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DISCLAIMER 

This document was prepared as an account of work sponsored by the United States 
Government. While this document is believed to contain correct information, neither the 
United States Government nor any agency thereof, nor the Regents of the University of 
California, nor any of their employees, makes any warranty, express or implied, or 
assumes any legal responsibility for the accuracy, completeness, or usefulness of any 
information, apparatus, product, or process disclosed, or represents that its use would not 
infringe privately owned rights. Reference herein to any specific commercial product, 
process, or service by its trade name, trademark, manufacturer, or otherwise, does not 
necessarily constitute or imply its endorsement, recommendation, or favoring by the 
United States Government or any agency thereof, or the Regents of the University of 
California. The views and opinions of authors expressed herein do not necessarily state or 
reflect those of the United States Government or any agency thereof or the Regents of the 
University of California. 
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P. Concus and R. Finn 

On a Comment by J. P. B. Vreeburg 

This note addresses a comment on [5] by J. P. B. Vreeburg [6], which concerns our 

paper [2]. In [6] Vreeburg presents a discussion based on geometric considerations that 

gives conditions for a smooth surface to meet the walls of a wedge with prescribed angles 

,1 and ,2 on the two faces. The discussion requires the assumption that the surface have 

a continuous normal up to the vertex from within the wedge domain and that the surface 

does not become vertical at the vertex. The necessary condition obtained in [6] for such a 

surface to be possible is 

7r :5 2a + ,1 + ,2 :5 37r, (1) 

where 2a is the interior angle of the wedge. Although the discussion takes place in the 

context [5] of capillary surfaces (in zero gravity), the equation for a capillary surface is 

not invoked at all; thus (1) provides in fact a necessary condition that must be satisfied 

by a smooth surface in general, without regard to whether the surface also satisfies the 

capillary equation. Since a capillary surface need not be smooth at the vertex (even when 

(1) holds: the example of a spherical cap indicated in Fig. 1 becomes vertical), not all 

capillary surfaces are included in the discussion in [6], only a fortiori those that are also 

smooth. 

In our initial study [1] of capillary surfaces in wedge domains the necessary condition 

(2) 

is given for existence of a solution u( x, y) of the capillary equation 

'\1 . ( '\1u ) = const. 
VI + l'\1ul 2 

(3) 

l) in the corner of a wedge domain with opening angle 2a, and meeting the bounding walls 

in the constant contact angle, (measured within the fluid). Additional background infor

mation, other. details on the discontinuous behavior of capillary surfaces in a wedge, and 
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Figure 1. Capillary surface in a wedge with differing contact angles 11 and 12 on the 
two faces. 

subsequent and more complete discussion can be found in [2] and in Chapters 1 and 5 of 

[4]. For (2) it is assumed that the liquid is wetting, i. e., 0 :::; I < 7r /2; for non-wetting 

liquids (7r /2 < I :::; 7r) the corresponding necessary condition is 

a ~ ,- 7r/2. (2' ) 

Although (2), (2') bear formal similarities to (1) when 11 = 12 = I, an important 

feature of the result for capillary surfaces is that no assumptions are made on the behavior 

of a solution as the vertex P is approached; thus if (2), (2') do not hold, there can be 

no solution of (3) near the vertex, not even one that oscillates or becomes infinite as P is 

approached from wi thin the wedge domain. 
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The formal similarities between (2), (2') and (1) can be attributed to the circumstance, 

that whenever a smooth surface with the prescribed data exists then it turns out that a 

smooth capillary surface also exists. It is of interest to have conditions that are both 

necessary and sufficient for the existence of a smooth capillary surface in a wedge domain 

wit~ possibly differing contact angles 'Yl and 'Y2 on the two faces. In a forthcoming paper [3J 

we give such conditions, along with modifications to include surfaces that become vertical 

at the vertex. In this connection it should be noted that (1) is necessary but not sufficient, 

e. g., it can be shown, for example, that if 'Yl = 'Y2 = 'Y = 1500 and a = 300 then (1) 

is satisfied but there is no smooth surface (capillary or otherwise) meeting the walls with 

angle 'Y. 
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