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Abstract

Models of rotating neutron stars are constructed in the framework of Ein-
stein’s theory of general relativity. For this purpose a refined version of Hartle’s
method is applied. The properties of these objects, e.g. gravitational mass,
equatorial and polar radius, eccentricity, red- and blueshift, quadrupole mo-
ment, are investigated for Kepler frequencies of 4000 s71 < Qg < 9000 s~!.
Therefore a self-consistency problem inherent in the determination of Qx must
be solved. The investigation is based on neutron star matter (electrically charge
neutral many-baryon/lepton system at zero temperature) equations of state de-
rived from the relativistic Martin-Schwinger hierarch of coupled Green’s func-
tions. By means of introducing the Hartree, Hartree-Fock, and ladder (A)
approximations, models of the equation of state are derived. A special feature
of the latter approximation scheme is the inclusion of dynamical (Brueckner-
type) two-particle correlations. These have been calculated from the relativistic
T-matrix (effective two-particle interaction in matter) applying both the HEA
and Bonn meson-exchange potentials of the nucleon-nucleon force. The nuclear
forces of the former two treatments are those of the standard scalar-vector-
isovector model of quantum hadron dynamics, with parameters adjusted to the
nuclear matter data. An important aspect of this work consists in testing the
compatibility of different competing models of the nuclear equation of state with
data on pulsar periods. By this the fundamental problem of nuclear physics
concerning the behavior of the equation of state at supernuclear densities can
be treated.
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1 Introduction

The number of observed pulsars has increased rapidly since the discovery of the
first one, CP1919, in 1967. The sources of pulsars have been interpreted as rapidly
rotating, highly magnetized neutron stars [1]. To date about 500 pulsars are known
[2], and the fastest of them have rotational periods in the millisecond range, e.g.
pulsars 1937+21 and 1957420 with periods of P=1.6 msec. At such high rotational
frequencies the influence of rotation on the properties of pulsars becomes important
(3].

In this article we continue our investigation of the properties of rotating neutron
stars in the framework of Einstein’s theory of general relativity [4]. The ezact solution
of Einstein’s equations for massive rotating objects is known to be a cumbersome
and complicated task [3]. An alternative method, which is easier to implement and
has proven to be a practical tool for the construction of models of rotating neutron
stars [5, 6] is Hartle’s perturbative formalism [7, 8]. Within the latter a perturbative
solution of the rota,ti‘ng stellar structure equations, based on the Schwarzschild metric,
is developed. We perform our investigations in the framework of this method [4].

In Ref. [4] rotating star models have been constructed based on four different
relativistic neutron matter (electrically charge neutral system of interacting baryons
(p,n, L0 A =%, A*++0-) and leptons in generalized B equilibrium) equations of
state. Two of them (denoted by HV and HFV) are calculated for the relativis-
tic Hartree (H) [9] and Hartree-Fock (HF) [10] approximation. The remaining two
equations of state contain the influence of “dynamical” (Brueckner-type) two-particle

correlations which are connected with a two-body meson-exchange potential. We

!Max Kade Foundation Research Fellow. Permanent address: Institute for Theoretical Physics,
University of Munich, Theresienstrasse 37/IIT, D-8000 Munich 2, Federal Republic of Germany.
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study these correlations for the so-called A% ladder approximation [11] of the scatter-
ing (T) matrix by applying the Bonn [12] and HEA [13] meson-exchange potentials.
The basic structure of the A approximation is similar to the well-known Brueckner
approach [14, 15, 16, 17]. An essential difference between the A and Hartree-Fock
approach is the different behavior of the resultiﬁg equations of state at small nuclear
densities. This has its origin in the different T matrices in both of these methods.
As discussed in detail in Ref. [4], in the framework of the Hartree-Fock method, the
T-matrix is simply given in terms of free-meson propagators multiplied with meson-
baryon vertex functions. The coupling constants of the HF theory are adjusted to
the bulk properties of infinite nuclear matter (saturation density, binding energy,
symmetry energy, compreséion modulus, and effective nucleon mass). This is in con-
trast to the ladder approximation where én integral equation for T must be solved.
The Hartree-Fock “T-matrix” is then just the Born term of this integral equation.
The T-matrix of the ladder approximation has no free parameters since (as described
above) meson-exchange models of the nucleon-nucleon force with parameters deter-

mined from nuclear scattering data and the properties of the deuteron serve as an

input.

The application of the A method is however restricted to not too large nuclear
densities p. As discussed in Ref. [4] an upper limit of p S 20 is typical. In neutron
star models central densities of & 109, ére typical. Therefore the equation of state of
neutron star matter must be determined up to such high densities. To overcome this

problem we have combined the equations of state calculated for the A approximation

‘with those of the Hartree and Hartree-Fock method. The latter equations of state are

calculated for neutron star matter (i.e. nucleons, hyperons, eventually more massive
baryons like the A resonance, electrons and muons) at zero temperature. In other
words our equations of state include all baryon states which relativistic nuclear field
theory, treated in the Hartree and Hartree-Fock approximation, predicts. [9, 10].

On a first sight the above described combination scheme may occur rather ér-
bitrary. This is however not the case for the following reason. Since an enormous
density range is involved in the determination of the nuclear equation of state, the
composition of matter, and by this its complexity, changes considerably. In short the
treatment of the many-body problem gets the easier the closer the nuclear density is
to po since then neutron star matter consists to a good approximation of neutrons

only, and this is when the T-matrix method is applicable.



Our theoretical analysis of the many-body problem is performed in the framework
of relativistic Green’s functions. These are coupled with each other by the so-called
Martin-Schwinger hierarchy [18]. We show how the Hartree, Hartree-Fock, and ladder
approximations emerge from the Martin-Schwinger hierarchy.

The article is organized as follows. First, we summarize in Sect. 2 the hierarchy
of Hartle’s rotating stellar structure equations in a representation which (i) they take
on when the metric functions are defined according to the conventions of Friedman,
Ipser, and Parker [3], and (ii) is adequate for the numerical treatment. In Sect.
3 we introduce the Lagrangian that governs the dynamics of many-baryon/lepton
star matter. We derive the matter equations (i.e. T-matrix, mass-operator, energy-
momentum relation of a baryon) as well as the equations of state of the system by
introducing the relativistic Green’s function method. Furthermore we establish the
connection of our treatment with Walecka’s o —w mean-field approximation [14]. The
self-consistent solution of the hierarchy of neutron matter equations is discussed in
Sect. 4. In Sect. 6 we, firstly, compare the characteristics of the different equations
of state of this work. Secondly, the outcome of rotating neutron star calculations

is presented for sequences of stars rotating at their respective Kepler frequencies,

Qk. The self—cénsistency problem encountered in the determination of Qk for these

models is described. Important properties of the rotating star models are given in
tabulated form. The impact of the pure general relativistic effect of the dragging of
local inertial frames is investigated in detail at the end of this section. A summary is
given in Sect. 7. Useful relations and mathematical details concerning the many-body

Green’s function formalism are outlined in the Appendix.

2 Treatment of rotating neutron stars in general
relativity

Neutron stars are objects of highly compressed matter so that the geometry of space-
time is changed considerably from flat space. Thus for the construction of realistic
stellar models of neutron stars one has to resort to Einstein’s theory of general rela-
tivity. Therein the Einstein curvature tensor G, is coupled to the energy-momentum
density tensor 7,, of matter (G denotes the gravitational constant, c¢f. Table 1)
[19, 20]:

guVZSWGZW' (1)

b
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The tensor 7, is derivable from the star’s matter Lagrangian £,,,
0L, 0Lm
S M6 (ux)

From Eq. (1) it follows that the field equations for empty space are

=0, for each matter field x. (2)

Ry = 0. (3)

The matter Lagrangian L£,, of Eq. (2) is in the case of neutron star matter a com-
plicated function of various baryon (p, n,LE0 A Z0= A+++0-) ‘meson (o,w,m,0,1,6,06),
and lepton (e, ™) fields. {9, 10, 21]. Nuclear many-particle physics and astrophysics
are connected through Egs. (1) and (2) with each other. We will turn back to the
treatment of Eq. (2) in Sect. 3. Before, however, the application of Eq. (1) to
rotating neutron stars in the framework of Hartle’s method will be discussed. His
treatment is based on a perturbation solution on the Schwarzschild metric of a spher-

ically symmetric, static object.

2.1 Non-rotating structure equations

For a static metric describing a spherically symmetric space, the solution of the Ein-

stein equation (1) is known to have the form [22, 23, 19]
ds? = —e2®(Mdt? 4 22N dr? 4 2 (d6? + sin®0 dg?) (4)

where ®(r) and A(r) are the metric functions. Everywhere outside the star the empty-
space Einstein equation (3) holds. The corresponding unique solution of Eq. (3) is
known as the Schwarzschild metric. By denoting the (spherical) star’s radius and

mass by R and M,, respectively, and introducing the abbreviation

_J2mG/r if r <R,,
T_{2M8G/r ifr>R,, Q)

the metric functions of Eq. (4) are then given by

1
2A(r) — ___
¢ 1-1T(r)’ ®)
2 = = 2A0) =1 _T(y) (outside the star) . (7)

The structure of spherical neutron stars is . determined by the Oppenheimer-Volkoff
equations [24, 23] of hydrostatic equilibrium (all quantities denoted by a hat here and

in the following are dimensionless; for the conventions, see Table 1):

Zf =—Gi? (é(f) + P(f)) (m(f) + 47m7“‘313(f-)) (1,“ T#)™, ®8)

5



Table 1: Key to the dimensionless quantities introduced in Sect. 2.

Quantity Symbol Dimensionless Defined in
notation equation
Radial coordinate r F=r/ry
Gravitational constant Gt G = G Mg /o
Gravitational mass M M = M/M, (9)
Baryon mass My My =, A (207), (208)
Proper mass Mp Mp = Mp/My (12)
Change of mass due to rotation ~ AM AM = AM/M, (35)
Mass of neutron my, My, = My, /Mg
Monopole mass perturbation mo o = mo/Mg (32), (34)
function
Quadrupole mass perturbation mo me = my /o (59)
function
Monopole stretching function o fo = {o/ro (61)
Quadrupole stretching function & b = & /ro (62)
Quadrupole moment I1 11 = I1/(R? M,) (66)
Energy density € €=¢fe. (162), (164),
(181), (195)
Pressure P P = Ple, (179), (180),
(196)
Number density 0 o=ors (169)
Angular velocity relative Y 0 = Qro (30)
to infinity
Angular velocity relative @ O=0ory (26)
to the local inertial frame
Moment of inertia I I=1/(kMgrd)* (31)
Angular momentum J J = J/(x Mg o) (29)
Rotational energy T T =T/Mg (77)
Total gravitational mass W W=Mp+T-M (78)

! The scaling factor & is defined by k = €, / Mg (1o 2~ 3 - 10'° fm).

' G=2612-1071 fm?, fm~! = 197.33 MeV, Mg = 1.116 - 10%° MeV.

v



with the boundary condition P(F =0) = P(e,) = P, [24, 25, 26, 9, 27]. The mass
contained in a sphere of radius r (< R;), denoted by m(r), follows from the energy
density €(r) (for the conversion of € given in units of MeV/fm® to g/cm?®, see the

footnote of Table 2):
w(F) = drx / di' 72 &(#) . (9)
0

The metric function ®(r) satisfies the differential equation

do(f) _ 1 dP(#) (10)
di &F)+ P(r) di
with the boundary condition
(7 = R,) = -;- In[l = T(&,)] . (11)

We note that the Oppenheimer-Volkoff equations (8) - (9) can only be solved once
the equation of state of neutron matter, P = P(¢), has been specified. Then Eqgs. (8)
- (10) can be integrated outward from the star’s origin at r = 0 until the pressure
P(r) vanishes. The point at which P(r) = 0 is the star’s surface, and the value of r
there its radius, R,. The value of m(r) of Eq. (9) at r = R, defines the star’s total
gravitational mass energy, i.e. M, = m(R,). For later use we define the proper star

mass, which is given by

3 »
Mp = 4x /df €0 (12)
0 1-7(7)

2.2 Rotating structure equations

In this Section we summarize Hartle’s set of rotating stellar structure equations,
however rewritten for the metric of Friedmann, Ipser, and Parker. Furthermore, we

introduce a notation that is convenient for the numerical treatment (cf. Table 1).

2.2.1 Rotational perturbations

The basic idea in Hartle’s treatment is the development of a perturbation solution
based on the Schwarzschild metric of Eq. (4). The assumption that under the influ-

ence of rotation the star distorts and the pressure, energy density, and baryon number

7



density change by amounts of AP, Ae, Ap, respectively, the energy-momentum den-

sity tensor of Eq. (1) changes by AT, and becomes (g,, = (—1,1,1,1)6,,) [7, 28]:

7;“/ E Tuoy + AZLV b (13)
7;?;/ = (e+P)uyu, + P gu, (14)
AT, = (Ae+AP)u,u, + AP g, . - (15)

T, of Egs. (13) and (14) denotes the perfect fluid energy-momentum tensor where
- P, €, and p are measured by an observer in a locally inertial frame co-moving with
the fluid at the instant of measurement. From the baryon number density p the total

baryon number Npg of the star follows via

A, i
Np = 4 /df o800 (16)
0 1-T()

The normalization of the fluids four-velocity u of Eqs. (14) and (15) is ¢** u, u, =
—1. For the distortion functions of Eqs. (13) and (15) a multipole expansion is

performed. Assuming aximal symmetry, one can write

AP = (e+ P) (po+ p2 Px(cosb)), (17)

Je
do

The quantity P, of Eq. (17) is the second order Legendre polynomial. The perturbed
metric, expanded through second order in the star’s rotational velocity, {2, has in our

notation the form [29, 3]
ds? = —e2Mdt? + ¥ (dp — wdt)? + &) df? + 22 dr? 4+ O (Q3) . (20)

Here, w is the angular ve]ocity of the local inertial frame and depends on the radial
coordinate r. It is proportional to @ (dragging of the local inertial frame). The
velocity §) is a constant throughout the star’s fluid (uniformly rotating configuration).
Of major interest in the following discussion is @ = ) — w, the angular velocity of
the fluid relative to the local inertial frame in terms of which the fluid inside the star

moves. We remark that Hartle and Thorne have performed rotating star calculations



for ) = ., where the latter critical angular velodity is defined by (Newtonian balance

of centrifuge and gravity) (7, 8]

Q. = /T./(2 B2) = 36 \/[M,/Mo] /[R,/km]® - 10* 57" . (21)

The metric functions in the disturbed line element of Eq. (20) have the form
(7, 8, 30, 3]

e? v(rf)) 62 () [1 +2 (hO(Ta Q) + hZ(T’ Q) PZ(COS 0))] ’ (22)
¥ = 25in%0 [1 4 2 (va(r, Q) — ha(r, Q) Py(cos 8)], (23)
D = 12 (142 (u(r, Q) — h(r, Q) Py(cosB)], (24)
2 mo(r, Q) G + ma(r, Q) Py(cos ) '

2X7(rQ) _  2A(r) £
e € (1 + - 1-Y(r) ’ (25)

and are independent of time and azimuthal angle ¢, expressing respectively stationary

-rotation and axial symmetry about the axis of rotation.

The above defined function @(r) is the solution of the differential equation

d (.4.,. dcfz(f) 3 D) ~ . _ . A
pr (r 1G] T ) + 47 o w(f)=0, 7 < R, | (26)
where
j(#) = e ¥ 1 - T(F). (27)

Eq. (26) is to be solved subject to the boundary conditions that (i) & is regular
at # = 0 and (ii) do/df|;=0 = 0. In practice, one integrates Eq. (26) outward
from the star’s origin, where the boundary condition (i) is imposed by choosing an
arbitrary value for & at # = 0, i.e. @, = @(* = 0) (e.g. Arnett and Bowers [26] use

@ = 1.82342 s7!). Qutside the star one has

A

2kG - R

(M) =0 - == J@), P> R, (28)

€I>

where J({) is the total angular momentum of the star, defined by

N |
JQ)=—x = . ' (29
W= () (29)

From Eqs. (28) and (29) it follows that the angular velocity © - which corresponds

to a given boundary value of &, - is then determined by

06 =6k + 258 j@) . (30)




The linearity of the differential equation for & of Eq. (26) implies that a different
value of ), denoted by ™", can be obtained by rescaling the function &(7), i.e.
o™ (7 )—JJOId( ) Qnew /04, The star’s momentum of inertia is defined by the ratio
J/Q. An alternative expression for I can be derived by integrating Eq. (26) and
substituting (di/dr)|5, of Eq. (29) in favor of J(). One arrives at (using j(R,) = 1)

31, 32]

e™? . (31)

2.2.2 Monopole equations

The set of coupled monopole (I = 0) equations can be integrated once &(#) is known
from Eq. (26). The differential equation for the monopole mass disturbation function
o (cf. Refs. [7, 8, 28, 33]),

din dé , 1 dio\? P .,
20 = dmk i (e P)po 4 s 57 (w>+8”ﬂf“1”+ &, (32)

dr dP 12 G dr 3 1-7T

is coupled to the monopole pressure perturbation function py,

dpo . 1+ 87ki2GP | . (64 P) 7
T ) I v S

1 352 [(do\® 1 d (#2527

TRToT (E?) 3% (I—T ' (33)

- The boundary conditions are that gy — 0 and py — 0 for # — 0. In the exterior star
region @ of Eq. (28) can be substituted in Egs. (32) and (2.33). One finds outside
the star

A

G )2, r > R, (34)

7»3

b)

where AM is the change in gravitational mass due to rotation. Evaluation of Eq.
(34) at the star’s surface leads for AM to

AM =rio(Ry) + —— J()?. (35)

Here, AM is known once the perturbation function my at the equator has been
calculated. Numerical solutions of Eqs. (32) and (2.33) are found by integrating

these equations outward from the origin with the boundary conditions

1 R
po(7) — 3 (jcd)c)2 72 for F — 0 (36)

10



o

and

| : dé .
mo(f) — %R(éc‘l'Pc) (2 + JI% c) (je @) # for # — 0, (37)

respectively. The function kg of Eq. (22) can be calculated from the algebraic relations

ho = —po + — @ e 2% + hoe, 7 < R,, (38)

.wli))

and
_ AMG N k? J? G?
T A=Y T MO-T)°

# > R,, (39)

once &, AM, J, and po are known. The quantity ho. of Eq. (38) is a constant of
integration which is to be specified by demanding that ho(7) is continuous across the

star’s surface.

2.2.3 Quadrupole equations

The | = 2 equations determine the shape of the rotating star. The disturbation
functions vy and h, of Eqgs. (22) - (24) satisfy the following coupled set of differential
equations (cf. Refs. {7, 8, 28]):

dv, dd 1 do Pt L, o, [do)’ '
E;_—2%-hz+[;+ ][— priCR (40)

and

A -1 N

dr d 171 \d 73
o2 (T
2 a-1)\dr vz
1, dd 1 do\ 7Y ., ., (do\?
T8 T%’zﬁ(l—r)(ﬁ) 7 (%) (41)
1. d® 1 o\ .., d?
- 5 F s (F) oot

Their boundary conditions are h2(0) = v2(0) = 0 and hy(c0) = va(00) = 0. Numerical
solutions of Eqs. (40) and (41) can be computed by simultaneously integrating both of
these equations outward from the origin. At the origin the solutions must be regular.

An examination of Eqgs. (40) and (41) for # — 0 leads to the behavior
ho(F) — Ag #° for 7 — 0, (42)

11



and
vo(f) — By 7 for # — 0, (43)

where A, and B, are any dimensionless constants. The latter are related with each
other by

A A ]_ 4 A N A . A
By + 2mk A G (Pot 3) = ——;‘-KG(GC+PC) (o &) . (44)

Thus if an arbitrary value of B, is choosen, A, is given by the expression

- -1
Ay = (132 - %nc‘:(ec+ﬁc) (Ge @6)2) <2mc‘;(ﬁc+;—°)> : (45)

The solutions h(zH) and ng) of the corresponding homogeneous set of differential

equations of Egs. (40) and (41) are for # — 0 given by
D) — Ay 2 for # — 0, (46)
and
() — By for # — 0, (47)
reépectively, with Ay and Bg arbitrarily choosen, but now related by
By + 2mk A, G (P + %ec) =0. (48)

The gene‘ral solutions of Egs. (40) and (41) are then given as superpositions calculated

from the homogeneous and particular solutions in the form

'DQ = Cz ng) + ng) , (49)
hy = Co b + D). (50)

The solutions v, and hy of Egs. (49) and (50) are to be matched with the exterior
solutions of Egs. (40) and (41), given by

acAl 2
kGJ T 2
”'?:—( ) t A HF-1) (51)

and

By = (KSJY(H%) + A, Q%(%—l) : (52)



Gl

Q@7 and Q. occuring in Egs. (51) and (52) are associated Legendre polynomials of
the second kind:

3z2 -2 3 z+1
1 _ 7 -2
Q,(x) = V= 1[:82—-1 2zlnx_l], z > 1, (53)
3 r+1 32° -5z
2 —_ 122 _ _
@R, (z) = [2(33 1) lnx_1 a:2—1] , z > 1. (54)

By adjusting the general exterior solution hy of Eq. (52) and its first derivative to

A

the interior solution of Eq. (50) at 7# = R,, i.e.

hi(R) = h3(R), | (55)
d </ 2 _ d >/ A
whi(R) = h3(k), (56)

the integration constants A; and C; can be determined. One finds

A Ay 2
kGJ Ts -1 (P)
A, = {[( Rg) <1+—2—-) — B

1 db§O(R) L dhD (k)

hg”)(jzs) dr ‘ dr
A Ay 2
kGJ\ 1 TN [ T,/2 _
- (%) = 0+9) [ o
{dczz@/rs -1 Q¥2/Y, - 1) di{"(R,) }
dr th)(jzs) dr ’

and

Cr = [(K?J ) (1+%) + A2 Q32T ~1) - hﬁ”’(f%)}

< [MP@&R)]T (58)

The quadrupole mass and pressure perturbation functions, m, and p,, respectively,

can be calculated once h; is known. The expression for m; is

. P .2 52 [(dd)°
mz—r(l—T) I:_-hz_—é— (3)&) + 6 '(77,? . (59)

The pressure perturbation function satisfies

|
pr = —hy — §(m)% ze (60)

Eq. (60) completes the Hartle hierarchy of rotating stellar structure equations. From

the functions pg, ps, v2, hy and the integration constant A, the properties of the
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rotationally deformed star can be calculated. We begin with the spherical stretching,
denoted by &, due to rotation. This quantity follows from the monopole function pyp

in the form

Ay -1
» ~ (dP
= — ¢ — . 1
Knowledge of the quadrupole stretching function, 3, given by '
A\ -1
. . . [dP
f2 = —p2(€+ P) (3) ) (62)

is necessary to determine the displacement of the star’s surface of constant given den-
sity that lies on radius 7 in the non-rotating configuration. An invariant parametriza-

tion of a surface of constant densityis given by (8* denotes the polar angle) [§]

~

ww)=f+&mf{gm+wwmm44m}g@%my (63)

The star’s eccentricity, defined according to Hartle, is

(64)

F=R5

In this work we make also use of the definition given by Friedman, Ipser, and Parker

[3]:

(65)

The integration constant A, of Eq. (57) is related to the mass quadrupole moment

of the rotating star by

A

.8 /T AN ,

S

In summary the following set of equations is to be solved to determine the prop-

erties of a rotating star configuation:

‘1. Eqs. (8) - (10): Mass M and radius R, of the spherical (non-rotating) star;
furthermore pressure 13(7“'), energy density é(7), and metric function ®(+) for

0<#< Ry
2. Eq. (26): Angular velocity &;
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3. Egs. (32) and (33): Monopole disturbation functions 7, po; Eqs. (38) and
(39): M onopole disturbation function ho; -

4. Eqgs. (40) and (41): Quadrupole disturbation functions v;, hs; Egs. (59) and

(60): Quadrupole disturbation functions g, p,.

2.3 Maximum rotation of relativistic stars

No simple stability criteria are known for rotating star configurations in general rela-
tivity. An absolute upper limit on neutron star rotation is however set by the Kepler
frequency Qk, beyond which instability sets in because of mass shedding at the star’s
equator. For the metric functions of Egs. (22) and (23), the Kepler frequency is given
as the solution () of 3]

Q = [ V(Q) + w(0) Lq : (67)

V(Q)

[ w@)' @) J ASU ( w( Q) e¢(n)—u(n))2] . (68)
29(9) () \29(Q) eq

The subscipt “eq” refers to evaluation of Eqs. (67) and (68) at the star’s quator. The
quantity V denotes the orbital velocity measured by an observer with zero angular
momentum in the ¢-direction. Primes denote derivatives with respect to the radial
coordinate. If one neglects the distortion functions in the metric of Eq. (20) and sets
o =0 (i-e. the star’s fluid moves with the constant frequency 2), then the orbital

velocity Veq of Eq. (68) takes on the form

T 1
Vea = e 69
= Ve A (69)
— Reg Qe for T <1, (70)

with . given by Eq. (21). As indicated here, the result of classical Newtonian
mechanics for the velocity of a particle in a circular orbit is recovered from Eq.
(69) by neglecting the curvature of space-time geometry, i.e. T, < 1. From Eq.
(67) then follows Qx — €. (note that e¥ — 7 for 0 = 7/2 and vy < 1, hy K
1). An approximate solution of Eq. (67) in the case of a rotating neutron star of
maximum possible mass (referred to as limiting-mass model) can be obtained from

the empirically established expression of Friedman, Ipser, and Parker [34] (see also
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Refs. [35, 36]) via

QP = 24 \/[M,/Mo]/[R,/km]? -10* s} = %Q of. (Eq. (21)).  (71)

This formula has been established from the exact numerical solution of Einstein’s
field equations. Equation (71) attains its importance because only knowledge of mass
and radius of the non-rotating limiting-mass star is necessary. An analysis of Eq.
(71) has been performed in two recent papers [5, 6], which motivates this dependence

‘quantitatively. Ray and Datta [33, 37] have applied

O = 10 [01 M L e - 10° 57 (12)

for the limiting rotational frequency. This expression has its origin in the onset of a

secular instability of uniformly rotating, homogeneous Maclaurin spheroids [38].

2.4 Red- and blueshift, injection energy, stability parame-
ter

Further important neutron star properties are listed in this Section. The frequency
shift of light emitted at the star’s equator in backward (B) or forward (F') direction
is given, in terms of the metric functions of Eqgs. (22) and (23), by [3]
1/2
_ [y d}_u -1 ]. :t V
2B)F = e (liwe ) (—1¥V - 1. (73)
The redshift of photons emitted at the star’s pole follows from

5 = e’ — 1. | (74)

The so-called injection enegy is defined in terms of z, of Eq. (74) or the metric

function of Eq. (22) in the following way:

1
— 2v —
A= e (zp + 1)2° | (75)
We conclude this Section by defining the stability parameter, ¢,
T
= =, 76
v (76)
. 1 . :
T = 5 K JQ, (77)
W = Mp+T-M, (78)

which is the ratio of the star’s rotational energy, T, to gravitational energy, W. It is

of importance for the investigation of the stability of rotating neutron stars [39, 40].
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3 Determination of the neutron star matter equa-
tion of state

3.1 Physics of high-density neutron star matter

Up to now we have not specified the equation of state of neutron star matter. It is the
basic input quantity for solving the hierarchies of both the stellar structure equations
of non-rotating as well as rotating neutron stars. |

From neutron star matter calculations it is known that such matter possesses
a rather complex composition [41, 25, 21, 9, 10]. By imposing the constraint of
electrical charge neutrality and solving the complicated many-body problem for the
relativistic Hartree approximation [9, 10], it has been found that at nuclear densities
o X po such matter consists almost purely of neutrons with a small admixture of
electrons. For increasing values of g, high-momentum electrons 3-decay into protons
and electrons or muons. - The u~ threshold occurs at ¢ &~ 0.12 fm™3, just below
normal nuclear matter density. The =~ threshold, which indicates the onset on pion
condensation, is reached at ¢ ~ 0.18 fm™3, just above nuclear matter density [9].

Finally, hyperon population sets in at o ~ 0.32 fm™3,

The contributing hyperon
species calculated for the Hartree treatment are the A particle, and all charged states
of ¥ and =. A quantitatively similaf behavior has been obtained for the Hartree-Fock
‘treatment [10], but with the exception that the A~ state is now populated too at

“already relatively low nuclear densities (i.e. g = 0.35 fm™2). This is in contrast to
the Hartree treatment, where it is absent [9, 10]. Both the Hartree and Hartree-Fock
treatment have in common that the parameters of the theory (meson masses and
coupling strengths) must be adjusted to the bulk nuclear matter properties to achive
saturation. The use of one-boson-exchange potential parameters deduced from the
analysis of the free two-nucleon problem leads to unsatisfactory results as regards the
saturation of nuclear matter. For that reason one has to go beyond the Hartree and
Hartree-Fock method and treat the nuclear matter problem in the so-called ladder
(denoted by A) approximation scheme [18, 11]. Within this framework one includes
two-particle correlations in matter in terms of an effective scattering (1) matrix (cf.
Refs. [42, 43] for the non-relativistic A method). A diagrammatic representation of T
is shown in Fig. 1. The T-matrix sums repeated two-particle scattering processes in
matter up to infinite order, and hence is given as the solution of an (Bethe-Goldstone

type) integral equation whose Born term is given by the nucleon-nucleon interaction
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Table 2: Equations of state of this work

Mass density range '

Model Equation of state Composition
(Interactions) [g/cm?]
Harrison-Wheeler 7.8 <e< 10 Crystalline; light
metals, electron gas
Negele-Vautherin 10" < e < 1013 Crystalline; heavy
metals, relativistic
electron gas
AR Relativistic A% approximation 10 <e < 5-10" Neutrons
(T-matrix); based on the Bonn
meson-exchange potential
(o,w,m,0,7,6)
A% Same; based on the HEA 0B <e<5-10M Neutrons
meson-exchange potential
(O'vw,ﬂ" Qﬂ?,& ¢) ) _
HV Relativistic Hartree approxi- 10 < e<9-101 p, n, A, 50,
mation (o, w, o)} : =0 e, pu”
HFV  Relativistic Hartree-Fock ap- 10" < e < 9-10" p, n, A, B0,
proximation (o,w, 7, o) =0 AT e, pm

) The conversion of € from MeV/fm? to g/cm® can be accomplished by multiplying
the former quantity with 1.783 - 102,

! The symbol “V” takes reference to the notation introduced in earlier works [10, 27].
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Figure 1: Diagrammatic representation of the integral equation of the scattering T'-
matrix (wavy lines) in nuclear matter. The second term sums repeated two-particle
scattering processes (ladder summation) which are connected with the free two-
nucleon interaction v (dashed lines). The baryon propagation in the intermediate
scattering states is described by the propagator function A. The analytic form of the
T-matrix is given in Eq. (124). '

in free space, denoted by v in Fig. 1. These are chosen in our investigation to be the
Bonn and HEA potentials. The parameters of the A method are those of the Born
term. These are however determined by the relativistic nucleon-nucleon scattering
problem in free space and the properties of the deuteron. Therefore, in other words,
the A method contains no free parameters. However, the price one has to pay for
this is that it is much more complicated than the Hartree or Hartree-Fock method.
At present it cannot be applied for for the determination of the high-density neutron
star matter equation of state for several reasons. Open questions encountered are,

[44, 11, 4]:

1. Correlations other than those taken into account in the A approach may become
important in the high-density regime, i.e. for ¢ > (2-3)go (many-body forces,

modification of the boson-exchange description);
2. Lack of knowledge of baryon-baryon and baryon-meson coupling strengths;

3. Non-renormalizability of the A method.

In a reasonable first step, however, one may incorporate two-particle effects into the

equation of state at intermediate nuclear densities [4], i.e. for 0.1 go < o < 29
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(20< ¢/(MeV/fm®) < 300). For this density range neutron star matter consists to a
good approximation only of neutrons, and hence the A method is applicable. Matter
beyond o > 2p¢ may then be treated in the framework of the Hartree or Hartree-Fock
approximation.

For our investigations we have calculated the equation of state in the framework
of relativistic, finite-density Green’s functions. These are coupled by the Martin-
Schwinger hierarchy [18]. A systefnatic truncation procedure of the latter leads to
the Hartree, Hartree-Fock, and A approximation. The former two make the many-
- baryon/lepton matter problem tractable [18, 11]. Our concern in what follows is (i)
to demonstate how these approximations are related with each other in the language
of Green’s functions, and (ii) how the equation of state of neutron star matter can be
obtained which accounts for the above mentioned effects (two-particle correlations,

baryon/lepton population).

3.2 Lagrangian density

We start from the following Lagrangian governing the dynamics of many-baryon/lepton
neutron star matter [9, 10]:

L) = DY £3(x) (79)

B=p,n,2%.0 A Z0.— A++,4.0,~
+ 2 {%(w) + > Eg‘fM(x)}
- Al:a?wv"vgynv&d’

B=p,n,...,At++.0.,~
+ Z Li(z) .
A=e=,u=
The summation index B runs over all baryon species which become populated in
the star matter once their thresholds are reached [45]. The summation extends over
hyperons as well as the A;232 state [45, 10, 46, 47, 48, 49]. The nuclear forces are
mediated by that collection of scalar, vector, and isovector-mesons which is used for
the construction of relativistic one-boson-exchange potentials [13, 12]. The equations
of motion resulting from the Lagrangian of Eq. (79) for the various baryon and meson
field operators are to be solved subject to the boundary conditions of infinite charge
neutral neutron star matter [9, 10]. For this purpose we apply the Green’s function

method.
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Table 3: Masses, electric charges (¢g) and quantum numbers (spin (Jg), isospin (/g),
strangeness (Sg), hypercharge (Y3), third component of isospin (/35)) of the baryons
included in the determination of the equation of state of neutron star matter.

Baryon (B) mp[MeV] Jg Ig Sp Ys I g¢B
n 1939.6 13 0 1 -3 0
p 9383 L 1 o 1 1 1
Dy 1189 11 -1 0 ! 1
e 1193 L1 -1 0 0 0
B- 1197 11 -1 0 -1 -1
A 1116 10 -1 0 0 0
=0 1315 1 -2 -1 1 0
= 1321 13 =2 -1 -7 -1
At* 1232 g2 0 1 %2 2
At 1232 g2 0 1 1 1
A° 1232 5 3 0 1 -3 0
A~ 1232 g 2 0 1 -2
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Table 4: Mesons of the Bonn and HEA meson-exchange models for the nucleon-
nucleon interaction. The symbols J}; and Ty refer to spin (Jar), parity (7), and
isospin (Tar) of meson M.

Meson (M) J§; Tm coupling

o 0t 0 scalar

w 1~ 0 vector

™ 0~ 1 pseudo-vector

0 1~ 1 vector

n 0~ 0 pseudo-vector .
1) ot 1 scalar

o 1= 0 vector

\

) e b
>, 19

Figure 2: Diagrammatic equation of the baryon self-energy ¥. The first term cor-
responds to the direct, and the second to the exchange contribution. The analytic
definition is given in Eq. (96). Explicit mathematical expressions for ¥ calculated
for the A and Hartree-Fock methods are given in Eqgs. (308) - (310) and (150), (151),
(278) - (282), respectively.
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Table 5: Masses, spin quantum numbers and electric charges of the leptons included
in the determination of the equation of state of neutron star matter.

Lepton (A) my [MeV] Jy qx
e” 0.511 % —1
I ' 106 5 -1

3.3 Relativistic Green’s function approach

The general definition of the 2n-point Green’s function is given by the ground-state
expectation value of the time-ordered product of baryon field operators, ¥g, in the

form (18, 11, 50, 51]

gBiBar(1 . n; 1., 0) (80)

= i" < ® | T (¢5,(1)..¥B.(n) ¥5,,(7)..95,(1)) | B0 > .

The quantity |®o > denotes the ground-state of infinite matter, and the integers
1= (2% 21;6), ... ,n=(22,2,;(,) stand for the space-time coordinates (denoted
by 1 = (% &1), ... , Tn = (28, 2,)) as well as spin-isospin quantum numbers ((;,
e s Cn) Of baryoné Bi ... B,. The quantity T stands for the time-ordering operator
(see below). Of special interest is the so-called two-point Green’s function, g2(1,1’),
since its knowledge is sufficient for the calculation of the properties of the many-
body system. This will be shown below. It is convenient to decompose the two-point

function in the following way (cf. Appendix C):

gt (2,62, () = 9f (z,2) = g7 (z — @) (81)
= i < T(s(z,¢) Po(a,()) > (82)
= O(z0 - 24) 957 (x,(52',¢") + O(xf — 7o) 927 (2, (32, () -

(83)

The definition of the time-ordering operator is given in Eq. (83), where we have in-
troduced the auxiliary Green’s functions g« and g5 which are useful in the treatment.

These are given by

g2 (., ;7' (") = 1 <z, dp(a’,{) >, (84)
92% (x, ;2 () = =i <p(, )Pz, ) > . (85)
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The Martin-Schwinger hierarchy couples the functions g, of Eq. (80) to all orders
of n with each other [18, 11]. The two-point Green’s function g£(1,1’) is coupled to
the four-point Green’s function, gZ,B'B , via a two-body “potential” term, vBE’, which

contains the nucleon-meson vertices. Introducing the shorthand notation [, 5 =

S J d*z, one gets

g (1,1) = g°(1,1) - (86)
+z‘/ @B (1,1") < 172|058 |34 > ¢B'B(34,2% V).
1”,2,3,4;B’ ‘ :

Here g2 denotes the free two-point baryon propagator which obeys (p* = 10*)
9%z =2V = (=7 pou + mB)p $(x-2'). (87)
The matrix elements of vBZ are given by

<1287 34> = > | 8 (21 — x3) 6*(z2 — z4)
M=o,w,r,0,m,6,¢ .
M;B M;B’
X FC1(3 F(zQ A?W(xl’ x2) . (88)

The function AY; in Eq. (88) denotes the single-particle propagator of free meson
fields of type M, defined as '

AS (z1,22) = i < B |T[M(z1) M(zy)]|®0 >, (89)

with (r = 1,2,3 refers to isospin)

x(21) x(z2) if x=o0,
y _ Xh(ml) Xr2($2) if X = 7‘-’77’53
M) M(@2) = ey x(as)  if x=wo, (90)
Xt (z1) x7,(22) if x=op.

Ta‘blé 4 summarizes the different types of mesons which are included in the Bonn
and HEA meson-exchange model of the nucleon-nucleon force, and therefore are of
interest in this work. Explicit expressions for the A}, propagators of Eq. (89) are
given in Appendix C.2.

For the purpose of brevity we have suppressed both Dirac indices as well as isospin
quantum numbers in Eqs. (89) and (90). The scalar, pseudo-vector, and vector

meson-baryon vertices '8 of Eq. (88) are given by respectively

FZ;ZB = 9s,6;B 6(1(3. (Sca]a‘r)v (91)
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f1rB

FE{Z;B = —1 P (T 72 01 )eres (pseudo — vector) , (92)
.o : i fuob:B '
[Te®® e, = (908 Y+ 5 52222 8 [v¢,7a]) e, (vector) . (93)

2 2my,p4

(94)

By introducing the so-called reducible vertex T' (effective scattering matrix in matter)

in the form (cf. Ref. [11])
[, <1210 134> gFE(34,1'2) = (95)
3,4;B' .

N L <121T°% 134> gF'(3,1)gP(4,2),
3,4;B'

and the mass operator (self-energy) X, (see Fig. 2)

£P(1,2) = —i / L <13ITPP 142> 67'(4,3%), (96)
the v - go-term of Eq. (86) can be replaced in favor of £ - g;. One arrives at Dyson’s
equation,

(1,1 = 2P(L1) - [ 1P(1,3) B°(3,4) gP(4,1), (97)

which is graphically illustrated in Fig. 3. For later use we give the momentum-space

representation of Dyson’s equations (p = (p°, p)),

(7“1’# — mp — EB(p))(lCa gf(p)(aCz = - 5(1(2 . (98)

Equation (97) (or equivalently Eq. (98)) determines the two-point propagator gf.
Dyson’s equation imposes self-consistency on the determination of ¢g®. From Eq.
(96) one sees that the mass operator, which can can be viewed as the effective single-
particle potential of a baryon in matter, is obtained from the effective two-baryon
interaction in matter, i.e. the T-matrix, via integration. The latter obeys an integral
equation whose Born term is given in Eq. (88). The restriction to the Born term leads
to the Hartree-Fock approzimation [50, 51, 10]. We will turn back to this point in
Sect. 3.5. Before, however, we introduce the spectral representation of the two-point
function. It is sufficient for the calculation of the properties (e.g. energy density,

nuclear density, equation of state) of the system.
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Figure 3: Graphical representation of Dyson’s equation for the self-consistent baryon
propagator g (Green’s two-point function). The quantity ¢° denotes the free propa-
gator which does not couple to the nuclear medium (described by ¥). The analytic
form is given in Eq. (97).

3.4 Spectral representation

If one applies (anti) periodic time bondary conditions on the expectation value of
Eq. (81), the following useful momentum-space representations of gﬁ,(xl — z}) can

be derived [10, 50, 52] (for the purpose of simplicity we drop the subcript “1” from
5 v
97 ):

. + 00 B B

By _ b / J [ 9>(@,P)ee 9w, Pee ] 9

g(('(p) o J wpo”‘w"’ﬂB‘f‘in po—w—;zB—in (9)
+00

1 - 0" —p") O 1% 1=
= - d [ - - ].:B,
/ ¢ Po—w—}LB+z17+p°—w—uB—z77 cc(w:p) (100)

_ /.d“’w— acol«p) ) (101)

A derivation of the above equations (for finite temperatures) is performed in Appendix
C.1. There we also derive an explicit expression for ¢® in the Hartree approximation
and give a physical interpretation. The quantity x® in Eqgs. (99) --(101) denotes the
chemical potential of baryons of type B. The spectral function =2 of Eq. (101) is
given by the cut of the a,ria.]ytically continued g¢;-propagator, denoted by g, along the
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real energy axis. The latter obeys |

+ o0 — .
~B _ d ':‘?(’(w’p) '
g«;(z,p) = w ———_—w —, (102)

and therefore

~B . ~B .
- geo(w+in,p) — Geplw —in,p)
E8(w,p) = = S : (103)

27 1

For each baryon of type B, the corresponding Green’s function §& of Eq. (102)
solves the analytically continued Dyson equation following from Eq. (98) (p = p/|p|):

(5 + E2(z, )| + | P | +50 (2, )] vb + [55 (2,P) + (2 + 17)]4°] §5(2,p) = 1.
(104)

In Eq. (104), £ has been decomposed into a scalar, vector, and time-like part

. according to
S = 55 (Do + IV (vP)eer + T§ Yo - (105)

Note that the unity matrix of Eq. (105) consists of a Dirac and an isospin part. It
therefore has the explicit form |
(1)¢er = (1P @ 1) o = Bacr B (106) -
when the spin (o, a’) and isospin (7,4') indices comprised to ¢,(’, i.e. { = (,7) and
¢’ = (!, 1), are substituted.
Inversion of Eq. (104) yields [10, 53]

%)

Plop) = metBEp] (P +50(p)vd - [E3(zp) = (4 122"

[ms + S8z PP+ [ P | +58(2,p))* — (28 (2,p) — (2 + pB)]?
- (107)

“The “physical” baryon propagators g® and baryon self-energies £8 are connected to

§P and Y8, respectively, by the following boundary values (j = S, V,0):

9&(P) = Ge((P° = uP)(1 +in),p), (108)
£Po(p) = £ (0 - 1P)(1 +in),p) . (109)

From Eq. (109) one obtains
Im 57w — 1P £in,p) = Fsgn(p® —w) Tieo(w,p) (110)
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where f)f has been decomposed into the real and imaginary part,

SP(w—pP tin,p) = ReSP(w—pP tin,p) + i ImEP(w—pP +in,p),

J
"with -
VB B, . . B\ 1B
ImEP(w—p? £in,p) = £sgn(w—p°) I} (w,p) . (111)
One obtains for the latter functions [50, 53]

TPw,p) = 2(T§(w,p)lms+ReZE(w,p)] + T¥(w,p)[Ip| + ReZP(w,p)]
— T (w,p) [Re £ (w,p) — w]) . (112)

In the case of the Hartree-Fock and A% approximations, which are of interest in this
work, the imaginary part of £& vanishes [11], and therefore I'B(w,p) — 0. By this
the structure of the spectral function takes on a much simpler form (see [53] for the
general case I'® # 0). As in the non-relativistic treatment [42], Eqs. (107) - (112)

lead to a spectral function of single-particle structure,
=B(w,p) = S[D(w+ 4P, p)] sgnl—w PP(w + uP)] (113)
x {[ms + ReSE(w,p)] — [Ip| + ReZ{(w,p)] 7P
- — [ReZ8(w,p) — W] 70} ,

with the definition

D®(w,p) = [mp + ReE§(w,p))* + [lp| + ReZP(w,p)]* — [ReZf(w,p) — w]®.
(114)

In what follows, Ef denotes the pure real self-energy functions. Equation (113) can
be decomposed into a baryon and an anti-baryon part. By this one arrives for the
spectral functions of baryons (B, upper sign) and anti-baryons (B, lower sign) at

[11, 50, 51, 10]

EZ'(W,P) = 8w + uB — B (p)] Efc,(p) + Sw + uB - wB(p)] E?C'(p) (115)

with
=BBy _ 4 lmBt 28 Lo =[P | +EF) (D) + WP P(p) — BF] 12
S (p) = ’8D3(w,2)’
dw

w=wB.B(|p])
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(116)

= —‘BB l((/ + :eB (')’ )(CI + :gB’)’gc;, i (117)
OD%(w,p) _ 2{[m +SB(w )]Q§§ + [P +Z0(w,p)] Py (118)
Ow . B ) P Ow p V P 8&)
823
+ [Eg (w,p) —

The latter relation follows immediately form Eq. (114). The baryon, anti-baryon

energy-momentum relation in matter is given by the zeroes of Eq. (114),

wPB(p) = TP (WPPB) + Ip =8 (WP B(p),p)

+ \/[ms + B (WPB(p),p)]’ + (| p | +3B(wBE(p),p)]?  (119)

= 28 4+ LSl + PP(p). (120)

The chemical potentials of baryons (anti-baryons) having Fermi momenta pg.p (pr.5)

are obtained from

pPP = wPP(pppp) . (121)

3.5 Approximation schemes
3.5.1 Ladder (A) approximation

The Fermi and Dirac sea contributions to the direct term of ¥ are graphically depicted
in Fig. 4. There the double-lines represent the full propagators g2, single-lines the
free ones g% 8. Nuclear matter can be viewed of as a finite-density backround systemt
in which baryon B moves (upper graph of Fig. 4). The knowledge of ¥ is necessary to
determine g&. This self-consistency is mathematically imposed by Dyson’s equation.

The momentum-space representation of the baryon self-energy of Eq. (96) has the
form (using the notation [, = [d'q/(27)*)

S46 () =ZZZ/ e (e TP+ [” Tag)y (22

Blccl

- <C1 G2 P ; qI T8 (p + ) C2 Cl>] 94242
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Figure 4: Graphical representation of the self-energy contributions arising from both
the Fermi sea, i.e. nuclear matter consisting of filled single-baryon states of energies
wB(0) < wB(p) < i (upper graph), as well as Dirac sea (states —oo < w?(p) < w?(0),
lower graph). The former (latter) lead to so-called medium (vacuum) polarization
terms. The no-sea approximation, which in applied in this work, neglects the vacuum
polarization contributions (see text).

(cf. Ref. [11]). By inserting the spectral decomposition of g% of Eq. (101) into Eq.
(122), and performing the contour integration in the ¢°plane, one arrives at both
(finite) Fermi sea contributions to ¥ but also divergent terms afising from the Dirac
sea [54, 25, 14]. The latter are referred to as vacuum polarization graphs. As discussed
in several articles [18, 55, 14, 15, 16, 17], one may neglect such contributions for
the calculation of many-body properties (so-called no-sea approximation). A critical
discussion of the influence of vacuum renormalization of relativitic nuclear field theory
for both nuclar as well as neutron matter has been performed in Ref. [56]. It was
found that these have negligible influence on the equation of state up to densities of
at least ten times normal nuclear matter density, provided the coupling constants are
* tightly constrained by the saturation properties of nuclar matter.

By denoting the zero-temperature Fermi-Dirac distribution function as ©2(|q|) =
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O(pr.p — |q|), one obtains from Eq. (122)

(lg' Z Z /3 [(Cl <2

B'C(’

S i) (123)
- <<1<2p;q|T£€'|%”<;<{>]
x Z2.(a) 0%(q).

The matrix elements of the T-matrix in Eqgs. (122) and (123) satisfy the following

g0=w?'(1q])

ladder-type integra.l'e'quation which reads, written in terms of center of mass and

relative four-momentum coordinates of particles 1 and 2, P = (P° p) = p1 + p; and

p = (p° p) = (p1 — p2)/2, respectively [16, 17, 11]:

BBI I
TR (PP )iy = V27 (0= Paaiy | (124)

. P P
1 YB B’IB'
+2 2 /4 V6 eicsee (P~ D) A5 T 05 = D TR 7 (4P sty
B” (3¢4i(sCe

The Born term vBP’ of Eq. (124) is given, in coordiante-space, by Eq. (88). Three
different approximation schemes are distinguished by the choice of the intermediate
A propagator. They are given in coordinate space by (we recall that 1 = (z1;(1),
etc.) . .

1977(1,3) g1 7(2,4%) if ij =00,
AFB(12,34) = { [gP(1,3) g0P(2,4+) + gPB(1,3) gP(2,4%)] if ij=10,
. 2

i97(1,3) g9 (2,4%) \ if 65 =11 .

We will restrict ourselves in this work to the A% treatment. The application of the
A and A approximations is more complicated. To date the former method has
been applied for nuclear matter calculations [11], and the latter was solved for its
non-relativistic limit [57, 58, 59, 43].

In the A% treatment both baryons propagate freely in the intermediate particle
states (we recall that g°B denotes the propagator of free baryons, for which £ = 0).
Intermediate anti-particle states do not occur in the integral equations for the T'-
matrix. These states are excluded from the construction of the Bonn and HEA meson-
exchange potentials. For that reason all intermediate anti-nucleon contributions must
be dropped (see above), and the vertices are to be regularized. We will come back to

this topic in Sect. 5.1 when discussing the parameters of the A method. We stress
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that the initial and final scattering states, occuring in the T-matrix elements, contain
both particle as well as anti-particle states. Hence the determination of a complete set
of spinors and anti-spinors is necessary. This is discussed below (see also Appendix
H for the representation of the T-matrix in this self-consistent basis).

The Fourier transformed A% propagator function is given by

00,B : . inp® B
Atvircats(P1sP2) = 1€ 1B (p1)ercs 9°F(P2)cats - (125)

From Eq. (125) one deduces, using the spectral representation of Eq. (115) and the
definitions px = (p,py), with pd = P°/2 + ¢°, p, = p/2 + q, the following form:

PO
A(I):(z)’B(p+,p—)(1C2;CSC4 = 27r6(q0 - wOB(|p+|) + 7) (126)

Eae(pe) ¢ (p-))

P — wOB(lp,f) — wB(p_[) + in
In Eq. (126), Z°F and w8 denote the spectral functions and single-particle energies
of free baryons, which follow from Eqgs. (115) - (120) by setting ¥2 = 0.

In principle, the integral equation for the T-matrix of Eq. (124) has 256 elements

X

with respect to the spin indices. Hence one is interested in a basis which decouples -
the integral equations for these elements and makes the one-particle propagators A%
of Eqs. (125 - (126 diagonal. This can be achieved by introducing a self-consistent
basis of nucleon and anti-nucleon spinors [60], ®;(p) and ©;(p), respectively (I = +1/2
denote the helicity eigenvalues). The anti-spinors are given by 0;(p) = 75 ®;(p), with

negative energy and reversed momentum and helicity. The former are the solutions
of (p = p° = (WM (p), P))

(lpo =@ = b p*(0) = mu(p)) Bulp) =0, (127)
i.e. (cf. Erkelenz [61]),

€(p) '
A £ [ >, - (128
2 my(p) 21p*(p) ® | (128)

e(p)

®(p) =

with the definitions

= my+2¥(p), (129)

my(p)

p(p) = lpl+Z¥(p), (130)

Wp) = Imy@)+ ()2, (131)
(

elp) = W(p) + my(p), | (132)
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and |
I>= D) xi, -><+=((1)), x_=<(1)). (133)

The quantity D(i)) in Eq. (133) denotes the rotation operator [62, 63].
The spinors and anti-spinors obey the following orthogonality and completeness

relations [11, 62]:

®(p) Bu(p) = éu, (134)

Ou(p) Ov(p) = —éu, (135)

Ou(p) Br(p) = ®u(p) Ov(p) = 0, (136)

S [ Oupi ) - ) O )] = b (137)

l

By means of Eqs. (134) - (137) the matrix elements of the spectral functions =V and
self-energies £V in the self-consistent particle-antiparticle basis can be determined

[60, 11]. One obtains for the former

< 2" (Ip), P)I =" (p) 120" (1), P) > = 6w n™(lp)), (138)
< 0" (Ip), Pl Z7(p) 1O0(w"(Ipl),p) > = éuw n"(Ipl), (139)
with
v 0% 0% 82
N,N _ * _ x» V=5 x» YoV Y=o
n (Ipl)—{m W (e 228y e P20y Oy } e
pP=wN(|P))
(140)

The latter function plays the role of a momentum dirstribution function of the single-
particle states (occupation proba,bility; n < 1)

All matrix elements of =V with respect to anti-nucleon spinors give no contri-
butions if retardation effects in their calculation are neglected [11] (retardation is
taken into account everywhere else in the treatment). Thereby the goal of decoupling
the T-matrix equation with respect to nucleon and anti-nucleon components can be
achieved. More details are given in Appendix H.

The matrix elements of the self-energy follow from Eqs. (123) and (138) - (140),

and take the form
Z%) = < @)l S0) [9(p) >
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= 5 [, (<2020 T 100, 20 > (141)

— < &(p), 8 ()| T |2u(p), @u(p) >) n"(lal) O (lql)

£99(p) = <91(P)|2(P) 0u(p) >
= / (< ©u(p), 0PI T 101(p), Bu(p) > (142)
— < 0u(p), 2u(p)| T |®0(p), Ou(p) >) n"(lql) ©™(lql) ,
%) = |

< 0:(»)| =(p) 125(p) >
/ (< 01(p), 20(¥)| T 121(p), @0 (¥') > (143)

~ < 0,(p), 2u(p) T 18u(p), 23(p) >) n"(lal) ©"(Igl) -

D | o—

One sees from Eqs. (141) - (143) that for the calculation of these matrix elements both
the nucleon-nucleon scattering amplitudes as well as the mired nucleon-antinucleon
“amplitudes must be calculated. This renders the numerical treatment rather com-
plicated. The T-matrix equations occuring in the above expressions are listed in

Appendix H.

3.5.2 Hartree-Fock approximation

The Hartree-Fock approximation is obtained by treating only the Born term of the
T-matrix of Eq. (124), i.e. TBB' = vB¥'| with the matrix elements of vBZ’ given by
Eq. (88). The anti-symmetrized Hartree-Fock T-matrix has the form

<12|T"BF 134> =<12|vP% 34> — <12]v5% |43 >, (144)

where the first respectively second term refers to the direct (i.e. Hartree) and exchange
(Fock) contribution. A graphical illustration of THF is given in Fig. 5, which is to
be compared with the full integral equation of Fig. 1. This leads for the baryon
self-energy of Eq. (96) to the following Hartree (S%8) and Fock (£F'P) terms

SHE(LY) = Y <12(0B% 13> ¢F(3,2%), (145)
BI

SRB(1L,) = Y <12]0®F |31 > ¢F(3,2%), (146)
BI

which give the total contribution:

EERB(LY) = SMP(LY) + SPE(LY) (147)
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Figure 5: Graphical representation of the Hartree-Fock T-matrix, THF. This approx-
imation scheme is obtained via restriction to the Born term of the T-matrix of Eq.
(124). The analytic form of THF is given in Eq. (144).

As an example we scetch in the following the calculation of the self-energy of the

o-meson. More details can be found in Refs. [10, 50, 51]. After a lenghty calculation

one obtains for the Hartree term of LHFB
H’B . : (¢] BI
Sea(p)] = =i 80 A%0) goB Y gonr | €™ bty 9006,(9) - (148)
1 o B q4

The meson propagator A° is given in Appendix C.2. The Fock term reads

=0 (p)

¢y (149)

= igg /q4 e Ap—q)(1 @ ¢P(q) ®1)

Ga¢

[

Via substituting g2, from Eq. (101), in Egs. (148) and (149), and subsequent contour

integations, one obtains for the Hartree self-energy

) 9oB\?2 do B’ —B' ’
Shal=2baq (22) S e+ (72) [, F@0%@,  (50)

and for the Fock self-energy

= 0 [ {80 ZBP@).0) + (rPlag #4207 (0). )

+ 28 Z0@P(9),9) A — o (q),p — ) ©7(la) -(151)

F,.B
v EClC{ (P)

The self-energies arising from w, =, and p-mesons are summarized in Appendix E.
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The quantity 2Jp + 1 in Eq. (150) denotes the spin degeneracy factor of baryons
~of type B (see Table 3). An important feature of Eqs. (150) and (151) is that the
determination of the spectral functions =B (with : = S,V,0) is sufficient for their

calculation. An explicit calculation of the propagator functions ¢g? is neither here nor

for the determination of the equation of state of the system (see Sect. 3.6) necessary.

3.5.3 Hartree approximation (¢ —w model)

The Hartree self-energies of o énd w-mesons, given by respectively Eq. (150) and
(278), serve to apply the spectral function formalism to the reproduction of Walecka’s
o —w mean-field results [64, 65, 14]. The spectral function of Eq. (116) and the energy-
momentum relation of Eq. (119) take, in the Hartree limit, for which £i® = 0 (cf.
[50, 51, 10]), the form:

my = mp + Sg°, (152)
—HB, \_ Mg —n5, _ _ —lq| —HB, \_ 1
.“"S (q) - 9 EH’B(q) ’ -V (q) - 9 EH’B(q) ) - —0 (q) - 2»’ (153)

with

(154)

1 |6DB
= JImplP + ¢ = 5 ' 9

By substituting Eqgs. (152) - (154) into Eq. (150), one arrives for the nucleon self-

wB(q)
energies (only scalar and time-like terms contribute) at the well-known expressions

2 2Jp +1
SHN (%_N) 9oB .
s m, % 9doN ir2 B

B
PrB + €F
*x*

- ) (155)

+ (ggzv)2 ([—JN my [25]2 — CN [22’]3) ,

My

WwN )2 wB\ 2Jp+1 .
(£2) 5 (L2) 2ol . ()
B

X (pp,B & — [mE)* In

e -
my, JuN 67

A characteristic feature of this approach is that the Hartree self-energy depends only
on nuclear density, o (x p%), and hence neither on energy (p° = w?B(p)) nor mo-
mentum (compare Eqs. (148) and (150)). This is in contrast to the Hartree-Fock

approach where one gets for the exchange terms SF-B=XFB(p° = wB(p), p).
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The second term in Eq. (155) occurs if cubic and quartic self-interactions of the
o-field are taken into account in the Lagrangian of Eq. (79). An explicit expression
for £ is given in Eq. (223) of Appendix B. The resulting self-energy, denoted by
2" has the form (for more details, see Refs. [10, 50, 51]):

Eéazl)( ) = buq (gﬂ:) [mN by (EE’N)z— en (E?’N)a] . (15T)

Cubié and quartic terms are known to be important for the linear ¢ — w nuclear
field theory to obtain an effective nucleon mass in matter, mjy, and a compression
modulus, K, which are compatible with experimental values [66]. However, it has re-
cently been noticed by Zimanyi and Moszkowski [67] that if the scalar field is coupled
to the derivative of the nucleon field, these two nuclear properties are automatically
in fairly reasonable accord with present knowledge of their values. Neutron star mat-
ter equations of state within this framework have been determined by Glendenning,

Weber, and Moszkowsi [68].

3.6 Equation of state
3.6.1 A approximation

The energy density of the system, described by the Lagrangian of Eq. (79), can be
split into the following three different contributions [16, 11]:

: |
e = 5/9 Pa < By [Hpay(z) + Hutes(z) + Hi(z) |80 >  (158)
= Bary Tt [ EMes T €mme]- (159)

The first term in Eqs. (158) and (159) is the energy density of free baryons in the
medium. The remaining two terms refer to the free meson term and the interaction
term of Eq. (79). These are to be expressed in terms of Green’s functions. We discuss
this in the following for the free baryonic part of Eq. (158). The Hamiltonian density
of free baryons is given by .

Bary Z 7 Pu + mB) "/"B( ) (160)
B

The ground-state expectation value < ®o|¥5¥p|®o > can be replaced by the two-
point Green’s function which results from Eq. (80) by setting n = 1. Fourier trans-
formation then leads to (cf. Ref. [50, 51})

6(]')Bary = - hm Z 8 / e—.iq(r—z") 7?(’ 93((‘1) (161)

'zt
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2 (205 +1) /q [ms=8(q) — lalZP(e)] ©°(lal). (162)

Eq. (162) follows by making use of Eqs. (101) and (116). The treatment of the
interaction term is more complicated. It can be combined with the free-meson term

to give

€es + €It = Z/ &Pz < (162 $1$2|0BB,|3?3$4 (3s > (163)
, BB’

!

B’'B +..+
X 9, (13.1:4,:131 ) )C3C4,C1C2 .

Eqs. (95) and (96) can be used to replace the right hand side of Eq. (163) by : £~ g;.
Afterwards one can proceed in the same way as described above (to arrive at Eq.

(162)). The final result is [50, 51]
e+ em = 22T +1) [ [F8(wP(9),0) ZE(a) - TE(wP(a), 9) EE(g)
B q
+ 55 (wP(q),9) 5 ()] ©°(lql) . (164)

The density of baryons of type B is obtained as follows [11, 50, 51, 10]:

B
=g = g A <lhE @], ()
= i hm Ve g(((:r z') - (166).
= 17((/ /q4 em? g(/((Q) (167)
= 2(2Jp+1) /q =2(q) ©%(lql) - (168)

The total number density, g, is obtained from
=Y o°. (169)
B

From the energy density and density of baryons, the energy per baryon, E/A, follows

as

e™(o) _ elo) 1 E(e)
= - h M) = ——=.
, . my where  €™(p) Yl (170)
The energy €™ is referred to as internal energy. It plays a role in the calculation of
the total baryon mass of a neutron star (cf. Eqgs. (209) - (210)). Finally, the pressure

of the system follows from the thermodynamic relation

0 FE

P=900A()

(171)
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Another important quantity, besides the nuclear density, is the scalar baryon

density, pB. It can be obtained in a similar fashion as g:

1 ]
3° = ﬁ/;,d% <¢0|¢B(m)¢3_(x)|‘¢0>z°=0 (172)
- i Jim edfes) o
= it [ " i) (174)

q . v
= 25 +1) [, =8(g) 0 (lgl). (175)

The total scalar density, g, is defined by

S o8 | | | (176)

B

i

o

L[S

3.6.2 Hartree-Fock equation of state

- From the energy density expressions of Eqs. (162) and (164) derived for the A method,
“the following Hartree (/') and Fock (¢F) energy densities of neutron star matter in

generalized B equilibrium can be obtained [10]. The Hartree expression has the form

| 1 1
o= (s s o] o Ly [se o]
B B
1 pF,B
t oo > (2Js+1) / dqq \/[ms + 2957 + ¢2
B 0

1; 1- . 1
= 5 [-ghvma(s8 M+ 5o (=™ (177)

Hl PF,B V
+ Q?A;W(Q‘]AJFU 0/ dq ¢* \/m} + ¢2

This result agrees with the energy density obtained from Walecka’s mean-field theory,
derived in Ref. [45]. More details are given in Appendix —reftensor:app, where the
calculation of the energy-momentum tensor in the framwork of relativistic Green’s

functions is demonstrated for the o —w model. The Fock term gives

¢ = 3 (2s+1) /qs 55%(a) E5%(9) — =VP(9)EVP(a)
B

+55(g) 22 (q)] ©%(l4]) - | (78)
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The pressure terms are given by

1
PY= JIE sl o 4 5 D[ 2]
B B _
1 PF,B q4
+ 2J5 +1) /dq
s T eI
1 1
+ '2"[—§bNmN(Es )3+§CN(E§'N)] (179)
PF,B q4
" ey [
PF = . | . 50

The inclusion of cubic and qua,rfic self-interactions (Eq. (223)) as well as leptons
(Eq. (224)) in the Lagrangian of Eq. (79) leads to additional terms in the energy
density. The former give [50, 51, 10] '

(Y vHNy _ L[l uNd 1 H,N]4
I (z )_2[3bNmN[E |* - 5 e [27] 3 (181)

The calculation of energy density and pressure of free leptons serves for an easy
demonstration of the Green’s function technique. We start from the energy-momentum

tensor of Eq. (286). One obtains for the expectation value < ®| 7P |®, > [10]

< Bo| TEP(2) |Bo > = - ;lm Z 8, Tr (%G( =) (182)
ol
= - hm 0, Z/ _’q(x_xl) Tr ('Yu G’\(Q)).
=zt A=epu
(183)

(Compare with the determination of < 7 > in the case of baryons performed in
Appendix F.) In analogy to Eq. (101), the momentum-space representation of the

lepton propagator, denoted by G*, reads (a and o refer to spin quantum numbers
1% propag y U,

A '—— Fia’(w’p)
Goolp) = [ o G (184

The free leptonic spectral functions are (compare with Eqgs. (115) - (118))

Dw,p) = 6(w+u - '(p) THP),  i=5,V,0, (185)
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with

) = A &

m

Ti(p) = ———, 187
A _ |p]

I-fV(p)‘ - 2\/m, _ (188)
) = ;- | (189)

The calculation of the lepton density, denoted by o*, can be performed analogously
to Eqs. (165) - (168). By denoting the leptonic distribution function with @’\(q) =

O(pra— 1 g ), one gets

ot = i z,11_1;1+ Ve GZ\,((:L',xl) (190)
= /q e 3% Ghe(g) (191)
= 2025 +1) [ Ti(@) 0'(9) (192)
3

_ 2],\2+1 ?,:FT'; . : . (193)

The total number density of leptons, P, is given by
o = ot (194)

)
The energy density and préssure contributions result ‘frorn Eq. (183) as

PR

oy =< T™(x) >= & T @ntn) [dgymire, %)
=e,u .
and 0
PP Z < TF®(z) >= =L 3T (20 + 1) p/md ¢ (196)
ber = Grr2 A=e,u ’ 0 ! \/71'_7‘—%\—',“—‘12 '

In the above equations, 2Jy + 1 refers to the spin degeneracy factor of leptons of type

A (see Table 5), and pr . denotes their Fermi momenta.

4 Summary of the self-consistent matter equa-
tions

In the following we list the equations which must be solved self-consistently to obtain
the HV, HFV, AL+ HV, and A%k, + HFV equations of state. For the Hartree and
Hartree-Fock treatment these equations are given by [45, 10]:
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—B,B

1. Eqs. (116) - (119): Spectral functions =% and energy-momentum relations

wB'B. We note that at zero temperature, the anti-baryons do not contribute.
The energy-momentum relations determine the Fermi momenta prp of the

baryons via the relation 2 = wP(prp) for
B=p, n, ¥ A, =o- , At (197)
ie.,
PFp s PFn s PFS%0 , DFA, PFE0- , PEA+++0— . (198)

This constitutes a maximum number of b = 13 unknowns (see Table 3). The
actual number of populated baryon states depends on the density o of the

~ system, given by Eq. (169).

. Chemical equilibrium is imposed through the chemical potentials and involves
two independent potentials, 4™ and p°, corresponding to baryon and electric
charge conservation [45]. For baryon B the chemical potential is (¢p denotes

the electric charge of the baryon)

pP o= pt — gyt (199)

Hence knowledge of ™ and p° is sufficient for the determination of all u2 (two

unknowns). For the leptons (Table 5) the chemical potentials are
A (200)

The energy-momentum relations of Eq. (186) determine the Fermi momenta of

the leptons (two unknowns):

PF.e PFu (201)

. Eq. (147): Baryon self-energies £,

pHBl - gFB (202)

a,w,p o,W,m,0 ’
which constitutes seven unknown functions;

. The constraint of zero total electric charge of neutron star matter, g8, =

Oy + 0y = 0, leads to
' Prs PEa |
%:(IB (2Jp +1) === — [Z —= 4+ 0. O™ —m,r)] =0. (203)

67 e 3
=e,u
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6.

To arrive at this relation, Eqs. (169) and (194) have been used. It has been

demonstrated [45] that the only meson that can condense in neutron stars is
the 7~ other than those that are driven by finite baryon source currents in the
normal state (e.g. the o and w-mesons). The impact of pion condensation on
charge neutrality is taken into account by the last term of Eq. (203). In this
work however we shall not treat the complicated problem of pion condensation
[69, 70, 71, 72, 73] as far as the equations of state HV, HFV, Bonn, and HEA
are concerned. '

In summary, the number of unknowns encountered in the Hartree and Hartree-

Fock treatment equals respectively (7 + b) and (11 + b);

Eqgs. (162), (164), and (181): Baryonic energy densities €Bary> €Mes + €Int, and

€), |

Egs. (195) and (196): Leptonic equation of state P_,,(¢).

The equations of the A®® method have been solved in the low nuclear density

regime where neutron star matter consists to a good approximation of only neutrons

[9, 10]. Restriction to neutrons implies in the equations of the previous sections

B = n. The following set of equations must be solved self-consistently (cf. [11]),

1.

5

5.1

Eq. (124): Integral equations of the T-matrix. The Bonn and HEA meson-

exchange potentials serve as an input;

. Eq. (123): Neutron self-energies £;

. Eqgs. (116) - (119): Spectral functions =%;

Eq. (162) and (164): Equation of state.

Parameters of the many-body theories

HEA and Bonn meson-exchange models

The HEA and Bonn meson—ekchange models for the nucleon-nucleon interaction allow

for so-called parameter-free nuclear matter calculations since their parameters are

determined by the relativistic two-nucleon scattering problem and the properties of

the deuteron, and not to by the bulk properties of infinite nuclear matter or finite
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nuclei (effective coupling constants). Therefore the above models are referred to as
realistic potentials. Their applicability for nuclear matter calculations however makes
it necessary to go beyond the Hartree and Hartree-Fock approach, because they do
not saturate nuclar matter [11] (see Sect. 5.2 for the determination of the parameters
of the Hartree-Fock method). To achive saturation, a self-consistent determination of
the effective two-particle interaction in matter (i.e. the T-matrix) must be performed.
In other words the applicability of the above potentials is restricted to the A’ methods
of Sect. 3.5.1, of which we treat the A% version in this work.

Since the above meson-exchange potentials are constructed by restricting the inter-
mediate propagators to positive energy states only, one uses a regularized interaction
with form factors Fas(q). These are summarized for the Bonn and HEA potentials in
Table 7. The regularization scheme implies the following replacements for the meson

coupling strengths [61, 14, 12, 74]
ad — Fu(p — 9)gm s (204)

where M refers to the different meson types, given in Table 4. This can be incorpo-

rated via replacing the meson propagators by
A%q) — Fy(q) A%g) | (205)

in Eqs. (148) - (151) and (272) - (282). The parameters of the Bonn and HEA
potentials, i.e. meson masses, coupling constants, and cut-off masses, are listed in

Tables 6 and 7.

5.2 Effective coupling constants of the Hartree-Fock method

The coupling _cbnstants of the scalar-vector-isovector Lagrangian of Eq. (211) are not
determined by the nucleon-nucleon interaction in free space, but must be adjusted to
the bulk properties of nuclear matter at saturation. These are binding energy, effective
mass, compression modulus, and symmetry energy. At first sight it seems as if £(z)
would contain a large number of unknowns. If one assumes the prescription of univer-
sal coupling, which is the case here, there remain in principle the following unknown
parameters (the baryons are given their physical masses [75]): four mesons masses
(Mg, Mw, Mz, ™m,) and seven coupling constants (g,n, 9uN, frNs Gons fon; On, En). The
meson masses usually are taken to be equal to their physical values, except for the

hypothetical o-meson, which is introduced to simulate the correlated 2r exchange.
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Table 6: The coupling strengths and masses used for the Hartree (HV) and Hartree-
Fock (HFV) calculations (effective Lagrangian of Eq. (211)). The parameters of
the Bonn and HEA meson-exchange potentials served as an input for solving the
relativistic A% equations.

Quantity HV HFV Bonn HEA
my [MeV] 939 938.9 938.926 938.9

m, [MeV] 550 350 5507 500
m, [MeV] 783 783 782.6 782.8
mx [MeV] - 138 138.03 138.5
m, [MeV] 770 770 769 763
m, [MeV] - - 548.8 548.5
ms [MeV] i : 983 960
my [MeV] - - - 1020
gy /AT 6.16 7.10 8.2797 4.63
92 n[4m 6.71 6.80 20 . 14
g2y /4T - - 14.6 13.00
2 fir - 0.08 i i
G/ir 151 055 081 1.5
FoN/Gun : 6.6 6.1 3.5
gin /AT - - 5 6.0
gl /AT i i 1.1075  4.74
g /4 - - - 7.0
103 by 4.14 - - -
103 ey 7.16 - - -
Ref. [45]  [77] 2] Q3

T The parameters for the o-meson apply only for
the isospin T' = 1 potential. For T=0, one has:
m, = 720 MeV, g2/47=16.9822.

For it one takes a tentative value of about 550 MeV. The g-meson vector coupling
constant g,n can be deduced from the description of the nucleon-nucleon interac-
tion, and the ratio of the tensor to the vector coupling strength, i.e. f,n/gon, can
be obtained from the vector-dominance model [76] which leads to f,n/g,n = 3.7.
Hence, there remain two (four, if o* self-interactions are taken into account) unde-
termined coupling strengths in the theory: ggN,ng,?)N,EN. These are adjusted to
the above mentioned ground-state properties of nuclear matter. A parameter set
adjusted in this way, which allows for Hartree-Fock calculations based of the scalar-
vector-isovector Lagrangian, but without o*-terms, has been given by Bouyssy et al.

[77]. We have adopted this set, which is denoted HI'V according to an earlier inves-
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Table 7: Cut-off masses Ap(p,p’) (M = o,w,7,0,9,6,4) of the Bonn and HEA meson-
exchange potentials. The form factors Fus(p,p’) ! are defined below.

Quantity o w 7.1 0 n ) ¢
Bonn
Ap [GeV] T~ 20 1.5 1.3 2.0 1.5 2.0 -
K 1 1 1 2 1 1 -
HEA
Apm [GeV] — 1.95 1.9  1.95 195 1.95 1.95 1.95
AY) [GeV] 1.25 1.25 1.25

¥ The form factor of the Bonn potential is given by
Fu(p?) = (Afy — miy) /(A3 + P*)™ .
The form vactors of the HEA potential are:
Fu(p,p') = Ay / (A — (p = P')?] for M = o,7,8,7,
Fu(p,p) = (A /(A}y — (p— P)?]]
x VIS — 3/ AR = (0 — )] for M = w, 0,6

tigation [27]. Secondly we make use of a parameter set labeled HV which has been
adjusted by Glendenning [45] for Hartree calculations. Therein o, w, and p-mesons

and o* self-interactions are included. The parameter sets are summarized in Table 6.

6 Results and discussion

6.1 Neutron star matter equations of state

The physical features of the equations of this work are listed in Table 2. For energy
densities 0.056 < ¢/(MeV/fm®) < 5.6 (inner star surface region), the equations of
“state of Harrison-Wheeler [78] and Negele-Vautherin [79] have been used (cf. first two
entries of Table 2). From relativistic Hartree [9, 10] and Hartree-Fock [10] neutron star
matter calculations performed for the HV and HFV equations of state , it is known
that the population of hyperon states sets in at energy densities ¢V R 320 MeV /fm?3
(0" R 0.32 fm™3) in the Hartree case, and €TV R 240 MeV /fm3 (o"FV R 0.22 fm=3)
in the Hartree-Fock case. For the purpose of comparison, normal nuclear matter
saturates at € ~ 140 MeV /fm3, which corresponds to go = 0.15 fm~3. From both of
these approximations it was found that matter consists of nearly 100% neutrons at
€0 [9, 10]. This figure decreases to 85% for ¢ ~ 300 MeV/fm3. Beyond such energy

densities the influence of hyperons and leptons on the equation of state of neutron star
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Table 8: AR, + HV neutron star matter equation of state.

€ P € P € P
[Mev/fm3] [Mev/fm® [Mev/fm® [Mev/fm?® [Mev/fm® [Mev/fm3]
20.00 0.0334 240.00 16.8402 800.00 185.2495
30.00 0.0716 250.00 19.8478 850.00 207.0768
40.00 0.1252 260.00 22.3301 900.00 - 229.8470
50.00 0.1940 270.00 24.5069 950.00 253.2220
60.00 0.2543 280.00 26.3141 1000.00 277.0967
70.00 0.2881 290.00 27.8400 1100.00 326.2753
80.00 0.3168 300.00 29.2735 1200.00 377.8391
90.00 0.3726 320.00 31.8729 . 1300.00 431.9030

100.00 - 0.4867 340.00 34.9293 1400.00 488.3641
110.00 0.6732 360.00 38.5936 1500.00 547.0107
120.00 0.9309 380.00 43.0821 1600.00 607.6985
130.00 1.2422 400.00 47.6383 1700.00 670.0674
140.00 1.5604 420.00 52.6424 1800.00 734.2850
150.00 1.8597 440.00 58.0886 1900.00 799.9583
160.00 2.2221 460.00 63.8877 2000.00 867.2625
170.00  2.7560 480.00 70.0592 2100.00 935.7751
180.00 3.5382 500.00 76.2301 2200.00  1005.4905

190.00 4.6249 550.00 91.1712 2300.00 1076.5145
200.00 6.0850 600.00 106.3596 2400.00 1148.7158
210.00 8.0066 650.00 124.0257 2500.00 1221.8511

220.00 10.4791 700.00 143.6154 2600.00 1295.6761
230.00 13.5411 750.00 164.0439 2700.00 1369.9474

matter becomes important, leading to less pressure for a given value of € (softening
of the equation of state). The complete set of baryon states of Table 3 which become
populated in the framwork of our Hartree and Hartree-Fock calculations are shown in
the last two rows (labeled HV and HFV) of Table 2. These populations are obtained
by means of solving the self-consistent matter equations summarized in Sect. 4.

The significant difference between the Hartree and Hartree-Fock populations has
its origin in the rather different coupling parameters of both methods [10]. These are
listed in the second and third column of Table 6. This is in particular the case for the
vector coupling constant of the p-meson, g,, which is for HV roughly fourteen times
as large as for HFV. As a consequence, the A~ state is present in charge neutral
many-baryon/lepton star matter treated in the HFV approximation, but none of its

states becomes populated for HV [10]. As outlined above, at “intermediate” densities
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Table 9: AYL, + HFV neutron star matter equation of state.

€ P € P € P
- [Mev/fm® [Mev/fm® [Mev/fm® [Mev/fm®] [Mev/fm® [Mev/fm?]
20.00 0.0339 240.00 13.7560 800.00 260.4816
30.00 0.0729 250.00 15.3049 850.00 294.1008
40.00 0.1256 260.00 16.7614 900.00 326.2991
50.00 0.1928 270.00 18.1674 950.00 359.8443
60.00 0.2571 280.00 19.3265 1000.00 395.9482
70.00 0.3038 290.00 20.3201 1100.00 471.4739
80.00 0.3422 300.00 21.2778 1200.00 545.1085
90.00 0.3889 320.00 23.2768 1300.00 621.1187

.100.00 0.4722 340.00 25.9289 1400.00 698.6987
110.00 0.6267 360.00 28.9374 1500.00 177.6942
120.00 0.8547 3380.00 32.8234 1600.00 857.9180
130.00 . 1.1177 400.00 37.8371 1700.00 939.2037

140.00 1.3756 420.00 43.9641 1800.00 1021.4135
150.00 1.6139 440.00 51.2438 1900.00 1104.4231
160.00 1.9403 460.00 89.1727 2000.00 1188.1268
170.00 2.5268 480.00 67.7602 2100.00 1272.4475
180.00 3.5641 500.00 76.9150 2200.00 1357.3187
190.00 5.0433 550.00 101.9551 2300.00 1442.6742
200.00  6.7660 600.00 130.1272 2400.00 1528.4540

210.00 8.5651 650.00 159.7626 2500.00 1614.6289
220.00 10.3642 700.00 191.9908 2600.00 1701.2031
230.00 12.1043 750.00 225.8395 2700.00 1788.1018

of 5.6 X ¢/(MeV/fm?®) < 300 (i.e. 0.02 X o/ fm™3 < 0.3) the neutrons dominate in
charge neutral neutron star matter (neutron-rich regime). Therefore one can treat
star matter for this density region to a good approximation as being pure of neutrons.
This of course simplifies the treatment of the complicated many-body problem con-
siderably. Of interest here is that the goal of incorporating dynamical two-particle
(Brueckner-type) correlations in terms of the (relativistic) scattering T-matrix in mat-
ter can be accomplished in the pure-neutron domain. Otherwise unsolved theoretical
as well as numerical problems are encountered. To mention several are three- and
higher-body correlations, many-body forces, one-boson-exchange description of the
nuclear forces, and the problem of solving a large set of coupled, nonlinear matter
equations (cf. Sect. 4 and Appendix H).

The benefit of the ladder appoximation consists in the use of realistic one-boson-
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Figure 6: Energy per nucleon E/A and pressure P as a function of nuclear den-
sity o calculated for neutron matter (neutrons only) in the A% approximation. The
underlying one-boson-exchange potentials are Bonn and HEA.

exchange potentials, which cannot be applied for néither the Hartree nor the Hartree-
Fock method (no saturation of nuclear matter). We have calculated the T-matrix
for the relativistic A% approximation introduced in Sect. 3.5.1 by using the HEA
and Bonn meson-exchange potentials of the nucleon-nucleon interaction as an in-
put. The resulting equations of state, denoted by A%k, and A% _ have been joined
with those calculated in the framework of the relativistic Hartree (HV equation of
state) and Hartree-Fock (HFV equation of state) method. Table 2 gives an sur-
vey of the equations of state obtained in this way [4]. The combined versions are
denoted by AOB%M + HV and AY%L, + HFV. In other words, we account for the in-
fluence of two-particle correlations in neutron matter by modifying two relativistic
Hartree and Hartree-Fock equatiéns of state, calculated for charge neutral many-
baryon/lepton matter, only at densities which cover the neutron-rich star matter
regime. The tabulated representation of the equations of state obtained in this
way is given in Tables 8 (AL . + HV) and 9 (APa + HFV) for energy densities
20McV/fm3 Lelar 103MeV/fm3. The density at which the equations of state have
been joined is in both cases €comp & 280 MeV /fm?3. |

Fig. 6 shows the energy per particle, E/A, and preésure, P, as a function of

nuclear density p calculated for pure neutron matter in the A% approximation. Both
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Table 10: Bulk nuclear matter properties (from top to bottom: binding energy, sat-
uration density, compression modulus, effective mass) obtained for calculations per-
formed for the Hartree (HV), Hartree-Fock (HFV), and A% method. In the latter
case the Bonn and HEA meson-exchange potentials served as an input.

Quantity AV HFV Bonn HEA
E[MeV] -15.98 —1554 —11.9 —8.7
o [fm™3]  0.145 0.159 0.134 0.132
K [MeV] 285 376 186 115

M*(=m*/m) 077 062 079 0.82

E/A as well as P computed for AR =~ and A9}, are similar to each other up to

o ~ 0.23 fm—3. Beyond this density the E/A and P curves of the HEA potential turn
out to be smaller than those obtained for AR . The bulk properties obtained for
nuclear matter at saturation are summarized in Table 10. The A% calculations with
the parameters of the Bonn and HEA potential give to little binding energy, however
saturate at the right saturation density. We recall that these potential are fitted
to the two-nucleon data, which is in contrast to the parameters of the Hartree and
Hartree-Fock approximations which are adjusted to the nuclear matter data. These
are given for HV and HFV in the second and third column of Table 10. At nuclear
matter saturation density pg, we obtain from neutron matter calculations performed
for the A%, approximation (ne = neutron): gop = 0.132 fm™3, [E/A]opne=7.8 MeV,
and P,. = 0.98 MeV/ fm3. The same values, but calculated for AR, are: gp = 0.134
fm=3, [E/Alone = 8.1 MeV, P, = 1.13 MeV/fm3, and Kponn = 186 MeV. From
KﬁEA < Kgonn it follows that the A%}, equation of state behaves softer, i.e. the
dependence of F/A on density is weaker, at densities g & go than the A = equation
of state.

The relatively small values of the nuclear matter compression moduli at saturation
calculated for the HEA and Bonn potentials are typical for approximation schemes
which take two-particle correlations in matter into account [15, 16, 17, 11]. Inversely,
such equations of state exhibit a rather stiff behavior at larger nuclear densities (g R
1.500) [4, 16, 17, 44]. A soft equation of state may be of importance in nuclear
astrophysics, where a controversy is concerned with the softness of the equation of

state as constrained by supernova calculations [80]: only softer equations of state

seem to allow in supernova calculations for a sufficiently large enough energy release
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Figure 7: Neutron matter equations of state, i.e. pressure as a function of energy

~density € (neutrons only), calculated for the A% approximaion. The underlying one-

boson-exchange potentials are Bonn and HEA.

" necessary to catalyze the promt-bounce mechanisms. Equation of state derived from

realistic Lagrangians, which are fitted to two-nucleon data, exhibit this softening at
smaller nuclear densities as well as the rather stiff behavior in the large density region,
nec'éssa.ry to obtain large enough neutron star masses and to withstand fast rotation
(20, 36]. _

The effective nucleon mass M* in matter, defined in Eq. (129) and Table 10,
obtained from the HEA potential is larger than the one of the Bonn potential. It is
known from mean-field investigations that M* behaves inversely to the compression
modulus [81, 27], and hence the larger M* the softer behaves the equations of state.
We find Mg, = 0.82 > M§J,,,, = 0.79 in the case of nuclear matter, and Mz, =
091 > Mg, = 0.88 for neutron matter, indicating that the HEA eqﬁation of
state behaves softer than the Bonn equatiéns of state. This behavior can be seen
from Fig. 6. It exhiBits the somewhat weaker density dependence of both energy per
particle and pressure obtained for the HEA potential in comparison with the Bonn
interaction. The slopes of the £/A curves enter in the thermodynamic relation for
the pressure, given in Eq. (171). The pressure as a function of energy density is
graphically depicted in Flg 7 for intermediate € values. For € & 220 MeV /fm?3, the

AR . and AYL, equations of state begin to differ from each other to a larger extent.
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Figure 8: Neutron star matter equations of state P(¢) over a large range of energy
densities, i.e. 20 MeV/fm® < € < 2700 MeV/fm®. The arrow pointing towards the
e-axis shows that € value (280 MeV/fm3) at which the AR and HV and the A%,

Bonn

and HFV equations of state have been combined with each other. The stiffest possible
equation of state, P(€) = ¢, is shown too. The numerical outcome is given in Tables -
8 and 9, respectively.

According to the arguments given in Ref. [4], the pressure curves calculated from
HEA, HFV, Bonn, and HV tend smoothly against each other in the following way:
PAiea — PHFV and PA%onn — PHY for e &2 280 — 300 MeV /fm3. The joined equations
of state, AR +HV and A, +HFV, are displayed in Fig. 8 for energy densities up to
2.7-10%® MeV/fm®. Typical € values reached in the treatment of massive neutron stars
are for out four equations of state ¢ ~ 1400 MeV/fm3. One sees that both of these
equations of state behave softer, i.e. less pressure values for a given € value, than the
stiffest possible equation of state, P = e. At large energy densities, PAOB%nn'*HV(e) and
PAieatHEV () tend smoothly against P(e) = € from below. The “causality” condition
dP/de < 1is fulﬁlléd by our equations of state, which is an important constraint on a

realistic neutron matter equation of state. A consequence from this is that the speed

of sound, cg, is smaller than the velocity of light, c¢. This is shown in the next Fig.
9 where cg/c = y/dP/de is plotted as a function of energy density for AR+ HV

Bonn

and AX%, + HFV. The so called “microscopic stability” condition [19], dP/de > 0, is

satisfied by our models.
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‘Figure 9: Velocity of sound cs in units of the speed of light, ¢, as a function of energy
“density calculated from the combined equations of state AY _+HV and AY}, + HFV.

Bonn

Q .+ HV and AY%, + HFV equations of state is their
intersection at €ins & 500 MeV/fm3. For € < €ints (€ > €ints) the AR+ HV (AfEa +
HFV) equation of state gives less (more) pressure for a given € value than A}, +HFV
(AR .. + HV). The reason for the asymptotically stiffer behavior of HFV lies in the

Bonn

A special feature of the AR

Fock term, which is not taken into account in HV. A similar qualitative behavior show
the frequently used hyperonic matter equations of state of Pandharipande (model
Pan(C)) [41] and Bethe and Johnson (model BJ(V)) [82], calculated in the non-
relativistic variational technique of Pandharipande. The intersection point of Pan(C)
and BJ(V) is e 22OBIV) 5 103 MeV/fm?. For € < .2(BIY) gne has PPan(C)(¢) <
PBMV)(¢) and PB'V)(¢) > PPa(O)(¢), otherwise. Such a functional dependence of P
on € has an important impact on the Kepler frequency in so far that asymptotically
stiffer equatiohs of state (HFV in our case) generally lead to larger rotation rates.
However as mentioned above, the softness at intermediate densities is of importance

too (and it is the functional dependence of pressure on density at all values beyond

nuclear which finally determines the limiting frequency).
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6.2 Models of rotating neutron stars
6.2.1 Bulk properties

Tables 12-14 contain the properties of stable neutron star configurations rotating at
Kepler frequencies 4000, 6000, and 9000 s~!. These star models are constructed
from the four equations of state of this work, which rhay serve to demonstrate the
influence of different many-body treatments on the properties of rotating neutron
stars: The fist colums refer to results calculated for the relativistic Hartree equation
of state HV (combined with the Harrison-Wheeler and Negele-Vautherin equations
of state according to Table 2). The second, third and fourth columns refer to results
calculated for AR+ HV, HFV, and AYLs + HFV, respectively.

The method of constructing neutron star models from Hartle’s method that ro-
tate at their respective Kepler frequencies has been outlined in Ref. [4]. It is based
on the self-consistent construction of sequences of rotating star configurations from
given neutron star matter equations of state. Self-consistency is encountered by sup-
plementing Hartle’s stellar structure equations (Sect. 2.2) by the general relativistic
expression for the Kepler frequency Qx of Eq. (67) (Sect. 2.3). When constructing
star models, one starts from a given value of the star’s central energy density, e..
That value of €, for which M (e.) reaches its maximum value defines the limiting mass
model of the sequence (turning-point method (3, 4, 83, 84]); it rotates at its respective
limiting Kepler frequency, Qlim. Stars beyond the mass limit (€, > €™ = e.|pr=n,..)
. are expected to be gravitationally unstable [83, 84]. The construction method is self-
consistent becaﬁse of the Kepler frequency Qk. This quantity depends on the metric
functions V(Q) and () of Egs. (22) and (23), respectively, which in turn are given in
terms of the perturbation functions ko(Q), hy(Q), v3(). The latter are the solutions
of the Hartle’s equations of Sect. 2.2, which are to be solved for a given rotational
frequency of the neutron star rnodel, i.e. 1 = Qk in our case. The frequency Qk how-
~ ever is not known but given in terms of the unknown perturbation functions ko(Q2x),
h2(2), and v2(Qk). The only free parameter in the treatment, which can be chosen
arbitrarily, is e.. ‘The task therefore is to solve Hartle’s equations simultdneously in
combination with Eq. (67) (which determines Qk for a given value of €, (< €li™))
iteratively till the input and output values of Qkx coincide. In this work we are in-
terested in neutron star configurations that rotate at Kepler frequencies x = 4000,

6000, 8000 s~!, which are smaller than the maximum possible frequencies Ql™ of the
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~ Table 11: Angular velocities w of the inertial frames at the center (¢) and surface (s)
of rotating neutron stars, as measured by a distant observer.

Ok [s1] HV AR _+HV HFV A%, HFV
| 4000  0.198  0.140  0.146  0.138
we [s7'] 6000  0.371  0.286  0.248 0.281

9000  0.612 0.578 0.557 0.544

4000 0.035 0.019 0.024 - 0.019
ws [s71] 6000 0.093 . 0.077 0.060 0.071.
9000 0.177 0.185 0.179 0.177

limiting mass models.

To be more specific, the first sﬁep consists in solving Hartle’s equations for properly
chosen values of €. and @, = &(r = 0), i.e. one solves Eq. (26) for the function @(r)
by choosing a boundary value for @, (see Sect. 2.2.1) and a not too large value for
é. (< €im). Equation (30) then determines the star’s frequency Q(e.,@.(2)) for these
values €. and @.(f), which in general will be different from Qk(e.) obtained from
Eq. (67). The function @(r;§2) therefore is to be rescaled with respect to the latter
value Qk(e;) as described at the end of Sect. 2.2.1. Once this has been performed,
the' monopole and quadrupole equations of Sects. 2.2.2 and 2.2.3 can be solved using
the rescaled function @(r; ) as an input. Their outcome then serves to re-calculate
Ok (€, @) from Eq. (67). This procedure is repeated till convergence with respect to
input and output values of Qi is achieved (i.e. until both of these values coincide).
The obtained solution Qx(e.) (= Qx (e, @(2x))) then is the Kepler frequency of a
neutron star model of rotational mass M(e., Qx(e.)). According to above, we restrict
ourselves in this investigation to nominal Kepler frequencies £k (€;)|nom = 4000, 6000,
and 9000 s71, i.e. |

QK(ec)lEq. (67) = QK(fc)lnom . (206)

In other words only neutron star models of masses M < My, which consequently
rotate at Qx < Qlli(m, are considered. _

The first row of Table 12 shows those central energy densities which solve Eq.
(171) for a nominal Kepler frequency of Qx = 4000 s~!. Tables 13 and 14 refer to
‘nominal frequencies of 6000 s~ and 9000 s~1, respectively.

The density €. increases for increasing values of Qk since the centrifugal forces
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Table 12: Properties of rotating neutron star models, calculated for an angular ve-

locity Qx=4000 s~1.

AV AP +HV HFV AW, + HFV

log e./(g - cm™3) 14.52 14.57 14.52 14.56
M/M, 0.87 0.45 0.53 0.44
AM/M, 0.23 0.16 0.20 0.16
Req  [km] 17.92 14.47 15.20 14.62
R, [km] 12.64 10.52 10.77 10.47
log I/(g-cm?) 44.896  44.370  44.514 44.356
¢ 0.074 0.059 0.070 0.058

B 0.80 0.87 0.85 ©0.88

Veg 0.25 0.20 0.21 0.20

B 0.37 0.26 0.27 0.25

2F —-0.15 ~0.12 —0.12 -0.12

Zp 0.12 0.07 0.08 0.07

eFIP 0.70 0.69 0.70 0.70

11 0.052 0.038 0.050 0.039

Table 13: Properties of rotating neutron star models, calculated for an angular ve-

- locity Qx=6000 st

HV AR _+HV HFV A%, + HFV

log €./(g - cm™3) 14.80  14.67 14.78 14.76
M/Mg 1.67 1.23 1.29 1.15
AM/M, 0.22 0.24 0.24 0.23
Req  [km] 16.86 15.24 15.46 14.93
R, [km)] 11.77 10.47 10.61 10.29
log I/(g-cm?)  45.249 45.015 45.050 - 44.958
¢ 0.092 0.097 0.096 0.094

B 0.58 0.65 0.64 0.67

Veq 0.38 0.33 0.34 0.33

B 0.76 0.59 0.61 0.56
2F —0.20 —0.17 —0.18 —0.17

2 0.31 0.24 0.25 0.22

eFIP 0.70 0.71 0.71 0.71

1 0.060 0.075 0.073 0.072
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Table 14: Properties of rbtatil_lg neutron star models, calculated for an angular ve-
locity Qx=9000 s,

AV AY _+HV HFV AW, + HFV

Bonn
log €./(g - cm™3) - 15.18 15.13 15.04 15.03
' M/Mg 2.23 2.18 2.13 2.09
AM/M, 0.16  0.17 0.18 0.19
Req [km] 14.25 14.07 13.95 13.84
R, [km] 10.25 9.93 9.84 9.72
log I/(g-cm?) 45.353 45.344  45.319 45.298
t 0.098 0.107 0.107 ~  0.108
8 ©0.36 0.35 0.36 0.37
Viq 0.52 0.51 0.50 0.50
2B 1.44 1.39 1.38 1.34
2F —0.23 —0.23 —0.23 —~0.23
Zp 0.67 0.69 0.67 0.65
eFIP 0.69 0.71 0.71 0.71
I 0.043 0.054 0.054 0.056

acting on the star matter are to be counterbalanced by the attractive gravitational

. forces, which must be the larger the faster the neutron star rotates.

It has been shown in Ref. [4] that two-particle ‘correlations influence the behavior

of the equation of state of neutron matter at most for 20 < ¢/(MeV/fm?®) < 300.

Hence, the properties of star models with central energy densities ¢, < 300 MeV/fm?

are most sensitive to these correlations since the behavior of the equation of state

at the star’s core region is known to determine essentially its properties [9]. This is

the case for the rotating star models of Table 12, which are characterized by central

~densities of !V = 186 MeV /fm?, elBom Y — 908 MeV/fm?, fIFV = 186 MeV /fm?,

A, +HFV 3 . . Do
and e:""4 = 204 MeV/fm®. Neglection of correlation, which is the case for HV

and HFV, leads to rotating star models of slightly smaller central energy densities.

These are characterized by:

1. Larger gravitational masses, i.e. 23% increase for HV and 20% for HFV relative
to the corresponding (same ¢.) spherical Oppenheimer-Volkoff values; the mass "
increase is 16% (for both the A%

Boun

as well as Al calculation) if correlations

in the equation of state are taken into account;

2. The larger mass increase obtained for HV is accompanied by relatively large

equatorial and polar radius values of Req = 17.9 km and R, = 12.6 km, respec-
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tively. These values are followed by HFV, i.e. Req =15.2 km and R, = 10.8
km. As a consequence, all star quantities influenced by the equatorial or polar
radius values are largest for the HV equation of state and second largest for

HFV. To mention are

3. the moment of inertia, I, the rotational velocity at the star’s equator, V.4, the
redshift in backward direction, zg, the polar redshift, z,, and the quadrupole

moment, II.

On the other hand, the star properties calculated for both A equations of state do
not differ very much for the Kepler. frequency of Qx=4000 s~!. This is related to the
similar enefgy dependence of pressure for both of these equations of state for € < 210
" MeV/fm? (see Figs. 6-8). Larger ¢, values are reached for:larger Kepler velocities.
These are for (g = 6000 s~! (cf. Table 13) 1V = 354 MeV/fm?, et3=V = 963
MeV/fm?, flFV = 338 MeV/fm?, and eMiea + HFV, = 323 MeV/fm3. For that reason
the differences of the rotating star properties obtained for HV and HFV in comparison
with AL+ HV and A%, + HFV are less extreme. In the case of the rotating

Bonn

star model of Table 14 (%x = 9000 s~!) these differences are even more reduced.
The latter have central energy densities of !V = 849 MeV /fm?, 62%%““+HV = 757
MeV/fm?®, HFY = 615 MeV/fm3, and e25oa ™Y — 601 MeV/fm3. |

A remarkable result that follows from Tables 12-14 is that the value of the energy
density of the rotating star configuration is rather sensitive against two-particle cor-
relations in matter. For example, the Hartree outcome of Table 14 with and without
correlations is characterized by a central energy density which is & 11% smaller if cor-
relations are taken into account. The reduction of €. in the case of the Hartree-Fock
treatment with two-particle correlations (AYL, + HFV eduation of state) is =~ 2%.
Of course, a lower density in the cores of neutron stars favors the treatment of the
many-body neutron star matter problem in terms of baryons and mesons instead of
quarks and gluons. However a precise answer to this subject can only be given once
the transition density from the hadronic phase to the quark-gluon regime is known.
(See Ref. [68] for the discussion of the transition density in neutron star matter in
the case of two (electric charge and baryon number) conserved quantities.)

Figures 10-15 show the total rotational star masses, the moments of inertia, the
velocities reached at the equator, and the polar redshifts in backward and forward
direction as well as at the star’s pole, respectively, as a function of the Kepler fre-
quency Qk. For Qx=4000, 6000, and 9000 s‘lv, these values are given in Tables 12-14,
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Figure 10: Gravitational neutron star masses M in units of the solar mass, Mg, as a
function of Kepler frequency Qk for equations of state HV, A® _ + HV, HFV, and
APfa + HFV.
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Figure 11: Moment of inertia I as a function of Kepler frequency for the equations
of state of this work (cf. Table 2).
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Figure 12: Velocity of a co-moving observer at the star’s equator relative to a locally
non-rotating observer as a function of Kepler frequency for the equations of state of
this work.
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Figure 13: Equatorial redshift in backward direction for stars rotating at different
Kepler frequencies calculated for the equations of state of this work.
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Figure 14: Same as Fig. 13, but calculated for the equatorial redshift in forward
direction. '

Figure 15: Same as Fig. 13, but calculated for the polar redshift in forward direction.
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Figure 16: Dragging of inertial frames as a function of radius calculated for the HV
equation of state for stars rotating at Qx= 4000, 6000, and 9000 s~!. The symbol
€. labels the corresponding central energy density values (in MeV/fm?®). The curves
W/ = (Q—w)/Q are the fluid angular velocity at radius r relative to the local inertial
frames there, as measured by a distant observer, divided by the angular velocity
of the fluid with respect to the distant stars. The remaining curves refer to the same
angular velocity, but as measured by a (local) observer in the fluid at radius r (see
Sect. 6.2.2).

respectively.

6.2.2 Dragging of inertial frames

The dragging of inertial frames expresses the proportionality of the angular velocity
w (see below) to the frequency 2. The dragging of frames as a function of radial
distance from the staf’s center is exhibited in Figs. 16-19.

The rotating star configurations are constructed from the HV, A __+ HV, HFV,
and A%, + HFV equations of state, respectively. The rotational frequencies in each
of these Figures are 4000, 6000, and 9000 s~*. In Fig. 20 we compare the influence of
two-particle correlations (for the HFV equation of state) on the dragging of inertial
frames for rotation at Qx=4000 and 6000 s~!.

The relevant frequencies in these I'igures, i.e. , w and @ = Q-— w, are [8, 9]:

1. the angular velocity of the star fluid relative to the distant stars,
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Figure 17: Same as Fig. 16, but calculated for the equation of state AR, + HV.
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Figure 18: Same as Fig. 16, but calculated for the equation of state HFV.
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Figure

Figure 20: Influence of two-particle correlations on the dragging of inertial frames in
the case of the HI'V equation of state. The Kepler frequencies of the rotating star
configurations shown are Qx=4000, 6000, and 9000 s~. The corresponding values of
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the central energy densities, €, are given in units of MeV /fm?3.
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2. the angular velocity of the inertial frames relative to the distant stars, and

3. the angular velocity of the fluid relative to the inertial frames,

respectively. As imentioned, these frequencies are measured by the distant observer.
The angular velocities measured by a local observer are e, e~%w, and e~%@ (time
dilation factor e~? included, see Eq. (22)). As pointed out by Hartle and Thorne
[8], at any given radius, £, w, and @ are greater when measured by a local observer
than when measured by an observer far away (who looks down into the star). This
can clearly be seen from Figs. 16-20. According to a theorem of Hartle, the dragging
of inertial frames with respect to a distant observer is always greater at the star’s.
center, and it decreases in the outward direction. The smooth behavior of @/ and
e~ %0/ as a function of r is typical for a stable star configuration. Otherwise the
dargging of frames would be sharply peaked at the core.

The actual amount of dragging depends on the value of the central energy density
of the star: the larger €. the larger is the dragging of inertial frames. Figures 16-20
exhibit this very clearly. In Fig. 16 (HV equation of state) this is the case for €.=849

1

MeV /fm3, which corresponds to the Kepler frequency of Qx=9000 s™'. The dragging
effect is smallest for Qx=4000 s~!, for which e.=186 MeV/fm>, and lies between
these values for rotation at Qx=6000 s~! (e.=354 MeV/fm3). Total dragging values,
calculated at the center (w.) and at the surface (w;) of the star models of Figs. 16-20
are listed in Table 11. They are w. ~ 54 — 61% at the star’s center and fall off to ’
ws = 18% at the surface in the case of the largest Kepler frequency (Qx=9000 s™1).
Values of w, &~ 14 —20% are reached for Qk = 4000 s~!, which decrease to w; ~ 2—4%
at the surface. (Hartle and Thorne [8] find in their investigation values up to w. = 75%
~and w, = 25% for a neutron star of €,=1685 MeV/fm® rotating near the rotational
shedding frequency of Q & 16000 s~'. An important point is that the star’s rotational
frequency in this case is calculated from the Newtonian expression, given by Eq. (21),
which neglects the important effect of dragging of local inertial frames. The lower
bounds are roughly set by w. ~ 3% and w, =~ 0.002% for a neutron star rotating at
Q =113 s71.) Large w, and w, values stress the importance of relativity in the case
of the treatment of neutron stars. This is contrary to the case of white dwarfs for
which the dragging of inertial frames is negligible (i.e. w. < 0.3% and w, < 0.01%)
5 |

- Of physical importance is the gravitational redshift of photons emitted from (ro-

tating) neutron stars. From this the observer gets information about the rotating
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Figure 21: Influence of two-particle correlations on the spherical stretching o, relative
to its surface value, plotted as a function of radius. Shown is the outcome for star
configurations rotating at fx=4000, 6000, and 9000 s~!. The underlying equations
of state are HV and A% ., + HV.

object. The redshift (cf. Eq. (74)) is associated with to the difference in the mea-
surement of the angular velocity by a local observer and an observer far away [8]. The
effect of redshift on the angular velocities can be seen in Figs. 16-20.

The influence of two-particle correlations on the dragging of the inertial frames
is graphically depicted in Fig. 20 for the HFV equation of state. The dragging with
respect to a local observer, @e~%/(), is less influenced by them than the dragging of
inertial frames measured by a distant observer, @/}

The spherical stretching &,(r) (Eq. (61)) of a star due to rotation as a function of
radius inside the star is shown in the following two Figs. 21 and 22.

The Kepler frequencies are again 4000, 6000, and 9000 s~!. The stretching func-
tion is much more influenced by two-particle correlations than the dragging of inertial
frames. ‘

Figs. 23 and 24 illustrate the eccentricity eMT (defined according to Hartle and
Thorne [8], Eq. (64)) of surfaces of constant density plotted as a function of radial
distance. The intrinsic geometries of the surfaces in the Hartle method are spheroids
(accurate to order %, the 3-surface in flat space is given by Eq. (63).) The eccentricity

of these spheroids is related to the amount of quadrupole deformation of the star.
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According to Figs. 23 and 24, it is largest at the star’s surface. However, e®T does not
monotonously increase with the Kepler frequency. This is only the case for the “slow”
frequency models Qx =4000 and 6000 s~! with €. values of 186 and 354 MeV/fm3,
respectively (Fig. 23). The eccentricity for rotation at Qx = 9000 s~! is characterized
by a significant reduction of ef7T in the star’s core, caused by the larger central energy
density of €.=849 MeV/fm? in this case. With increasing distance from the core the
eccentricity increases rather rapidly since the core’s strong gravitational attraction is

the more counterbalanced by centrifugal forces the larger the radial distance from the
~center of the star is. A similar qualitative behavior was found for the Hartree-Fock
equation of state with and without two-particle correlations, which can be seen in

HT is again largest in the core region. They

Fig. 24. The influence of correlations on e
change the magnitude of the eccentricity at the star’s surface only to a less extent,

as shown in Tables 12-14.

7  Summary

The rapidly increasing number of observed pulsars rotating at periods in the millisec-
ond range has renewed great interest in the properties of rotating neutron stars. The

study of these objects covers both Einstein’s theory of general relativity as well as
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nuclear many-body physics.-

We have studied the properties of rotating neutron stars by solving Hartle’s general
-relativistic stellar structure equations. The idea in this treatment is to develop a
solution of Einstein’s field equations that is based on perturbation of the line element
from that of a static star. Our investigations performed elsewhere [5, 6] support the
applicability of Hartle’s method for the construction of models of rotating neutron

star configurations up to rotational frequencies & 1.2 - 10* s™'.. This correspnds to
a period of P ~ 0.5 msec and is a fraction of the smalles yet observed periods (1.6
msec). The unknown quantity in solving stellar structure equations is the equation
of state of neutron star matter. It is needed over a huge density range, ranging from
zero at the star’s edge to roughly ten times normal nuclear matter density reached in
the cores of neutron stars.

The determination of the supernuclear equation of state of (electrically charge-
neutral many-baryon/lepton) neutron star matter in the framework of the relativistic
Green’s function formalism was one of the topics of this work. Neutron star matter
equations of state have been derived for the the Hartree, Hartee-Fock and the so-called
ladder (A) approximations. The fundamental difference between these methods lies
in the treatment of the nucleon-nucleon scattering problem in matter in the case of
the A mehtod. This implies the self-consistent calculation of the scattering T'- matrix
in matter, for which two boson-exchange models for the nucleon-nucleon force served
as an input (Bonn and HEA potentials). The Hartree and Hartree-Fock schemes
emerge via restriction to the Born term of the T-matrix (the above potentials). The
parameters of the latter two approximations must be adjusted to the bulk properties
of nuclear matter (binding energy, effective mass, compression modulus, and symme-
try energy at saturation) since the Bonn and HEA meson-exchange potentials with

-parameters adjusted to the two-nucleon data do not saturate nuclear matter.

In our investigation one Hartree parameter set (o,w, g mesons plu‘sv cubic and
quartic self-interactions of the o field) and one Hartree-Fock parameter set (o, w, T, ¢-
mesons) has been used for the calculation of the equation of state of charge neutral
many-baryon/lepton neutron star matter. The influence of two-particle correlations
on the equation of state is taken into account in the neutron-rich density regime (o 2
0.3 fm~%; matter almost pure in neutrons) by self-consistently solving the equations
of the A method for the Bonn and HEA potentials (ihCluding o,w, T, 0,1, 6, $-mesons)

with restriction to only neutrons. The equations of state calculated in this way are
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gifren in tabulated form in Tables 8 (Bonn) and 9 (HEA). Their characteristic features

can be summarized as follows:
— inclusion of two-particle correlations,

— inclusion of charged hyperon- (X, A, Z) and baryon (A) states, which are in general

B equilibrium,
— the microscopic stability condition dP/de > 0 and
— the causality condition dP/de <1 at high densities are fulfilled.

Rotating star models have been constructed from these equations of state for a
representative set of Kepler velocities (4000, 6000, 9000 s~'). Our equations of state
allow for a systematic investigation of the impact of two-particle correlations in matter
as well as different many-body approximations (Hartree, Hartee-Fock, A scheme) on
the properties of rotating neutron star configurations. By this the compatibility of
the four different models of the nuclear equation of state with data on pulsar periods
can be tested conveniently. This should help clarifying the central problem of the
behavior of the nuclear equation of state at densities beyond normal nuclear matter
density. We find that the minimum periods so far observed of P = 1.6 msec is the
case of pulsar PSR 1937+21 and PSR 1957420 can easily be accomodated by our
equations of state. v

The most sensitive dependence on correlations exhibit the low-mass star mod-
els of Table 12 (0.44 < M/Mg < 0.87) with central energy densities 186 MeV /fm?
(3.3-10' g/cm®) <€, < 208 MeV/fm3 (3.7-10 g/cm®). The calculated increase of
gravitational mass due to rotation is ~ 16% (without correlations) and ~ 23% (with

correlations) for star models rotating at Qx = 4000 s~!.

Two-particle correlations
influence the properties of rotating stars the less the larger €. is. For example, corre-
lations reduce the gravitational masses of our most massive and hence most rapidly
rotating models of Table 14 (2 = 9000 s~!) by approximately 3%. The values of the
central energy densities of these models is reduced by 11% (AR, + HV). This is of
great importance as concerns the question of what are the “fundamental” constituents
(hadrons or quarks) in the cores of neutron stars.

The stability parameter ¢ calculated for the rotating star models of Tables 12-14

has values of 0.07, 0.10, and 0.12, respectively. Trom this it follows that instability to
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a bar mode (perturbation mode with angular dependence e'™? for m = 2) appears

unlikely.
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A Total baryon mass of a neutron star

The total baryon number of a spherical neutron star is given by (see Table 1 for the

definition of the dimensionless quantities, denoted by a hat)

(207)

where p is the number density of Eq. (169). The change in total baryon number due

to rotation, AA, follows from (M, is the neutron mass)
: ks &
n AA = to(Rs) + 47k / df 72 B(7) (208)
0
where B is defined by

- d¢ 1 geln 1
B(H) = (e+P)m{-> —1] - }
0 = @+P)m {25 ]

+ -;- (j f@)?] (209)

The quantities g and pg are the monopole distribution functions of respectively mass
and pressure of Sect. 2.2.2. The functions j and & are defined in Egs. (26) and (27).

Finally P = f’(é) is the equation of state. The internal energy occuring in Eq. (209),

él"t | is given in terms of the energy density, ¢, and number density, :

R ., My P
6Int = ¢ —

(210)

K
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B Lagrangian of the scalar-vector-isovector the-
ory of nuclear field theory

The Lagrangian of the so-called scalar-vector-isovector theory, in which baryons B in-
teract via the exchange of iso-scalar (o, w) and iso-vector (7, p) mesons, is introduced

“below. Since we are interested in neutron star matter in generalized 8 equilibrium, it
has been supplemented by a leptonic part and has the form

L(z) = Zﬂ" + Y {L%() + Lom(2)} + L)z )+cLep( z). (211

M=0o,w,m,0

The free baryon and meson fields in Eq. (211) are given by

L3(e) = () (iv0, - ms) ¥a, e
) = (@) de(z) - m? o'(z)) (213)
L) = = 3F(@) Fule) + 5 ml o' (@) wfa), (214)
L) = (0 n)0m() - mkw(@) ), (215)
L) = -GV Gula) + gmie e (216)
The interaction Lagrangians are
Lools) = Sau Tale) ola) ) (217)
Loule) = =3 gun ale) Punlz) ho(a) (215
Zf;BB I5(x) 0™ Fi(x) () |
Lorle) = ~T I o) vyt Oura@) ne) . @19)
Lode) = —§gga¢3 ) 7#70,() ¥5(2)
L @) o Gt vae). )

The field tensors F),, and G,,, of Egs. (214), (216), (218), and (220) are defined by
Fu(z) = Quw,(z) — dpwu(z),  Gu(z) = 0ue,(z) - b,0,(z) . (221)

The quantity o*” occurring in Eqgs. (218) and (220) is defined by (for the v matrices

we use the notation of Ref.. [62])
o =5[] e
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Self-interactions of the scalar o-meson field are described by

1 - 1
£e2) = =z my by lan 0@ — ;o ln (@) - (223)
Finally the Lagrangian of free leptons is
L(z) = 3 a2) (170, — my) Ua(). (224)

A=e~ p~
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~ C Baryon and meson propagators

A central role in the treatment of many-particle systems play the fermion two-point
Green'’s functions gB(p). In the following we derive their finite-temperature spectral
decomposition. The zero-temperature results (Egs. (99) - (101) and (184) for baryons
and leptons, respectively) were of essential importancé in Sect. 3 for the determination

of the equation of state. The meson propagators are given in Sect. C.2.
C.1 Spectral decomposition of the baryon two-point func-
tions

We start from the finite-temperature definition of the two-point function (the quantity

B =1/ksT, kg denotes Boltzman’s constant),

- Tr (94 T(pp(z, ) $(a', ")) -
9%% (2, G2 (') =4 & (Tf(:—ﬁij (. ¢) ; (225)

defined as the quantum mechanical average of time-ordered baryon field operators
over a canonical ensemble [50, 51, 27, 52, 85]. The functions g« and g5 of Eqs. (84)
and (85) are given by (< ... >p refers to the finite-temperature definition) -

ngl(xyc;x/a Cl) = l < ¢B(x’C) 1/_15’(‘7:,)(_’) >a
. Tr (e7PH ofp(x, () Pp(a’, ()

= 1 T bl , (226)
ngl(‘T’C;x,, CI) = -1 < @Z;B’(xc CI) 1/"8(333() >ﬂ

T (e gl 0) (2, 0))

= —i o . (227)

In the next step we turn to the time-development operator e~*##_ It bears a strong
formal similarity to the weighting factor e occuring in the grand-canonical average
of Eqs. (225) and (226) - (227). By means of (1) considering the time variables zg, z{
of gB(x, ') to being restricted to 0 < iz, iz) < B and (2) extending the definition of
the time-ordering operator to mean 2zo, txj-ordering when times are imaginary, then
the Green’s functions are again well defined in the intervall iz, vixf, € [0, 8] [52, 85].
The following relations for imaginary times in the intervall [0, —i3] can be veryfied

by making use of the cyclic property of the trace:

I (N e N (228)

rg=0

9% (z, ;')

’
=0
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P, G2\, = oG (229)
2(2,¢2, )| = —dB= G (230)
(2,62, 0) , = -G - (231)

Equation (231) follows from Egs. (228) - (231). It expresses the anti-periodic bound-
ary condition of fermion propagators. The anti-periodicity can be incorporated in
the representation of ¢B(z,z') by Fourier series and integrals. Defining the frequency

w, = 2 7 (n=0,%1,...), one gets [52, 86, 87, 88]:

9Pz, G2\ () = 22 g~ inrotiun o (232)

n,n’

/3 /p,s FPEPE (B, b i D) |

From the inverse transformation formula
-ip -iB
gB (wn ) p? C; wn” p,’ C / dxo / dx e'“’"xo—""n’xo (233)

/d3 /d3wl e~ P-T+HP L’ g(%’("t _ ml) :

and the fact that for infinite matter the propagator functions depend only on their rel-

ative coordinates, the energy-momentum representation g® can be written as ( §(zo) =
—lﬁ

—1(4) ko —_ 1.’E Wn —W, .
_.iﬁ T eTiwnTo § o, — _i ({ dzg e'wolwn ')).

gB(wn,pa C;wn'apa CI) = (_Z/B) ( ) nn' 6 (p p ) g((’(wTL’p) (234)

The free baryon propagator ¢°Z satisfies, according to Eq. (87) (p = (p°,p) =
(wns P)):

ener(p) = = b¢er - (235)

It should be noted that (y#p, — mp) # 0 in Eq. (235), so that there is no ambiguity

in the division process [52]. In the next step the real time formalism is applied to

(7“1’# - 7nB)(<u

represent the propagator ¢Z(z — z') by Fourier integrals. We use the definitions:

= / d'z ™ g(z), g(z) = /,, e g(p) (236)

8*(p) = / (;l::):4 e, §*(z) = /p4 e~ | (237)
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" One arrives for g<B and gf at the momentum-space representations

By = —e gBp)e = —2riEB.(p) £°) (238)
B = 20iZh(p) (1-£:0"), (239)
f+(0%) = Eﬁ_l’"l_+—f : (240)

The first relation of Eq. (238) results from the Fourier representation of g2(p°, p) in
combination with Eq. (230), evaluated at zo — i8. The definition of the the spectral
function ZB(p) introduced below allows to rewrite the first equation of Eq. (238) in
terms of =B and the Fermi-Dirac distribution function f+(p°), defined in Eq. (240).
From Eq. (238) and the definition of the spectral function,

B B,
- 98 (p)cc — 92 (p)¢e
=2.(p) = > )<<2”<( Jeer | (241)

Eq. (239) for gZ(p) follows.
To demonstrate that the structure of g?(p) is completely determined by Z(p), we

proceed as follows. From the imaginary-time representation of gB(wn, p) of Egs. (233)

- (234) it follows that gB(zo, ) can be replaced by g8 (zo, z), because of zo € [0, —if] |

and Eq. (83). Fourier transformation of ¢g2(z¢, %) and use of Eq. (239) leads to the

final result

400 —_
9ée/(wn,p) = / dp° Zcel®) (242)
¢¢ ’ J po — Wy,

B

To determine =P one extends g®(w,, p) to an analytically continued function (denoted

by a tilde) in the complex energy plane,

+co —
~B N .:?(,(w,p)
gccl(z,p) = dw T—T— . (243)

B

From Eq. (243) it follows that each baryon spectral function =% can be expressed

by the cut-line of the baryon propagator §(z,p) along the real energy axis (i.e. Eq.
(103)):
te(w +in,p) — §Gu(w —in, p)

Eg(w,p) = PF . (244)

Th results of Eqs. (243) - (244) are formally identical with those of the non-relativistic
Green’s functions method [89, 90, 85, 42].
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For the subsequent analysis we make use of the identity

. T i
7 eq::w:zo
@(:txo):z—{—o/odww_l_in. (245)

The momentum-space representations gZ(z), gZ(x) and gZ(z) then follow in the form

' . +4oo B : B
B — L / d [ g5 (wap)CC' _ 9< (wap)CC' ]
9¢c(P) 27 “ P-—w+in  pPP—-w-—1ip (246)

—00
+o0 y

| 1-f f 1=
- - [e [ PR e oo

+o0 —B (w
—((! 7p) - —_

To derive the last two expressions use of Egs. (238) - (240) has been made. Equation
(248) can be rewritten in the form
& () '+/°°dw SR i) S0 D (209
(p) = — — 2nisgn(p’) Zcp .
Geer\P | w—p° (1 + iy) gn{p ¢ce'\P) J+\| P

— 00

In the free-particle case, the spectral representation of Eq. (249)vcan be evaluated
analytically. Substituting §8(wx1in,p) = §°B(w £ in, p) of Eq. (235) into Eq. (244)
one obtains for the free spectral function (denoted by Z°B )

28 (p) = sgn(p”) (v“Pu + mp)ec 8(p” — m) - o (250)
Substituting Z°F in Eq. (249) leads to

(Y*pu + mB)¢er (¥*pu + mB)¢e

REG) = TIPT im full”) TS
x [6(° — E®(p)) + 60° + E%(p))] (251)
_ ("put me)ec
2 EB(p)
{ 1 - fB(p) fB(p)
0 — EB(p_) +m o pO— EB(P) —
1-fP(p)  fP(p) } @)

TP+ EB(p)—in  p°+ EB(p)+in
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The definitions have been introduced:

E®(p) = +\mh+p? = E¥(p), (253)

flp) = f+(EB(p)). (254)

The physical interpretation of g°7(p) is given in the following [54]: Both particle
and anti-particle states occur as in the usual (causal) Feynman propagator. But due
to the nuclear medium two new states corresponding to "holes” in the particle Fermi
sea (unfilled states in the Fermi sea of particles) and ”anti-holes” in the anti-particle
Fermi sea (unfilled states in the Fermi sea of anti- particles) result. Thus, the principle
effect of finite temperatures on baryon propagation results in states with momenta
| p |> pr and | p |> pr (i.e. states outside the Fermi seas of particles and anti-
particles become populated) and hole (anti-hole) states in the corresponding Fermi
seas of particles (anti-particles).

In the interacting particle case the spectral function has a more complicated struc-
ture. However, one can keep the single-particle description if the many-particle system
is treated in the Hartree, Hartree-Fock, and A% approximation [53]. As an example

we give the propagator calculated for the Hartree approximation [51, 25]:

P - e S0) - (Pl + Lo (ms + 25%(p))
e - 2 5(p)
Y LM £*(p)
P° — %07 (p) — B(p) +in  p° — g7 (p) — €B(p) — in
_ 1 - f5(p) _ B(p) }
P°— P (p) + €B(p) —in PP — o (p)+ €B(p) +in)

(255)

with €? defined in Eq. (154).
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'C.2 Meson two-point functions

A list of the relevant mesons fields is given in Table 4. The free scalar ones (o, 6)

obey (compar with Eq. (268))

(0“0, + m2) o(z) = 0. (256)
The corresponding free propagator A%(z,z’) satisfies
(0“0, + m2) Al(z,z) = 6z —a'), (257)
which reads in momentum-space representation
-1
Allp) = —F——. 2

In the case of the pseudoscalar 7-meson field #(z) of isospin one (7 = (1,72, 73)

each field component satisfies (r = 1,2, 3 refer to the three components of the field):

(0“0, + m2,) m(z) =0, | (259)

and for the pion two-point Green’s function one gets
| (a“au + mi,,) Al(z,z';r) = 54(:,:'—.@'), (260)
Apir) = —21 - (261)

pr—mz,.tn

The analog expressions for vector mesons fiels (i.e. w, o, ¢) are:

0" Ga(z) + my, oi(z) =0, (262)
(0%0x 83 " — 830" +m2, 6, *) DRY(,a's7) = 6y 64z —2), (263)
(the field tensor G is defined in Eq. (221) with
, 0,0,
DOz —o';r) = (gu., e ) A%z — o';1) (264)
o,7
‘which reads in momentum space
’ Pupy
Dol(pir) = (g;w -3 )AO"(p; r) (265)
o,7
oM —1
A (pr) = (266)

p2 - m?\/[,r + ”7 ’
Equation (266) holds for M = o,w,m,p. In the latter case one has r = 1,2,3,
otherwise r is without meaning. The propagator of Eq. (266) enters in Egs. (272) -
(282).
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D Field equations of the nuclear scalar-vector-
isovector theory |

From £ of Egs. (211) - (224) the the equations of motion can be derived. The baryon
spinors ¥ g(z) satisfy ‘
(i'y“au - mB) Yp(z) = — ¢g.B¥B(r)o(z)
+ o7 wu(z)¥B(z) +
O () r-vr(x)) ¥5(c)
+ 908 7" T0,(x) ¥5(2)

J_TZBE o™ 7-G.(z) ¥B(2) - (267)

JoB g (2) v ()
mp

The ¢ and w-mesons couple to the scalar (1) and vector (,1%) currents, re-

spectively:
(0*0, + m ) o(z) = ZgaB ve(z)p(z) — my by goN (_qa}\./a(:v))2
B

—CN goN (gaNa(:v))a- , : (268)

0 Fo(z) + m2wn() = > g Bl (o) | (269)

-5 L2 0 (b(a) o b))

The equations of motion of the isovector mesons 7 and g are given by

(00, +m2) 7(2) = T2 0 (o) T vsl@) ,  (210)
B ™
"G (z) +m? o, (z) = ZggB ¥p(z) T v, ¥B(T) (271)

Z JfeB_ ($8(z) T 0, ¥B(2)) .

2mB
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E Self-energies of w, 7, and p-mesons for the Hartree-
Fock approximation

~ In the following we list the set of equations, which determine the self-energy of a
baryon of type B, X(p) = ZHB(p) + £FB(p), in infinite neutron matter. The symbols

“H” and “F” refer to Hartree and Fock terms, respectively, given by:

Sag @), = i7hg A0(0) gup 2 9. / e Tr (v'¢%(g)),  (272)
Zig(P)L = —igp / Tt AP~ ‘I)w 96¢,() 74241 (273)
Sea®)| = 0, (274)

F,B . f7rB 2 "79
ECl(l (p)l =1 (m_) /q4 ('75'71/)(1(3

x (p=a)" (0= 9)" A%P ~q) 956,(0) (3M)epey »  (275)

HB( _ ing® fQB e
Faq@)], = 12 / (esm = 1 52 (P =0) o), (276)

x D00 Tr [(gomys + 2{‘;:9’/ (P~ 9)ow) 67 ()],

FB . 1 fB
Y p)le = — /q €™ (9om7 - 27313 (r~9)? Tau) e (277)

0 v B f
X A (P — (1)“ 9¢ato () (gaB7u +1 om (p q) )(2({ ’

One obtains from Eqs. (272) - (277) via contour integration over the variable ¢°,

and keeping only the medium terms as outlined in Sect. 3.5.1:

Sea)|. = 270 (gw—f) g(QJB'H)(g:Z)/«; =5'(q) ©%'(q), (278)
Saa®)|, = 248 (gf)‘g(?Js/H) Iy (%) [, =8(a) 0% (a) , (219)
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COSLED)|,= 92 /qa{—«&lq [4~(”°“"B("))2'(’”“")2] =B(wP(a),g) (280

"+(7~i>)<1<; [( Q(2- rre +,(:z — (q»)
+ 21 prin0) - b -0 0 - @) FHP@0)

2 oy p——
+ %, [;{5 g-(p—q) (P° —w®(q) EP(w

+(2 y @l 4 - q)z) Ec‘f(wB(q),q)] }

x A%(p° — wP(q),p — 9) ©%(lq),

B(q),q)

L) = (f"B)2/3{5<1<; - (° _ B+ (P - 9)*|28(w®(q), q)

HrPag [ (201al 43 tpl) (1pl-a ~ la)

~((° - P @) - (0 - 9)") $0) ZHP (@), 0)
+2(1glp-d - p)) (5° - w5 (0)) Z5(P(a),9) (281)
o 2Pl 23— lal) (° - «P(q)) V(" (9),9)
H( - (@) + (p - ) 2P (0), )]}
x A°(p° —w®(q),p — ) ©°(lq))

el a [ (4 (00 - P@) - - 9?)) FBef@),a)
+ 2B (G (p— q) 2B Bla), ) + (° - wB(q>)E€<wB<q>,q>)] |
mBYeB |
+ (Pt [ (7] = la] 5+ =5 (0), )

(28 + Ipllal (0)° O —2x8) + Ipllal X2
—(P* +¢°) (p:3) (x5 — x3) — x5 (0° — (@)’ p-4) Z(«(9), 9)
+xF (0° - (@) (Jalid — Ip) Z2(P(a),q)]

¢ [“ 3op_ (10— B (g)) Z2(P(q), 9) + XB (1° — wB(g))




x q-(P-q9)=5(w"(q)9)
+H0d - x8) 0° - P @)+ (0 - 0 +2) Z(P(a),0)|}
x A%p° —w®(q),p — 9) ©%(lql) -

The following abbreviations have been introduced in Eq. (282):

X7

il

1

— -
my

2

2
My,

1

2
mQ

3 (fiB.)2’

(2m3)2 4B

fe_B)2

1
m_zB(geB

1 ng 2
(2mp)? (;g;) '

84

(282)

(283)
(284)
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F Energy momentum tensor in the ¢ — w model

The pressure P and energy density € are determined by the expectation value of the

energy-momentum density tensor [14], defined by

,w 117) Z 0, ¥s -'17) 5'[%‘%'%“5]‘ Guv C(:E) ’ (286)

from thch we obtain via the equations of motion of Eqs. (267) - (269)
Eth ) (00 — gu [i7°01 — mp + 4o o(a)
~ gu8 7" r(2)]) ¥a(e)
- gu (- 50@) 00" + Ml o(2) + 50[o(@)Po(@)]  (287)
- —aA[w,;( ) ()] + ;M (2) [0.F™ (@) + m2w()))
+ guu(% by mlgono (@) + iEN lg-na(2)])*) -

By means of the two-point Green’s functions ¢g®, one can express the expectation

value of the energy momentum tensor of Eq. (287) as

< 0| T (2) @0 > = — lim_ 8, 3 Tr,¢%(z,2") (288)
r'—x B

1
~ 5w Z/d“y Tr 28 (z,y) ¢B(y,2") .
B .

Energy density and pressure are determined by respectively

€ v = < <I>0|’JBO($) |‘D0 >, (289)
. 1 3
P o= 23 <0l Tule)l®0> . | (290)
) 1=1 .

from which one calculates

: —ig(z—2z' i 4
€ = - ,hm+ Z 80/4 e~ 1l )720 gg((q)_ 5 Z /4 et d®n E?C’(q)
: 11, s 1 .
— -2— [g by mpy [gaN 0'0] + ‘:)-CN [gaN Uo] ] , (291)
and
7:, : 0 . . Z i 0
P =3 %: /q €T (va)e 90c(D) + 5 ; /q e " See(q) 96 (9)
1 1= 3 1 4
+ 3 [§ by m [gon 00]” + 2 oN (9o 00 ] . (292)
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The quantity oo refers to the static limit of the o-field, obtained from the field equation
(268) for 8“0, = 0 and replacing ¥pp by < ¥pp >= p (see Egs. (172) - (175)).
The mean-field value oy is given in terms of Zg’N via — gy n 0o = TN,

By means of inserting ‘the spectral decomposition of Eq. (101) into Eqgs. (291)

and (292), the energy and pressure densities can be written as

e = Y (Js+1) [ {2[ms=Ea) - lalZH(a)] (293)
B q ,

+ [2E(wP(9),9)=E(a) - B (wP(0),9) = (q) + SE(wP(q),9)=E(q)] } ©2(lal)

- 1
- = [—- by mn[gonoo)® + §EN [gaN00]4] ,

f—y
-

Do
w

and

P o= Y@+ [ {SE"0.0 =) - [SE"(aa) + 2 la]] =)
B q

+ 23(%(e),9) E5(a)} ©%(la) | (294)
+ %[% bn mn [gon 00]® + ';‘EN [9on 00]4}.
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‘G v matrices in the self-consistent nucleon-antinucleon
basis

To transform the spectral functions =% of Eq. (117) and self-energies of Eq. (105) to

the self-consistent basis, knowledge of the following matrix elements is useful: ©2

<o) 1) > = b (()) (295)
<O 0> = oD (296)
<O 18() > = <o) P10 > = a0 2L (o)
<o)l vplep) > = 6l ()
<oplvilen > = L, o)
<O 7 [0u() > = < 0 vp 10v(r) > = 6w 2 (ao0)

The spinors ®, © and functions W, m* are defined in Eqs. (128) and (129) - (131),

respectively.
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H Integral equétions of the T matrix

Use of the relations (138) and (139) and the assumption that the matrix elements
of the nucleon spectral function with anti-nucleon spinors are negligible, leads to
a suitable decoupling of the T-matrix equations in the self-consistent basis. In-
troducing the shorthand notation T82%%(p',p) =< ®i(p), &+ (p')|T|®:(p), 1 (p') >,
T2%%°(p',p) =< ©:(p), ®u (p')|T|®:(p), Or(p’) > etc., the integral equations of the

various amplitudes read

TR**% (0, p) = v?”‘p(p’,p)+/q4' v®%(p,q) A% **(p,p) TE**%(q,p) , (301)

TS 0,) = 08 + [ 00 (,0) AT (pr o) TE P (a,p) , (300

TEO(p,p) = oB* (0, p)+ [, 0% % (p,0) A®* % (pr,p-) TE*9%(g,) , (303)
_ ¢t
TN (5,) = oB*O%(,p) + [, 0O (p,0) AT P (py,p ) TRPO¥(a,p) , (304)

TR D) = 00 + [0 0) AT ) TR - (305)

q4
The four-momenta py are denfined by py = P = ¢, with P = (P° p) and ¢ =
(¢° q). One sees that Eqs. (301) and (303) represent integral equations for the

T®®®® and T®?©%, respectively. All remaining amplitudes are obtained

amplitudes
by simple integration. According to the possible helicity degrees of freedeom, each
of the above amplitudes has 16 components. By exploiting the invarianz properties
of the T-matrix, one finally arrives at 6 independent components for 7%®%®® and 8
components for T*®©®. To make these systems of equations numerically tractable, a
partical-wave expansion of the matrix elements of T and v has been performed [60].

The intermediate A% nucleon-nucleon propagator in the above equations is given

by

AP < ®i(p4), Qo (p-)| A®(py, p-) [ @i(p4), Bu(p-) >

= ara(f-oMpi )+ E)
(@O (o), P2 ]) 7(P° = ¥ ([p, ), ]

PO —wON(|py|) —®NM(Ip_)+2m 7

Py, p-)
(306)
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| with
M n(®, pl) = < Bu(p)| N (p) |81(p) >

R PEe) |, v WELRD)
- ‘—‘S(lpl) + ‘—‘V(| I) ( 0’ |P|) + ‘-‘0 (l I) *(po’lpl) . (307)

It is independent of ! and !’ and can therefore be evaluated for fixed values of [ and ['.

p)

According to the regularization procedure, the intermediate propagator is restricted

to pos1t1ve energy spinors.

The mass operator components ¥Ys, Ly, and ¥4 can be obtained from those de-
- termined in the self-consistent basis (Egs. (141) - (143)):

1

B = 5 [270) - 2°0) ], (308)

ng) - SPEEED fzp)j_[AB();V PRI OR il (s00)

S0) = 3w [570) + %0 ®. G
with the definitions

Ap) = 14 z“’“’(z;)mt(ziee(p), (311)

By = 20 (312

The energy density and nuclear density of Eqgs. (162), (164), and (168), respec-

tively, can be expressed in the self-consistent basis as

& _ mpmy(p) + |p| pp(p) nB B
A ],,ows(.p.) (D" (p1) (319
Qi e = 2@ +1) [ [SP00)] g, n(R) ©%(PD , (319)

o = 2Xm+y [ [0 25 (1)) ©%(lp]) , (315)

B mp\I L°=w8(lpn

where n? is given by Eq. (140).
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I Non-relativistic limit

In the non-relativistic treatment the self-energies of Eq. (105) satisfy

Xs(p) — 0, Zyv(p) — 0, Yo(p) — X(p) , (316)

which leads to the rep]acéments

2

' P
A * , |24 2 ? x . 317
my = my, p P v—>\/mN+p mN+2mN (317)
The relativistic energy-momentum relation of Eq. (119) is to be replaced by
2
' — p
WN(p) —» N(p) — my = ' (p) = Imn + Z(V(p) — 4", p) . (318)

The spectral function ZV(p) of Eq. (115) plays the role of a momentum-density

function, i.e.

=N p) = nM(lpl) 6(0° — ¥(p) + 4V), (319)
with (cf. Eq. (.140))

0%

o) = |1 -

wlN =eV(Pp)
Equations (319), (320) are well-know results of the non-relativistic Green’s function

theory [42]. For the expressions of energy density a.nd nuclear density follows from
Eqgs. (162), (164) and (168) (or alternatively from Egs. (313) - (315))

e = 2 [ B+ 33w - p)] n (e 0%(pl), (320
e = 2 [ "(p) oN (Ip) (322)

We recall that in the non-relativistic A theory the single-particle basis are a pri-
ort given plane-wave functions. In the relativistic approach the basis consists of
self-consistent, effective Dirac spinors. Their density dependence has an important
influence on the saturation mechanism of nuclear matter [11] and hence on the nuclear
equation of state itself. The integral equation of the T matrix in the plane-wave basis

has the form [42]

<p|TH(E) — 2v*|p' > (323)
3 a ij P P ij /
= /dq<p|v la> A (5 + 4,5~ ¢ E) <dlTp(E)|p' >

90

(320) |

*,



where 2v® = v—v®* denotes the anti-symmetrized nucleon-nucleon interaction in free

space [42]. The non-relstivistic A% nuclear matter propagator has the form (compare

with Eq. (126))

P P (3P+e) (P-4 B
oo/ % . —a Bk = |E - — N )
M(T+e5-¢E) [ e s T 2K (324)
The on-shell mass operator is given by (¢; = €(p,) — p)
P —P pL—p
S(en,py) = /d3 - 2IT op, (a1 + €V (py) — ) |“l“2“—2> (325)
p P pP,— P
—( 12 2‘T00+P (e1 4+ €™ (py) — N)‘ 22 1>]
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