeV. v : , ,

The relevant process is, in the three family Standard Model, the inelastic
scattering of two fermions into ten fermions plus an arbitrary number n of
Higgs particles and/or gauge vectors. The largest cross sections are those
for which n ~ 1/aw [4,5,6]. The cross sections of these B+L violating
processes are zero to all orders in perturbation theory. It is known long since
that non-perturbative effects give rise to a nonzero amplitude 7], but that
effect was neglected in the past, since its cross section is O(exp(—4n/aw)).

The crucial observation of refs. [4,5,6] is that B+L violating interactions
are completely pointlike for any number of emitted Higgs and gauge bosons
in the zeroth-order instanton calculation. This fact makes up for the ex-
ponential suppression in 1/ay at energies O(Mw /aw), due to the phase
space growth. Violation of unitarity in pointlike interactions is obvious, so
obvious indeed to make us remember that the approximations used in [4,5]
break down when the number of external particles in'a scattering ampli-
tude becomes O(1/aw). That fact was clearly stated in [4,5]. Moreover, the
results of [4,5] were criticized in manifold ways in refs. [8]. In order to over-
‘come these problems, the authors of [6,9,10] took into account some of the
effects that could give rise to a form factor for the B+L violating processes.

2In all papers on the subject it is assumed that the Higgs and the W masses be of the
same order of magnitude, in order to avoid the complication of dealing with two scales.



In particular, they considered the effects of the modification of the instan-
ton background due to the presence of many external particles. The claim
of [6,9,10] is that these corrections are unable to prevent the rapid growth
of B+L violating amplitudes at large energies (i.e. at E > Myw /aw). This
conclusion means, evidently, that electroweak interactions become strong
at large energy. :

In view of the relevance of that conclusxon, it becomes crucial to evalu-
ate possible corrections to that result, and try to verify if the approximation
scheme used respects all basic phyiscal requiremenﬁs. 'The most important,
and more delicate requirement is that imposed by dispersion relations be-
tween forward elastic scattering (FES) amplitudes and total cross sections.
The fact that the lowest order instanton calculation respects dlspersmn
re]atxons below the critical threshold E = Mw/aw is by no means triv-
ial. Moreover, inclusive calculations, like those necessary to evaluate FES
amplitudes, may offer some advantage ove exclusive calculations.

The first one is that phase space approximations are overcome at once
with all resummation problems typical of exclusive cross section calcula-
tions. More importantly, in the calculation of FES amplitudes the source
of potential classical corrections becomes clearer. In this paper, for exam-
ple, it will be shown that our approximation of large separation between
iﬂnstantons is adequate only for the vector boson emission, and even that
only at sufficiently low energies. |

Interesting considerations on the evaluation of 1nc1us1ve cross sections
and classical corrections to leading order results were made in ref [11].
Also in [11], the role of instanton-antiinstanton configurations was correctly
pointed out. v .

The paper is organlzed as follows In Section 2, we evaluate, as a
startup, fermion number violating contributions to the FES of two fermions
in the two-dimensional Abelian Higgs model, in the limit of large Higgs
mass. Already in that simple example some interesting features emerge.
For example, one may see that finite size corrections cannot modify the
unitarity-violating growth of the total cross section. That growth may only
get changed, at the classical level, by the breakdown of the dilute instan-
ton approximation itself. Section 3 describes in some detail how to single
out the relevant B+L violating contributions to the FES amplitude of two
fermions in the lowest order instanton calculation of a four dimensional



SU(2) gauge theory coupled to fermions. This is the usual approximation
of the Standard Model, corresponding to setting sinfy = 0, used in the
literature on the subject [4,5,6]. The problem of disentangling the per-
turbative contribution to the total cross section from the non-perturbative
one is in general quite complex. Within the approximation we use, how-
ever, the task is not so difficult. The reason is that widely separated
instanton-antiinstanton configurations are the only ones wich contribute
to FES amplitudes with intermediate states containing the desired num-
ber of fermions to lowest order in ay . Always in Section 3 we show how
to single out multiple Higgs particle emission from the total B+L violat-
ing cross section. All this machinery is used in Section 4 to evaluate the
relevant quantities. There in particular it is found that the total B+L vio-
lating cross section grows, if finite instanton-size corrections are neglected,
as exp(const(E/E,)*/?), while the inclusive cross section for Higgs particle
emission grows, as exp(const E?/EZ2) (cfr. [4,6]). From these behaviors one
concludes that at energies below the critical threshold E,, gauge vector pro-
duction dominates over Higgs particle production. This conclusion does not
change if finite instanton-size corrections, also discussed in Section 4, are
taken into account. These corrections are indeed not sufficient to suppress
gauge vector production at energies below threshold. The fate of multiple
Higgs production is similar. For that process indeed, one can show that
the exponential growth found at lowest order remains to all orders in the
expansion parameter £ = p?/a?, with p=instanton size and a=instanton-
antiinstanton distance. In this case, a problem comes from the fact that,
quite surprisingly, the relevant value of £ is O(1) for all energies. A brief
discussion of the implications of these results-is given at the end of the
section.

2 The Abelian Higgs Model

Before turning to the case of four-dimensional electroweak interactions, it
is useful to study the simpler case of the two-dimensional Abelian Higgs -
model in the limit of large Higgs mass. Besides having a natural scale for the
instanton (i.e. vortex) configurations, this model linearizes in the My — oo
limit. Vortex-antivortex configurations are therefore exactly evaluable and



the (classical) theory is completely under control. The field content of the
model is: a complex scalar ¢, an abelian gauge vector A,, and a charged
Dirac fermion 1. The action in Euclidean space reads

S = [ eI+ IDH 4 X8~ ()9 +iFDrs,
D, = 9,+ied,.. =~ B | (2.1)

Since (¢) plays the role of perturbation expansion parameter, we assume
[{#)] > 1, as in ref. [6], in order to deal with a weakly coupled theory.
This model possesses a vortex solution, whose form is known exactly in the
A — oo limit and reads, in polar coordinates:

Aierl(var) - -1—0, > Ml}l; (2.2)

| 45: e’(¢), 4, = 0,/ Ay =

Here M2, = 2e?|(#)|? is ‘the gauge vector mass, and K1 is a modified Bessel
function. Action 2.1 evaluated on the background 2.2 remains ﬁmte in the
infinite Higgs mass limit, once the value of fields in the region r < Mg
is taken into account. Its value is Syortee = Cl{¢)]?, with C a coupling
constants independent number of order one.

In this theory non-perturbative effects give rise to the fermlon number
violating processes [6]:

f + f — n Higgs + m Gauge Vectors. (2.3)

To check dispersion relations, one must find a way of computing the FES
amplitude f + f — f + f, and extract its relevant part. In our case
this means that one has to insert a projector P over intermediate states
containing no fermions.

We proceed as follows. Consider the Green function

G(z1, -’Béﬂns,mﬁ) = (1/;(1’1)’9[_’(332)7)1/’(333)1/’(3’4» ' (2:4)

From it, one extracts a scattering amplitude by the usual LSZ procedure,
i.e. by Fourier transforming 2.4 and amputatlng the external fermlon prop-
agators. The result is ‘

A(p1,p2, P3,P4) _ (27r)252(p1 +ps + pg + p4) :
(' Fru(p)P' Pou(p2)Pa(ps)pst'(ps)a(pa)bad' (pa))y ~ (2.5)
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where u(p;) and @(p;) are the appropriate external spinors, and the prime
denotes the Fourier transform. Naturally A(p:,p2,ps,ps) must be contin-
ued back to Mlnkowsky space momenta This is done by evaluating it at
imaginary pJ.

Calculating G(z,, 3, z3,z4) is in general far from trivial. To lowest or-
der and in the dilute gas approximation, however, one can argue as follows.
The dominant contribution to the functional integral is the one given by
substituting to the fermions thelr zero modes in the appropriate vortex
background. Here we need four zero modes, two of charge ‘e and two
of charge —e. A smaller number of zero modes would indeed mean that
in the Green function 2.4 there are internal fermion lines. On the other
hand, the effect of P is, to lowest order in the semiclassical expansion, to
put to zero all contributions from intermediate states containing fermions.
A larger number of zero modes would make the functional integral vanish
upon integration over the fermions. The dominant finite action configura-
tion with 242 zero modes is the vortex-antivortex one. In the dilute vortex
approximation the zero modes of positive charge are concentrated around
the center of the vortex, while the negative charge ones are concentrated
around the antivortex. Needless to say, the self-consistency of the dilute
vortex approximation has to be checked at the end of the calculation.

To sum up, the Green function 2.4 reads

G(z1,z2,T3,24) = const/dzwd2y¢3(m1 —2)pi(zy — ) ¥ |
P33 — y)Pa(zd — y) exp(—S(A™, 47)). (2.6)

Here, z and y are the usual collective coordinates of the classical vortex-
antivortex configuration (A%, ¢*¥). The vortex is centered about z and
the antivortex about y. Let us denote by 6,(z) the angle formed by the
line passing through (z,z) and the z axis. Similarly, call 6,(z) the angle
between (y, z) and the = axis. The value of ¢*¥ is then

¢wy(z) : (¢)ei9=(2)-59y(2), (2.7)

while A% is simply the sum of a vortex (AZ) and an antivortex (AY) so-
lution. That configuration solves exactly the equations of motion of 2.1
in the infinite Higgs mass limit. The dilution assumption enters when we



substitute the vortex (antivortex) zero modes ¥i(z — z) (¥i(z —y)) into 2.6
instead of the exact fermionic background fields.
By performing the gauge transformation

$Y ¢zy —i04(z )+19y(2), Az - A% 4 1/e0,6, — 1/e8,6,, (2.8)

one can easily evaluate §(A4%Y, ¢*¥). This is done by dividing the space into
three regions: two disks D,, D, of radius P » Mz, centered about z and y
respectively, and the outside region R—D,—D, = D. In D the interference
term in'the bosonic action is

/ dzz F2 B, + 2@\ ALAY, Fi = 0,477~ 0,43 (29

2#!/ py uu’

Since A5 + A% is a solutlon of the classical equatlons of motion, integral 2.9
reduces to

1 . 1 .
-5 [ deferEL AL - - , G LAY (2.10)

oD, wle T o pvtpt

To evaluate the first integral, it is convenient to pass to polar coordmates
centered about z, and notice that, in our gauge,

dzPeh 2 AV = / dot F:,,Ay

8D, peme , o
2 M2 -
_ My 2 Ko M p) / d Y = n=W* Ko(wa)Foyrz»
M |
™ Vg” Ko Mwp)Ko(Mwa). (2.11)

Here a = |z — y|. The second integral in 2.10 is evaluated in a similar way,
and gives : '

- ) |
darem pe Ay =2m Aifp Ko(Mwa)Ky(Mwp).  (212)

oD, ) e

Inside the disk D, the fields are, approximately:

1
Ap = 5(p* = )My Ko(Mwp) + MwpK1(Mwp), Ar =0, ¢ =0. (2.13)
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These expressions are determined by matching the solutions of the equa-
tions of motion for A, inside and outside the disk. The interference term
is (

/ 2F;UF3V +2|() A% AY —/ dzPe F=, AY =

witp
MW
7r 2

Ko(_MWp)Ko(Mwa). (214)

The contribution of the integral in D, is the same.
We are studying the case Mwp ~ MwMg' < 1, so that we find

S(A™,¢7) = 2C|(9)|* — 27|()|" Ko(Mwa). (2.15)

We have now all the elements to evaluate eq. 2.6, but it is simpler to com-
pute directly the scattering amplitude A(py,pz,Ps,p4)- In fact, by Fourier-
transforming, amputating the external fermionic legs, and putting all ex-
ternal momenta on-shell, we get

A(p1,p2,p3,p4) = const (21)*8%(py + p2 + ps + pa) X
u(p1)Fi(p2) FFu(ps) Fu(ps) F
F = [daexp(io-pr — 20 + 21)($)] Ko Mwa)),
pr = p1+ps - (2.16)

Amphtat_ed zero mode wave functions have been replaced, on the mass
shell, by the momentum-independent constant spinors F' and F', following

ref. {6]. .
The integration over angular variables in 2.16 is trivial, and yields
F = = [ daaJy(aE) exp(~2C|($)I? + 2|(¢) | Ko( My a))
E = p?+pd | o | | (2.17)

As pointed out before, the function F(FE) must be evaluated at imaginary
values of E. :

By using the well known asymptotic expansions for Jp and Ko:

Jo(z) = \/:cos(a: —m/4), Ko(x) ~ \/_ﬂ:exp( z), | z >> 1, (2.18)



and letting F — 1E, one finds

F = \/gM;,zE“I”/d:c:cl/z exp (5:1: + \/§ﬂ3/2|(¢)|2m_1/ze"“’+

—2C1($)]*), | |
z = aMy, &=E/My. " (2.19)

Evaluation of integral 2.19 can be done in the saddle point approxima-
tion. The stationary point is given by the solutions of the equation

£ — V2r32|($) P2 2 — —{—271'3/2|(¢)|2m'3/26—” 0. (2.20)

Self-consistency of approximation 2.18 requires £z >> 1 and z > 1. With
these constraints we find an apptroximate solution of 2.20 of the form

e og VEUOF (log VeislCl

-1/2 o ,
) , LK E < V2r®(g).

, : (2.21)
From this equation and the previous considerations we get '

: | ~1/271/2

3/ 2 3/ 2\ ~1/2
V2 sl (10g\/.2_.vgl(¢>)l) I_2C|<¢Hz)_

(2.22)

exp (5 loge

Notice that F is imaginary, so that it gives a contribution to the inclusive
cross section f + f — anything. Equation 2.22 coincides with formula 29
of ref. [6], up to the replacement My — Mpyg. This difference is probably
due to the fact that here we are also considering gauge vectors production,
instead of only Higgs particles production, like in [6]. Equation 2.22 tell us
that, stretching the limits of validity of our approximations, the inclusive
cross section f+ f — anything becomes O(1) at energies E = O(Mw|(¢)|?).

It is also possible to. evaluate F for energies E > My |(4)|?, with the
caveat that the dilute vortex approximation is in this case quite question-

able.



Resorting again to the saddle point calculation we find:

F o= iVarl|($)2 M€~ exp(2n|($) [ log € /27| ()] — 2C($)[2),
s = 2| QP/E, Mg >E> 2n|(B)]. (2.23)

Notice that inthis case the growth of the total cross section turns out to be
E™AI* =1 This result seems to indicate that, in two dimensions, form fac-
tors due to classical corrections are not sufficient to stop the Abelian Higgs
model from becoming a strongly interacting theory at E =~ Mw|(¢}|?. Cor-
rections to equation 2.23, which in principle can easily change this result,
are to be expected when deviations to the dilute vortex approximation are
taken into account. ‘

3 SU(2) Gauge Interactions in Four Dimen-
sions

We pass now to the four dimensional SU(2) electroweak interactions. As
usual [4,5,6] we put sinfw = 0. The action in Euclidean space reads

S = / d‘*m%trFuuFuu + D,¢' D¢+ 2(¢'¢ — (YHB))? + SF,

D, = 8,— %gAZa“, F,, = 0,A, — 8,A, —ig|A,, A,). (3.1)
Here Sr is the fermionic action, and o° are the usual Pauli matrices. In
terms of the constants of lagrangian 3.1, the physical Higgs mass is My =
(A/2(¢)}{¢))!/? and the gauge vector mass is My = /x My, with x = g2/
In the following we will take x of order one, to avoid complications due to
the presence of two scales.

In the present case, the relevant B+L violating processes are [5]

g+q—Bns—2)g+nsl+nW+mH, _ (3.2)

where the ¢’s denote quark fields, ! corresponds to leptons, W to gauge
vectors and H to physical Higgs particles. The number of families is ny.
In this process a fermion for each family of quarks and leptons is present

9



either in the initial or in the final state. Process 3.2 evidently violates B+L,
while it conserves B—L.

In order to single out the relevant part of the FES ¢+ ¢ — ¢ + ¢, we
follow the procedure of Section 2, up to some modifications. What we
are looking for is, indeed, the lowest order contribution to a process with
ten fermions in the intermediate state. The relevant Green function, from
which the corresponding scattering amplitude is evaluated, is therefore

(21,22, 23, 24) = {g(21)q(22)P(23)d(24)), - (3.3)

where P projects on intermediate states with the correct number of fermions.
To lowest order in the semiclassical approximation, one can easily tell apart
two different contributions to intermediate states with fermions.” One is
coming from fermionic zero modes around a classical finite-action config-
uration. The other one is the perturbative contribution coming from the
fermionic propagator. This second contribution is suppressed, relatively to
the first one, at least by a factor g?. Thus, even in this case, the Green
function 3.3 is easily written down explicitly to lowest order in g2. In order
to find this explicit representation, we must first recall that, in the Stan-
dard Model, the instanton solution is found by introducing an operator
constraint [12] which, in our case, gives rise to the following form of the
classical action [12]

MHP
D

Here p is the instanton size, i.e. another collective coordinate, besides the
instanton’s location. By v we mean ({¢)!(¢ $))1/2. This result is easily proven
by substituting into action 3.1 the explicit form of the constrained instanton
solution, whlch in the singular gauge, reads (12,5]
A, = :c,,AWA(:z:),

: K,(M ‘

A(z) = ZMW———-—Z(w Ww), x> Mg',

Az) = 2p2/aX(z?+p), = < Mz

1 Ki(Myz

&(z) =. Mya(z®+ p?)"V?h, = < M3 . (3.5)

S1(p) = 2n? + O(v *logvp). | _ (3.4)

h, &> Mg,

10



In this equation, h is a constant isospinor and A,, is defined, according to

_the conventions of ref. [5], as A,, = 1/27,,Ute*U. The SU(2) matrix U
gives the instanton orientation in isospin space. The antiinstanton solution
is identical to 3.5 with the substitution 74, — 74,

Next, we have to find the action of an instanton-antiinstanton configu-
ration, which, as we will see later in this section, is the relevant one to our
computations. We are interested in the dominant terms for large instanton
separation a, i.e. for a > p. We call this approximation dilute 1nstanton,»
or dilute instanton gas, with a slight abuse of terms.

Because of equation 3.5, one is supposed to consider two different cases,
namely: when the distance a of the instanton pair is much larger than My',
and when ¢ < Mg'. This happens because the instanton solutions behave
in a qualitatively different way in the two regions. Actually we will always
deal with the second situation. A heuristic motivation for this choice is
that the interesting energy region for baryon and lepton number violating
processes is E ~ Mg/ [4,5,6]. This fact, at least naively, 1rnphes that the
relevant lenght scale is a & Mz'A < MH .

In the SU(2) case actually, we need not to redo all calculations to figure
out the form of the instanton-antiinstanton interaction term. All relevant
calculations were indeed already done in refs. [13] and [14]. In this paper,
we will simply sketch the main points of the derivation.

The first thing to notice is that, in the dilute 1nstanton approxxrnatlon,
one may use the following argument [13], which we describe only for the

~ gauge contribution to the classical action. When a is much larger than both
the instanton and antiinstanton sizes p and p’, we can split the integration
over the four-dimensional space in two parts: inside and outside a ball B,
of radius R (p, p' < R < My') centered about the instanton. Since the
value of the antiinstanton field is small inside B,, the value of the action is:

§"(a,p,p') = S5'(p) + S™(p') +6Sp. + 8Sre-p.,s
§Sp. = 2 /B d'ztrFL DIAT 1 0((AT)?). (3.6)
Here F, and DI denote the field strenght and covariant derivative in thc in-

stanton background. A£ is the antiinstanton solution. §Sgs«_p,_ is obtained
by replacing the instanton with the antiinstanton. Using the equations of

11



motion for Al one finds [13]

8B,
327r

m
§Sp, = 2 d"m‘-”;F,{uAg

oy |
(urur)® —1]/o2 2a™ + 9—0(pzp’2a )
§Spi_p, = 5532._ - @)

In equation 3.7, us is a unit SU(2) vector giving the instanton orientation
in isospin space, uy is the same object for the antiinstanton. The scalar
field contribution to the classical actlon is found in a similar way [14] and
redds:

472 B
65 scatan(prpy0) = ——Mpp*pa " 2urug)” — 1]+ O(MEp*pa™) +

O(MEp*p"a™). ' - - (3.8)

Note that the contribution of the scalar potential to the action is O(Mfp?),
and is not present in eq. 3.8 because is of the same order of terms which were
already discarded in eq. 3.4. We are not going to integrate over instanton
orientations, rather, we notice that, in the saddle point approx1matlon we
are working in, the relevant configurations are those of minimal action.

This means to take uyur = 1 in eqs. 3.7, 3.8. The total IT classical action
reads then: |

L 1672 2#? 96mw2 , |
1I / — 2 12 2 2 -4 |
S (P.,éa.a) g + X +——)‘ Myp - prta +
‘_47" M2 2 12 2,2,-4 pf2 2 ' 39
~Mie®p (e, MESY). . . (3.9)

To find the FES amplitude for the process ¢ + ¢ — ¢ + ¢, first of all, we
ought to find an explicit expression for eq. 3.3. To lowest order in g2 this
is done as follows. _ :

The fermionic action is not exactly zero in the IT sector, even when

evaluated on instanton zero modes due to the presence of the 1nterference
term

SHhemionic = [ d'a9(z = e)(i@ + miWi(e ). (310)

12



Here, 9? (¥?) denote the fermionic zero modes in the instanton (antiin-
stanton) background. The index i is the fermion label and the m are
the fermion masses. The center of the instanton is at z;, and that of the
antiinstanton at z.

Due to this term, II configurations give nonvanishing contributions
to 3.3. These contributions are indeed exactly those coming from B+L
violating processes. The corresponding FES amplitude is again computed
by the LSZ procedure from 3.3. The Green function 3.3 itself reads, once
~ we write explicitly the spinor indices «;:

G(21, 22, T3, T4)arcnasas = /dpp p#)/dp'p' flo'n) /d"wzd"wr
Voo, (T1 — 1) o0, (T2 — T1)Ppa, (23 — 1) D3, (T4 — 1) X

4dny

1l / &'z — zr)(i§ + mi)b (e — zr) exp(~ST(p, ', a).  (3.11)

In this equation, we have explicitly written down the integration measure
for all collective coordinates. This measure includes, in f(pu) and f(p'u),
terms coming from the lagrangian constraint that is to be imposed in order
to find stationary points in the action 3.1 [12,5]. The function f(pp) also
accounts for one-loop renormalization group effects. For this reason, it
depends on the renormalization point g. Its explicit form is

F(pw) = const(pp)". )
For SU(2) a = (43 — 8ny)/6 [7,5]. In order to get the FES amplitude

A(p1,p2,P3,Ps) from G(z;,xs,z3,z4) one Fourier-transforms 3.11 and am-
putates the external fermion legs. The amputated, on shell values of all
fermionic zero modes in an instanton background were given in ref. [5], and
read

[Wa(P)lymp = —2mipm;U'x,
[¥B(P)lamp = 2mipp,d U x. (3.13)

Here ¥4 (¥5) arein'the (1/2,0) ((0,1/2)) representation of SO(4) ~ SU(2)®
SU(2). The x are constant isospinors defined as

() a(8) o

13



~ for ‘up’ and ‘down’ fermions respectively [5]. The Fourier transforms %'%(p)
of the zero modes themselves read [6]

101, (

1 .
p)= mﬂl(?)- (3-15)

The F:(p) reduce to 3.13 on the mass shell. By substituting equations 3.13
and 3.15 into the Fourier transform of 3.11, and after amputating all ex-
ternal legs, one gets a very simple form for the imaginary part of the FES
amplitude A(py,ps2,ps,ps). This quantity is the one of interest for check-
ing dispersion relations, since it is related to the inclusive cross section of
processes 3.2 by means of the optical theorem. One finds

ImA(p1,p2,P3,P4) = (2m)*6*(P1 + P2 + P3 + Ps)Poyazasas(P1, P2,y D3y Ps)

Il [ #5:250(62)8(7 + (miP)eimT(or).

& = (XtUPzU“UtX,)U,
Ipr) = [d'a [dppf(on) [ dp's Felu)o
exp(~5"(p, ',0) +ia-pr). (3.16)

Here ()u denotes the average over instanton orientations in isospin space.
We called ha 03050, @ SO(4) invariant polynomial depending only on the
momenta of the four external fermions, pr is the total four- momentum
available to gauge vector or Higgs production, i.e.

4ng

pr=p1+p2—Y_pi S (817

=3

In order to extract from 3.16 the cross section corresponding to given values
of the intermediate fermion momenta, i.e. to calculate all cross sections
for the processes 3.2 summed over n and m, one substitutes in 3.16 the
appropriate kinematical invariants to the integrated phase space

471,

2 =1l / d4pl21r0(pt)6(p, + (m$)?). (3.18)
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The actual computation of 3.16 is the subject of next section, here we
only make a last observation. If one substitutes expression 3.9 to S” in 3.16,
one may expand exp(— S”) as

- * 1 [(96n? A\ 16w2  2x?
exp(—S”) — ZE(?PZ’Pﬂa 4) exp (f- g2 —-T Hp-l-

n=0
2 2
._%\LM;,,,'M /\ sz2 2q ) (3.19)
On the other hand,
9672 v T
gf P20t ~ / d'2(0,41 — 8,404 - (3.20)

 In other words, expansion 3.19 is an expansion in powers of the classical

gauge fields Aﬁ, Aﬁ. By means of an argument similar to that used to figure
out the inclusive cross section of processes 3.2, one may convince oneself
that

de(8,41 — 9,40 4]" (3.21)
/ Hal

gives rise to a FES amplitude with n intermediate gauge vectors. This fact
implies that, if one keeps only the n = 0 term in 3.19, i.e. if one considers
in equation 3.16 only the Higgs field contribution to the classical action,
one would find, via dispersion relations, the inclusive cross section of the
process ' ‘

g+q¢— Bng—2)g+nsl+mH, (3.22)

summed over m. For related consideration see also ref. [11].

4 Energy Dependence of Inclusive Cross Sec-

tions

We have now all the tools necessary to evaluate B+L violating contribu-
tions to inclusive cross sections, and check thereby whether the instanton
calculations of refs. [4,5,6] satisfy dispersion relations. What we do in this
section indeed, is to relate eq. 3.16 to the corresponding total cross section.

15



This is done as usual via the optical theorem, by equating initial and final
momenta p; = ps, ps = ps, multiplying equation 3.16 by the appropriate
external spinors u,(p) and @,(p) and the usual kinematical factors. The
result is

. (2m)*

T =
\/(Px - p2)? — mimj
471,

1 [ dpi2nb(z)s(p? + (mi))eslmT(pr). (4.1)

=3

ua1 uaz uaa uag h’a;a;a;ou X

In this equation, the only nontrivial thing to be calculated is Z.
Recalling equations 3.12, 3.13, 3.16, and defining

I(pr) = 1227 (pr), 2)

one is left with the following integral

1 1671'2 271’2 27r2 »
TGr) = [ @aipi o exp (2 - Tt - Eoaris
962 . 4n? o
. p2pa=t + TMf{pzpza 2+m'pT> )

¢ = 4ng+a-—>5. v ' ’ :(4.3)
Integrating over angular variables one finds that J reduces to

1672 2x?

472 |
J = —E‘/dadePlaz(PPI)cJI(Ea)exP (_ e _TMIL,IPZ—}_
2 2 472
E = lprl - -

Consider now the region Ea > 1, where the Bessel function in 4.4 can be

approximated by .
: 2
Ji(aE) = 4/ cos(aE — 3/4r). (4.5)
ral : :
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Since we are interested in the analytic continuation of integral 4.3 to Min-
kowsky space momenta, we make the substitution £ — :E everywhere.
Integral 4.4 reduces then, disregarding exponentially small terms, to

2(27)3/? 16 2
J (—E7:;7)2_— / dadpdp'a®*(pp')" exp (Ea - g;r - % 7+
2m? 9672 , , _, A4n? AT
- 20 4 _;szplza 4 . M2 ppa 2) ) (4.6)

In order to be consistent with the approximatiohs we made, integral 4.6 -
is to be evaluated in the saddle point approximation. Notice that, since we
have assumed that a < Mg', then

9677 |, 4r? - '
72" oot > U Ve pz 12,-2 (4.7)
g | A
In computing the saddle point, we can therefore disregard the last term in
the exponential of 4.6.
It is convenient to define new variables:

¢ =p’Mg?a™t, ¢ =p?Mz*a~*, z = Mya, (4.8)

and set k = 1. _
The stationary point is at £ = ¢/ = 1/48, z = (6ng/1r"’MH)1/3 i.e. at

a=—|— e . .
My \m2Myg a a 12 \n2Mg
Self consistency of the approximation requires: '
692E E 2 \*
1, . 4.10
Yy Ve (Gg ) (4.10)

These conditions can be verified simultaneously for sufficiently small g°.
The first of conditions 4.10 ensures that p < a < Mg', as well as that the
expansion parameters in the saddle point approximation be all small. The
second one comes from the requirement EFa > 1.

17



The matrix of quadratic fluctuations about the point 4.9 has a single
negative eigenvalue. The gaussian integral about 4.9 is therefore imaginary
and it gives

7 iﬁ (i>c—1 (gj)?Ml;zc—e (£)4/3°‘4/3x

4 48 T Eo
1672 @ [ E\*?
o (A (2)")
7I'2MH
E, = ) S (411
° 6g? . _ (411)

Substituting equation 4.11 into 4.1 one finds a cross section which, in spite
of the exponential suppression exp(1672/g?) typical of instanton effects,
becomes of O(1) at energies E a2 Eo. This is consistent with the results
of ref. [4,6], where an exponential growth of inclusive cross sections with
energy was also found. '

Before commenting about the reliability ‘of this result we must notice
that, for energies below the critical value Ey, the exponential growth that
we obtain is even larger than that of [4,6]. In [4,6] indeed, the growth
was exp(const(E/E,)?), whereas we find exp(const(E/Ey)*?). This should
come as no surprise, since by formula 4.11 we are evaluating inclusive cross
sections for processes involving the production of an arbitrary number of

gauge vectors and Higgs scalars. In ref. [4,6] instead, only the contribution -

of multiple Higgs production was considered. Equation 4.11 suggests there-
fore that gauge vector production is the dominant B+L violating process
for energies below E,.

" The inclusive cross section for processes 3.22 may also be computed by
means of observation 3.19. The main step here is to compute the integral

| | 1672 2
J' = 22y lPE / dadpdp’a®*(pp') exp (Ea— gj j\r #p’
2. 4r? - | '
_ ;" 2,52 : MZp?p" -2) ) | | (4.12)

The only difference between this integral and J is that the gauge field
contribution to the interference term in the I action has been dropped.

18
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In order to evaluate J', one uses again the saddle point. In this case,
it is convenient to go to variables { = p?/a?, {' = p'?/a®. The saddle point
is found at a = AE/2n* M}, € = ¢ = 1/2. Notice that we started from the
assumption p/a, p’/a < 1. As we see, this assuption works very marginally
in this case. Nevertheless, it is still interesting to go on and see what form
has the resulting J’. The other self consistency condition is

2w 272 |
— < EFE<g —. 4.13
V3 <P (4.13)

These bounds are easily satisfied for A < 1.
Saddle point approximation yields

Nz A0 E \2¢-3/2 2 fEN\? 1672
1 . - - -2¢-6 [ — = _
J= “/5<2) <7r) Mg (E) exp(x (E) g )
271"2MH

E. = : | 14
3 (4.14)

The integral turns out again to be imaginary, because the quadratic fluc-
tuations about the saddle point have a single negative eigenvalue. The
contribution to the total B+L violating cross section has thus the form
exp(const E?/E?). Since we set g> ~ A, J' becomes of order one at E ~ 4E..

Already now we may draw a nontrivial conclusion, namely that disper-
sion relations between FES amplitudes and total cross sections are satisfied
in the semiclassical calculation scheme of [4,5,6].

To go further, one must pay some attention to the validity of the ap-
proximations used here. The subject of classical corrections to the leading
order results 4.11, 4.14 is of great importance, as emphasized in ref. [11].

One fact that may look suspicious is that the integrals 4.11, 4.14 turn
out to be imaginary, and contribute by that to inclusive cross sections,
because one is expanding about unstable stationary points®. Actually this
objection is not so strong. The integral over collective coordinates indeed,
has the exact form (in the dilute instanton approximation)

/Ooo dp /Ow dp’ /ooo daa®(pp')°J1(Ea) exp(—S™(p, ¢, a)). - (4.15)

‘3Interchanging analytic continuation in F and integration over collective coordinates,

while potentially dangerous in general, is acceptable in the saddle point approximation.
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where

lim Su—(paplaa) = +o0, lim Sli(p’p,a)

p'—oo

lim (p,¢,0) = 5'(p) +57(). (a9
Equations 4.15, 4.16 ensure that the saddle point (better the éteepest de-
scent) method is appliable to the integration over p, p’ [15]. The integral
over a can be done by the same method if one decomposes the Bessel func-
tion Jy(Ea) in terms of the Hankel’s functions Hil)(Ea) and H§2)(Ea) and
writes

/ooo.daale(Ea) exp(—35(a)) / daa?H! )(Ea) exp(—5(a)) +

/ daa? H®(Ea) exp(— S(a)) (4 17)

In this equation exp(—S(a)) is the result of the steepest descent integra-
tion over p and p’. The contours of integration C, and C_ are given in
Figure 1. Equation 4.17 holds under the quite natural assumption that no
singularities lie between the curves C, C_ and the half-line a > 0.

Another point which may be raised against equations 4.11 and 4.14,
is that higher order terms in ¢, ¢’ may change the exponential growth in
energy. In order to deal with this problem one may examine corrections
introduced by considering the improved form of SI! given in ref. [14], where
finite instanton-size corrections to equation 3.9 were considered. .

Let us consider at first corrections to gauge vector production. The
improved I action of [14] is

622/2 : 2 ) 162
SvIIr - _ 967 + MHP+—M2 12+ 71'

. 4.18
gauge g%(a? + p? + p?)? hY h T ( )

The stationary point of Ea — S is easily found, by going to variables
£ = p2/a2’ ¢ = plz/a'z’ to be at

(B/E)*® 1 /s _
=~ —(E/E
B 2B By T g DT

st (E/Be) (419)

(= f./ - 24M
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Here E} = \/xE,, with E; defined as in equation 4.11. The value of Ea—§™!
at this point is

w2 1672
2889 2( /E(’,)"’— 7 (4.20)

Ea-s”;:§L4E/Eq“3

The exponential exp(Ea — ) as a function of E/E reaches its maximum
value

exp(Ea — §'T) |mas = exp(+872/g%) _ (4.21)

at E = 484/6E!. In other words, finite size corrections to the classical
instanton action are not sufficient, by themselves, to stop the exponential
growth of the inclusive cross section for gauge vector production. Substi-
tuting equation 4.20 into 4.1 one still get a cross section that reaches the
unitarity limit for energies O(Mw/aw)..

Finite size corrections to Higgs boson production are dealt as follows
By going to the usual variables £ = p?/a?, ¢’ = p'?/a?, one may rewrite the
scalar contribution to the classical IT action as:

Ea’ - Sfc{xlar = Ea’ + ?—;Méaz[q&(ﬁ 6 ) 167‘- ° . (422)
The explicit form of #(&,¢'), given in ref. [11], is
N gl 1 V _ 1
It can be readily verified that |
1 1 v
E+E-¢(6¢) 2 g6+ ¢ - (4.24)

From the small ¢, ¢’ expansion of ¢(£,¢’) we know that the point { = f' =0
is never a stationary point of the action 4.22. Therefore, at the stationary
point for £ and ¢ one ﬁnds

2m? - 1672
Ea — SsIcIalar Iatat = FEa- TM},a%(l, 1) — _-;;2_’ -

$(1,1) > 0. o | (4.25)
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Here ¢ is the Legendre transform of ¢. The saddle point in a gives:

E2) 1672 ’
8n2MZ$(1,1) ¢ )
Even in this case, classical ﬁnite size corrections can not stop the growth
of the inclusive cross section for B+L violating Higgs production.

Summing up all the previous results, we may draw the following con-
clusions.

(4.26)

scalar

exp(Ea — s ) = exp (

Semiclassical instanton calculations, when properly done, preserve dis-
persion relations. ,

An exponential growth in inclusive cross sections, which eventually sat-
urates the unitarity bounds, exists both in the two dimensional Abelian
Higgs model and in spontaneously broken SU(2) gauge theories coupled to
fermions. Classical corrections to the instanton action, which are present
because instantons have nonzero size, do not change, by themselves, these
results. ' i N :

Finite size corrections, naturally, do not exhaust all possible contribu-
tions to equations 4.11, 4.14. For one thing, indeed, we never touched the
problem of quantum corrections to our results. Moreover, we never left the
framework of dilute instanton gas approximation. The inadequacy of that
approximation is evident when the relevant values of p/a or p’/a versus the
c.m. energy E are considered. For example, one notices immediately that
the values of the square instanton radii over the square instanton distance
in equation 4.19 become of order one for E = Ej. The case of Higgs par-
ticle emission is even more dramatic. There indeed, the function #(&,¢")
in equations 4.22, 4.23 does not depend on E, X or g2. Thus, the relevant
values of ¢, £/, i.e. the values at the saddle point, are always O(1). This
fact by itself should make us doubt about the actual validity of the dilute
instanton approximation. .

On the other hand, other sources of indeterminacy in our findings, like
the fact that corrections O(Mj;p*log Mpp) were not considered, seem to
play a minor role, according to the analysis of ref. [9,10]. The authors
of {9,10], indeed, claim that that kind of corrections does not have the
strenght of modifying an exponential growth in the inclusive cross section
for multiple Higgs emission, in the case of a SU(2) supersymmetric theory.
Since this conclusion does not seem to depend heavily on the particular
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form of the theory, it seems pos51ble to extend it to the Standard Model as
well. .
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Figure Captions

Figure 1 - The contours of integration C, and C_, the crossed circle indi-
cates the stationary point of §(a).
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