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Abstract

A theory.éf nuclear collisions where a frictional force‘is introduced
explicitly from the 5eginning is worked out based on a macroscopic and
leptodermous idealization. A sqlution of the problem is made by freezing all
degrees of freedom but'fpur; the distance between centres of‘the colliding
nuclei, the angle of rotation of a line joiningvthe:centres and the two angles
ﬁeasuring the spins of the nuclei. The condition for capture as a function of
energy and aﬁguiar momentum is diécuésed in détail; »Results on the kinetic

energy and angle distributions of collision products are also obtained.
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In the past few yeafs( the'étﬁdy of céllisions between,complex
nuclei [i] has called attention [2] to the need for a-collision theory
}where‘frictional forées are presént,.which ére capable of dissipating energy,
- "i.e., converting energy of collective degrees of freedom into heét —
interﬁal microscopic (nucleonic) degrees of freedom. _Various_attempts [3]
have recently been made in this direction.A The present paperl,is'conéerned
with a study'qf collisions between some of the simplest idealized systems
bwhere dissipative effecés are ﬁaken iﬁto account explicitly from the
beginning. The genéral framework in which we approach the problem has
been discussed in some detail in the last_talkzz

(a). Macroscépic and leptodermous [4] ideélization.
(b) Freezipg all but a few of the degreeé of freedom.
'Tﬁus,_we describe the collective or éross behaviours of the
qoiiisibn, not in terms of individual nucleons (the microscopic approach),

L

:bué in terms of macroscopic degrées pf freedom, ‘such as‘the shape, angular
‘vélocities and the distance between the two bodies. The preference of
this approach over the microscopic approacﬁ is obvious in the case of
a brickISIiding on a rough Surfage. In the case of collisiors between
. ~£§§'heavy’ions,_this'approach has reéently been fbund to'be quite
”fruitful.3

The solution of a dynamic prbblem with N degrées of freedom

‘yields, in general, N coipled differential equations, which is easy to

solve only if N is small. In our study we made the important

lThe present work is done in cqllaboration with W. J. Swiatecki.

2 ' L . .
W. J. Swiatecki, Aspects of heavy ion dynamics , these proceedings.
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'idealization that the shapes of the two cqllidiﬁg nuclei are frozen to
bé spheres aﬁd consider as most important only‘four degrees of freedom:
fhé distance, r, between the two nuclei, the angle of rotation,le, of the
line joining their centres,:ana the angies of self-rotation of ﬁhe two
nuclei, Ql and 62, respective;y. (Seg Fig. la.) We shall mention at tﬁe
end of the paper'the possibility of unfreézing some other degrees of
" freedom. However, fqr the preéent paéer we shall not go into such
discussions. Instead we shall caiculate in_fﬁll detail, within this.
idealized model, energy and angular dist;ibutibns and enefgy diésipation
as functions of inéident energy and target—projéctile'chbice. ‘It needs
to be emphasized that quantitative agreement§ with experimental data ére
not expected and we shali attempt to make thé broédest comparison with
exéeriméhtai obéervétioh to see if the.méin features are reproduced at
all.

Having defined ﬁhe dégrees of freedom, we have to'specify the
lfbrces involved: The cbnéervative forcés are

] ~Coﬁ10mb:f6fce
- 2) NuclearAProximitj.force .

Besides these two forées, there is alsd the centrifugal "force"
for which; inAour'present_calcuiations, Qe hé&giused fbrmulas of moments
of inertia correspdnding to rigid bodies though(we qOuld have used

other fdrmulasAfor them. The second force listed above, nuclear proximity

force, has been discussed in some detail in the last talk; In our
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simplified'picture it appears as‘an;att;active ferce set
in:when‘eheAtwo‘bodiee come inﬁo contéct with a etrength of 4ﬂRrY-where
R = ngz/(R1,+_R2) ahdFY is:the surface tehsion coefficient.whose,value
can be extracted from a nuclear mass formula. The force will become
repulsive as the'tﬁo bodies penetrate each other (with the overlap

region having a density ddubling the normal value).

For the dissipative force, we have assumed the following form:

. -5 .
Fox J/.plez g AT S ‘ b

where the volume integral is over the overlap region, p. and p2 are the

1

. ‘ . -
densities due to projectile and target nuclei, respectively, u12

is the
relative yelocity at each peint, and k is the frictioﬁai cpefficient.
Thie ff;etional coefficient is the only paremeter occurring in the
‘probiem.‘”itimay be remarked here that tangehtiallfricfion and radial
ffic;ioerﬁiil appear naturally from this definition of a frictional
eforee gnd'fhere is no need to introduce,two paramete;s to.describe their
strengths independently. The'aboye-forﬁula:assumes a delta function
type:oﬁ friction,'i.ew, the volume element due to one nuCleus_rubs that- due
to the other only when_they areAat the same location. It is possible

to intrqduce e range iﬁto the formﬁlatioh in: which the two volume
elemente eXperiepee.a frictionel force thet decreases with their
eeparatiend However, we have not introduced tﬁis complication and have
used the formula as shown above.

;It is well known that equations of motion under censervative

4

forces may be written down by means of Lagrangian (or Hamiltonian)



-4~ ' : ' LBL-2928

ﬁethod. 'With dissipativg forces, a method known as the Lagfangian—

Ra?leigh method [5] may be_employed.with dissipation described by what

is called a Rayleigh function. ©Now in our case the Rayleigh dissipatipn

function may be written down iﬁ a straiéhtforward way from our definition

of the frictional force, and‘the equations- of motion are thus obtaihed.,
.InStead of going through the mathematical.details, let me write

down the final equations of motion

2 _ _ .
MY - L + kp 2Vf = - §—L‘,—/: Force (Coulomb + Proximity) (2)
r M r3 o or - ' .

r-
i = —(Ll + 1’..2-) | | ‘ o (3)
t. = + kp év[g B - 8) +g (B - 8)1g. + ko >vb2(b. - b.) (4)
1 o 2'72 B s R | o 1 2
t. = .-l-‘k..p 2ylg, B, = 8) + g (B - &)lg, - ko z\sz(é -8) (5

o 72172 11 2 "o 1772

where Mr'is‘the_reduced mass of the system; L, L., and L_ are the angular

1 2

‘momenta corresponding to 6{ 61 and 62} V is thé volume pf éhe overlap
rggion;'po is the‘nuclear-matter density and-gl and g2 aré_thé arm
.iengthsAffomvthe'centers of the two épheres to the ceﬁter of mass-of‘
the overlap region,lrespecéiveiy; The symbol b_‘represgnts the radius
‘-of gyration of the overlap reéion around its center of mass (Fig. 1b).
Thé radial equation of motion,.Eq. (2);'is easy to understand..

. The three terms on the left-hand side represent the acceleration,

centrifugal fbrce, énd'dissipation in the radial direction, respectively.
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"Note the last térm has - the form recognizable from our definition

of the frictiqnai_force. ‘Equation (3) giving the conservation of angular
momenta is also appaiént. Howéver, this equation has the important
imblicétion tﬁat the orbital angular ﬁomentﬁm (0 degree of freedom) is
not conétant. Thus, if LI and L2 ;re inéreaSed duringvthe collision
process due to friction (notice thaf in Eqs. (4) and (5), the driving
force on the'right4hand side of the equation is proportional to.tﬁe
f#ictipnal\coefficienﬁ k), then L will be decreased, thus reducihg the
centrifugal force term in Eg. (2). The implication will be furthér‘

discussed when we are presenting our calculation results.

_ Equations (4) and (5) are not difficult to understand.” Let us

first consider»the first termvon the right-hand -side of either equation.

By examining‘Fig. 1b, it can be seen that the expression in the square

bracket, [gz(é2 - é) + glféi'— é)], represents nothing more than the
relative tangential velocity of the two colliding nuclei in.the overlap

‘ . . 2 . . s
.region.- Thus, kpo,V[ ] represents the tangential frictional- force,

which, when multiplied by the respectiVe arm—lengthS»g1 and gz; gives

the torques causing the. time derivatives of L. and L_. The second

1 2

" term on the right?hand side of either equation is one order of magnitude

' e 2 2
smaller than the-first, i.e., by a factor of b /gl or Sl/Rl' where s1

is the width of the overlap region. This term represents a little

-couple with armflenéth b and proportional to the relative angular

). Its significance becomes apparent when one considers

velocity (Bl.f 62-

the two bodies rolling‘ovér each other, i.e., the relative‘veiocity at

the contact point of the two bc‘;dies‘is'zero,‘orgz(é2 -0) = gl(e - 91).
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Then the first.termvis zero, and it is the small second term that resists the

reiative angular velocity (él -6 ). Thus, the first term may be called

2
the "sliding'friction“, being friction against sliding leading to a rolling
condition, and the second term, the "rolling friction", being the friction
against4roiling, causing the system to get stuckbcompletely with
6. =6 = 8.

1= 9% e.

‘Summarizing, it is the frictional force that transfers the initial

and L_, by

orbital angular momentum L into the spin angglar momenta Ll 2

means of a Sliding fractibn term which makes the two bodies roll On.each
other and by means of a (smailer) rolling friction term, which causes
the two_b&dies to get stuck figidly. Thus, the initial orbital angular
momentum L is reduced, and éoAis the'cehtrifugai force term in the
radial Eq. (2).

Tﬁe Egs. (3), (4) and (5) can bg combined intd one, and.we'are
left with two cotpled_differential equations, wh}ch are not difficult to
.solve nUﬁetically. Special siﬁplification results if we assume that the
- rolling friction is negligible when éompéred with slidiné frictidn, whicﬁ

is a reasonable assumption in the case of grazing interactions. In terms

of the overlap distance s (measured "inward") given by s = Ry + R, +-r,

the orbital angular momenfumvis given by
. 5 ’
k t
po

: 7 / : |
- = V(s)dt :
: 2 M
L=L A (6)

2
+ = ¢
o 7 ©

~j;

where Lb is the initial angular momentum. Thus, if the exponent goes to

infinity, the angular momentum is exactly g»bf the initial value
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indépendentvof the relative sizes of the projectile and target. This
can actually be easily verified for any two spheres rolling on each

other. There is now only one master equation to be solved:

kp 2

‘ 2 - Z o V(s)dt
: Lo 2 2 M, o 2 9y
M S + + -e . + ‘V(s)s = - ==
M s - e | | kpo (s)s s

(7)

~ju

where V =~ 1rRrs2 for small s and the right—hand.side represents the
Coulomb and proximity forces. We notice that in the case of a captured
- _ t - | .
system, the quantity k ./f' V(s)dt » © and the centrifugal force is

. . o . PR

redqced by a factor.of (%02 z-%. Here "captureﬁ means rolling capture
and not rigidly stuck. When_the rolling frictidﬁ

is_inclgded( centrifugal_force'after cabﬁufe is even less, except

.?n the case where the prqjectile andlfarget are of equal size, where thé

. factor (%)2 stays the same.

Various further simplification of the equation can be made:

"zlzzez
(a) Replacing Coulomb force by a constant, , — -
+ -
| (Rl R2)
. (b) Approximating the proximity force by 4ﬁRrY(1 - z—é which
. _ ‘ : o
implies a parabolic attractive well.
' S 2 2 . _
(c) Replacing V(s) = ﬂRrs by a constant ﬂRr<s >. This particular

simplification is rather draSﬁic but it enables us to solve the problem
analytically.

(d) Oné may further approximate the proximify force.by dropping the
sgcbnd térm using only 4ﬂRrYf This‘iéiprobably applicab;e in the case of

grazing reactions where s/s0 << 1.
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In the results preéented below;‘(a), (b), and (c) are always
assumed, so that an anaiyticvéOIution can be'obtéined. Assumption (d)
was made only in the result shown in Figa 5.

“In Fig: 2 is shown a schematic picture of how the orbital
angular moméntum decrease affects the capture procesé. :If-the orbital
angular momentum is frozen [61} and has very large values (greater

:than a value,‘sometimes known»as WiICZynski'é limit, Lw) there
is no éockét or minimum in’the potential energy curve and nothihg can
» be‘captured. However, as the ffictional forces convert orbital angular
momentum into spins of the target and the projectile nucleus, one can
éome in with én orbital angular momeﬁtum gfeater than Lw and yet on the
_ Qay out one would be seeinéfa lowef angul#r momentum curve with a pocket
in it. ‘As mentioned above, if the final stafé cérresponds to the two

spheres rolling on each other, the limiting value of L_ is §-Lo_, where

£ 7
Lo-is the initial orbital angular momentum, (with initial values of L,
._and'Lz being zero). Thus, we are led to the result that if Lo > %-Lw,

thep the system will not see a pocket in thevpotential enérgy durve on
thé Qay out and no captﬁre can take place. Conversely, Lo < %-Lw-is a
 necessaryv(but not sufficient,_condition for capture. In the caée when -
rolling friction is‘operétive, the final stuck system haéAall éngular

_ velocit?és egual b = él'= Gz‘and it is easy to'§erify that the necessary
conditibn for cépture is that

m e 5 v Ewr® v Bun?

L < 5
o .
¥ .
Mr(Rl. FZ)
A
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which is exactly %-Lw for ‘identical projectile and target nuclei
g4 84 s . : .
(e.g., Kr + 'Kr), but is larger for the collisions of unequal. nuclei.

. The results of calculation for 84Kr + ?4Kr is shown in Fig. 3.

The vertical and horizontal axes are respectively the radial kinetic

and the rotational energy, EC

rot’ at the point of eontact

(o}
ene E
nergy, rad’

of the two nuclei. The unit of energy used is given by

2 . 2
) = R. + R .
vEcr- Lw_/2Mr( 1 2) Since the- 1nc1dent energy E -is given by
"E. =E° _+.EC _ +V where V is the Coulomb barrier, curves for
< in. rad - rot C lo!

censtant~incident energies‘are represented by straight lines with unit

.. Slope. Curves for different values? of frictional coefficient k'
separates, on the left, a fegion of capture and, on the right, a region
of either tepulsien or bonnced back by the inner wall of the potentiel

. well. Now take a given total incident.energy and consider what happens
as_ one increases the radial energy from zero (following a line of unit
siope).“ At first the system has too much angular momentum and the
petentiel_eurvevdoes not have a well and nothing can.be,eeptured.
Howevef, as the radial energy is increased, frictional ferces act more
significantlf,_reducingvtne value of ‘the orbital angular momentum as
,i;lnetrated'in Fig. 2, and the system will be captured. Now as one
reaches a very'high'redial energy end a low angular momentum, even
tpough there is a pocket in the potential energy_curve,lfriction cannot
_dissipate sufficient energy and the.system goes in and comes out over the
barrier and»no capture occurs. This effect would imply’a lower cutoff in

»angular momentum to fusion probablllty (in addition to the upper cutoff

‘dlscussed above) The ratio of the portlon of the constant 1n01dent energy 11ne

3 . 1 2., _ : R
In the dimensionl it = A'2% i i = 1. .
| e nsionless nnl 5 kpo Vvsl/4 RrY Mrvw1th sl 1.25 fm
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under the curve and that portion outside the curve projected

to the horizontal axis gives the relative cross-sections of

capture .and non-capture reactions. This value decreases as one goes to
a'curve'corresponding to a lower value of the frictiodnal coefficient.
In the limit of zero friction, nothing is captured. For the case of
very large friction everything is captured (k' = 1) with the limiting .
. 7 . . | : ' 7.2
angular moméntum — the Wilczynski value, and rotation energy (Eﬁ E

S
. : . 40 108 .
A similar calculation is made for Ar + Ag case (Fig. 4).

cr.

The oniy extra comment required here is that the ;imiting angular momentum
fof 1arge_K'>is %—the WiibzynSki's valuevonlvahen rolling friction isv
switched off. When it is included, the limiting angular momentum with
the corresponding rotation energy is greater as indicated. However,
the.curves for émall.K' are not much affected.’

It was recently pointea out by Wiiczynski [i] in.stﬁdying'the

2 :
32Th) reaction that frictional forces are

transfer products in (éoAr.+
responsible for the_reducfion of the kinetic enérgy of the product as its
angle of deflection is decreaéed from its graziné value. ‘Figure 5 is éuch
.a plot with these éuantitiés obtainéd from our calculation for three
Qalues of the frictional_coefficient.é For the intermédiate value

K = 0.02, it is seen that as the angle deviates from grazing towards
.hegétive.valﬁés, the kinetic energy is decreased; Phyéically, as the

) projgctile andAtafget nuclei overlap; the nﬁciear interaction causes the
angle of deflection to‘deviate from the grazing value, and at thé same
time the frictional force causes the kinetic energy to be reduced. Thus,-

for K = 0, there is no frictional force, and the curve in Fig. 5 displays

- no decrease in energy. On thé other hand, for a larger value of K = 0.2,

4

4Here we have used also assumption (d) and the dimensionless unit of the

friction coefficieht has to be changed to h/poz(fm)s.

&
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the decrease'in kinétic enexgy is much faster, réaching a limiting value
corresponding to the case where the.spiné'of the two nuclei and the
rotation of the whole system have the‘sgme angular veiocity and;there

is no rubbing between the nuclei. By a combarison.of this calculation
with experimental measurement; Qe find tha£ the frictional coefficient

is reéuired to be a surprisingly small numberS'K “'0.02, the value for
criticalAdaﬁping, in a potehtial well correspénding to our proximity
force being.K = 1. We got some confirmation bf this value when it
océurred go us that we can apply our theory to the oscillation of neutron
ﬁatter aﬁd proton matter of ‘a nucleus in a giaﬁt dipole resonance. Using
the valué for the width of resonance energy to be about 4-5 MeV we obfain
a value for K = 0.014. We do not attach too much significance to the good

agreement of the two determinations of the frictional coefficient. It is

probably more of an accident, since a broader comparison of experiments

will cértainly be necessary to enable one to make a more definite statement.
In conclusion, we have made a calculation with an idealized model
of heavy ion collision, in which friction is put in explicitly from the

beginning. All properties of- the collision processes can be evaluated

.'completély from such a model. We have not yet made a comprehensive

comparison with experimental data, nor have we compared our preliminary
determination 6f the fricﬁional coeffiéient‘with the values obtained
by Gross and Kalinowski [8], Sierk -and Nix [9], or wieczorek, Hasse and
Sussmann [10]. This is.partly because the assumptions (c¢) and (d) used
in the results presented should first bé relaxed. More‘important, we

feel that some of the degrees of freedom that has been frozen in our

5In units of Hfm, this number becomes'O.QZ x 49 ~ 1; that is, k ~ 1

(em) .
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calculation has to be un-frozen in order to include all qualitative

features of the physical process. The most important one is probably

‘“the neck formation degree of freedom, which we find to have significant

influence on our picture. - Some thoughts have been put into this probilem,

and we expect that we will incorporate this degree of freedom in our .

next calculations.
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Eigure Captions

Fig. 1. (a) Defining the degrees of-freedOm; (5) Some notations used.

Fig. 2. Schematic picture of potential energy surfaces for heavy ion

| collision, illustrating effects of the decrease of orbital angular
momentum due to friction. |

Fig. 3. foséibility of capture for (84Kr + 8%Kr) system as a fuﬁction
of’ré;atioﬁal energy and,radial kinetic energy above the Couloﬁb

_. ba;rie;. Different curves correspond tovdifferent magnituaes of.

the frictional coefficient. Captu?e occurs in the région on.the
left.of each curve. Capfurevcanhot occur for,either too large a
rotatioﬁal epérgy or too large a radialuenergy. Thé dashed line
indicétes a iocus of conétant total energy.

Fig. 4._ Séme as Fig. 3, but for (40Arv+ 108Ag).

[y

Fig. 5. Kinetic energy of the final prqducts, ET' as a function of the

23

deflection angle 0 for the grazihg reaction (40Ar + 2Th) for three

values of the frictional'coefficient.
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Fig. 2
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