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ABSTRACT 

."; . 

Properties of neutron stars derived from the hybrid derivative coupling 
model of nuclear field theory are studied. Generalized beta equilibrium 
with all baryon types to convergence is allowed. Hyperon couplings com
patible with the inferred binding energy of the lambda hyperon in sat
urated nuclear matter are used. Among the properties studied are the 
limits on rotation imposed by gravitation-radiation reaction instabilities 
as moderated by viscosity. Consistent with our other investigations, these 
instabilities place a lower limit on rotational periods of neutron and hybrid 
stars of about 1 ms. The possible transition of the core to quark matter 
was considered. This is a first order phase transition with two conserved 
charges, baryon and electric. Consequently, the pressure varies as the con
centration in the mixed phase so that the presence of the mixed phase in 
the core can extend over a finite radial extension, unlike the phase tran
sition of a substance having only one conserved charge. For a reasonable 
bag model equation of state for quark matter we find that the hadronic 
matter in the star begins its conversion to quark matter at about three 
times nuclear density and that the entire core of the star is in the mixed 
phase. 

tThis work was supported by the Director, Office of Energy Research, Office of High Energy and 
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Neutron and Hybrid Stars in the Derivative Coupling Model 

N. K. Glendenning, F. Weber and S. A. Moszkowski 

1 Introduction 

Relativistic field theories of nuclear matter and finite nuclei have enjoyed a renais
sance in recent years, not because most nuclear properties cannot be accounted for 
in the Schroedinger approach, but because we know that nuclear forces arise from 
the exchange of mes~ns (or at ~ more basic level, quarks), and the presence of meson 
currents in nuclei is well established [1]. In certain cases relativistic theory provides a 
better description than the non-relativistic Schroedinger [2, 3]. Moreover, in seeking 
a description of high density hadronic matter, a covariant theory has the advantage 
of automatically respecting causality, which Schroedinger based theories ultimately 
violate. ' 

The (J' - W nuclear field theory has been broadly studied both in spherical and 
defortned nuclei. However in the linear version [4] it has too small a nucleon effective 
mass ("-' .55mN) at saturation density of nuclear matter, and too large a compression 
modulus (r'V 560 MeV). These properties can be brought under control at the cost of 
two additional parameters by the addition of scalar cubic and quartic self-interactions 
in the so-called non-linear model [5]. Alternately it has been recently noticed by 
Zimanyi and Moszkowski [6] that if the scalar field is coupled to the derivative of 
the nucleon field, these two nuclear properties are automatically in fairly reasonable 
accord with present knowledge of their values, the two coupling constants of the 
theory being fixed by the empirical saturation density and binding as in the linear 
(J' - w theory. The agreement with bulk nuclear properties can be further improved 
by a slight modification of the model of Zimanyi and Moszkowski, which we shall call 
the hybrid derivative coupling model, and which we discuss below. Renormalization 
is irrevocably lost in derivative coupling models but since (strong interacting) nuclear 
field theory is usually regarded as an effective one, this does not seem to be aweighty 
objection. Since in the derivative coupling model only two coupling constants are 
needed to reproduce four nuclear properties (po,B/A,m*,I<), the last two albeit 
approximately, it is interesting to explore its predictions for neutron star properties. 
This we do for a wider range of properties than is usual. For example we calculate 
the general relativisitic Kepler frequency for the family of stars, the gravity wave 
instabilities as moderated by viscosity, and the conversion of the core of the heavier 
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neutron stars to the mixed phase of hadronic and quark matter, properly taking into 
account the modifications introduced into first order phase transitions in systems 
possessing more than one conserved charge, as is necessarily the case for neutron stars. 
In addition we discuss the connection of the Lambda hyperon binding as inferred 
from measurements of energy levels in hypernuclei, and the coupling constants of the 
theory. We find, unlike earlier works [7, 8, 9], that the coupling in the two systems, 
hypernuclei and neutron stars, can be reconciled. 

Neutron stars are not pure in neutrons, as their name might imply. The lowest 
energy state of cold, charge neutral matter is not pure neutron matter, but matter 
that is in beta equilibrium. At the high densities that may be present in the cores 
of the most massive neutron stars, this equilibrium will involve not only the neutron, 
proton and leptons, but also such higher mass baryons for which the baryon chemical 
potential exceeds their mass (corrected for interactions and electric charge). We need 
therefore to generalize the Lagrangian for nuclear matter analogous to the way the 
earlier theories were generalized [10, 11 J. 

2 Hybrid Derivative Coupling Nuclear Field The
ory 

In place of the purely derivative coupling of the scalar field to the baryons and vector 
meson of the Zimanyi-Moszkowski model, we here couple it by both Yukawa point and 
derivative coupling to baryons and both vector fields. This improves the agreement 
with the compression modulus and effective nucleon mass at saturation. The nuclear 
matter properties are quoted later. To account for the symmetry force we include 
the coupling of the rho meson to the isospin current. (The rho meson contribution 
to this curr.ent vanishes in the mean field approximation and so we do not write its 
formal contribution in the Lagrangian [12J.) 

£, = ~ [( 1 + g;~:) {7fJB[i ,ItOIt - gwBlltWIt - ~gpBIItT' pItJ7fJB} 

-(1- g;~:)mB7fJB7fJB] 
+ 1(8 (jolt(j - m 2(j2) - 1w wltV + 1m2w wit 

2 It a 4 ltV 2 w It 

- ~Pltv·pItV + ~m;PIt·plt + L 7fJ>.(i ,ltfJ lt - m>.)7fJ>.~ (1) 
,\ 

In the first line one sees the coupling of the scalar field to the derivatives of the 
baryon fields and to the vector mesons. The Yukawa point coupling to the baryon 
fields is contained in the second line. In the last two lines one recognizes the free 
scalar, vector, vector-isovector mesons and lepton Lagrangians. The latter must be 
present because of charge neutrality. (We use the notation wltV = altwv - avwlt and 
other conventions of ref. [13J.) The baryon Lagrangian is in the first line together 
with the interaction terms with the above mentioned mesons. The p-meson coupling 
constant will be adjusted to give the empirical symmetry coefficient. The sum on B 

2 

,. 



.. 

is extended over all baryons including their charge states to convergence, of which the 
most obvious are listed in Table 1. The solutio!). is most easily obtained by means of 
the transformation of all baryon fields by, 

( 
9 B a) -1/2 

'l/JB = 1 + _u_ WB. 
2mB . 

The equivalent Lagrangian is 

£ = L W B[i,lt8 1t - mE - gwBlltWIt - tgpBllt T . plt]W B 
B 

+ 1(8 O'8ltO' - m 2O'2) - 1w wltV + 1m2w wit 2 It u 4 ltv ,2 w It 

- ~Pltv' pltV + ~m;PIt' pit + L 'I/J>.(i'lt81t - m>.)'I/J>.. 
>. 

It is evident that the baryons now have effective masses, 

mE = (1 - guB a) (1 + guB 0')-1 mB. 
2mB 2mB 

(2) 

(3) 

(4) 

.. We solve the Euler-Lagrange equations following from this Lagrangian in the mean 
field approximation by replacing the baryon source currents in the meson equations 
by their ground state expectation values. The ground state is defined as having 
the single-particle momentum eigenstates of the Dirac equations filled to the top 
of the Fermi sea for each baryon species in accord with the conditions of chemical 
equilibrium. We describe how this is done below. 

The meson field equations in uniform static matter, in which space and time 
derivatives can be dropped, are, 

Wo 

P03 

'"" gwB 
~-2nB 
B mw 

'"" 9pB I ~-2 3BnB 
B mp 

~ guB (1 + g;;;) -2 (w B W B) 

'"" ( guB O')-2 2JB + 11kB mE k2 dk ~guB 1+-- A. 
B . 2mB 271"2 0 Jp, + mE2 

(5) 

(6) 

(7) 

The bracket, ( ... ) denotes ground state expectation. A simple way of computing such 
expectation values without the need of constructing the Dirac spinors is described in 
ref. [11]. The space-like components of both vector fields vanish as can be shown 
explicitly [11]; they do so for the physical reasons that the ground state is isotropic 
and has definite charge. 

The condition of charge neutrality is expressed by, 

0, 

L(2JB + 1 )qBk1/(671"2), qe = - L kV(371"2) = 0, (8) 
B >. 
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where the first sum is over the baryons whose electric charges are denoted by qB, 
Fermi momenta by kB and the second sum is over the leptons e- and Jl-c. 

Chemical equilibrium can be imposed through the two independent chemical po
tentials, Jln, Jle, for the conserved baryon and (negative) electron charge. Strangeness 
is not conserved on any macroscopic time scale. For the baryon species, B, we have 
JlB = Jln - qBJle· The Fermi momenta for the baryons are the positive real solutions 
of 

(N equations) (9) 

where N is the number of different baryon species including their charge states that 
are listed in Table 1, and the Dirac eigenvalues, eB( k) are defined below. The lepton 
Fermi momenta are the positive real solutions of, 

At a chosen baryon density 

p 

Jk; + m; = l1e 
V'-k-; -+-m-; = Ill-' = Jle· 

LnB 
B 

(W1WB) = (2JB + l)k1/(67r 2
), 

the solution of the above coupled equations (5-12) provides the values for 

of which there are (7+N). 
The Dirac equations for the baryons are, 

(10) 

(11) 

(12) 

(13) 

(14) 

(15) 

Taking account of the va.nishing of the space-like components of the vector fields the 
eigenvalues can be found as, 

(16) 

In the above equations, 13B is the isospin projection of baryon charge state B. This 
completes a description of the equations that define the solution of the above La
grangian for charge neutral matter in equilibrium, which is called neutron star mat
ter. 

Once the solution has been found, the equation of state can be calculated from, 

E = 

(17) 
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which is the energy density while the pressure is given by, 

(18) 

The theory is simper to solve in the case of symmetric nuclear matter, and this 
is a necessary first step in determining the coupling constants from the saturation 
properties. For nuclear matter near saturation, we simply fix kn = kp = k. The scalar 
and vector coupling constants can then be fixed by the known saturation density, po 
and binding B /A = (f../ p)o - m n . The symmetry energy coefficient is, 

a sym = 

t (19) 

and serves to fix the p-coupling. In the above equat.ion, ko denotes the Fermi mo
ment.um of symmet.ric nuclear matter at saturation, po. The coupling const.ants that 
yield the following propert.ies of symmetric nuclear matter, 

are, 

po = 0.16 fm- 3
, B/A = -16.0 l\1eV, asym = 32.5 MeV, 

K = 265 MeV, m;at/m = 0.796 (20) 

(21 ) 

The first three propert.ies determine t.he coupling const.ants, and the last two proper
t.ies then follow automatically from the structure of the Lagrangian. It is remarkable 
that they are so close to t.he empirical values [14, 15], alt.hough t.he effective mass is 
perhaps slightly t.oo large [16]. 

For use later in discussing t.he lambda hyperon binding in nuclear matter we note 
that t.he values of the scalar and vector field strengt.hs at saturation are, 

11 == gw Wo = 0.660 fm- 1 (22) 

The solut.ion to the equations discussed above for neutron star mat.t.er, with hy
peron to baryon coupling strength (discussed later), Xp = Xw = Xu = gHu/gNu = 

)2/3, is shown in Figs. 1,2, where the meson field amplitudes and chemical poten
tials are shown in the one, and the particle populat.ions (in lieu of Fermi momenta) are 
shown in the other, both as functions of baryon densit.y. It is interesting to compare 
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these with the fictional case that the only baryons are neutrons as in Fig. 3. In partic
ular notice that the electron chemical potential increases monotonically as a function 
of density, whereas when the hyperons are taken into account it saturates at about 
200 MeV. It is also interesting to see how the composition of dense charge-neutral 
matter is complex, as compared to the case where the hyperons are ignored. Even the 
neutron population is drastically altered, being little more populous than the proton 
or A at high density. The lepton populations are also drastically reduced by the hy
perons because charge neutrality can be achieved among the baryons to high degree. 
This could have important effects on estimates of the transport properties of neutron 
star matter, in particular the conductivity and the viscosity. These are vital prop
erties that effect the stability to rotation by damping gravitation radiation-reaction 
instabili ties. 

Table 1: Baryons and their charge states. Spin is J, isospin is I, its third component 
h, charge is q and strangeness is s. 

m J I h q s 
(MeV) 

N 939 1/2 1/2 -1/2 0 0 
1/2 1 0 

~ 1232 3/2 3/2 -3/2 -1 0 
-1/2 0 
1/2 1 
3/2 2 

A 1115 1/2 0 0 0 -1 
E 1190 1/2 1 -1 -1 -1 

0 0 
1 1 

.::. 1315 1/2 1/2 -1/2 -1 -2 
1/2 0 

n 1673 3/2 0 0 -1 -3 

In Fig. 4 we show the equation of state for three cases, pure neutron matter, 
beta equilibrium between neutrons, protons and leptons and equilibrium between 
all baryons to convergence with leptons. It is evident that pure neutron matter is 
not the lowest energy state of dense charge neutral matter and that the existence of 
hyperons considerably softens the equation of state, by relieving the Fermi pressure 
of the nucleons. In the last case, in actual fact, the baryon species populated to the 
highest densities in these neutron star models are the nucleons and hyperons of Table 
1 with the exception of the n whose mass is so large that it lies above the chemical 
potential. The ~ is not populated for the same reasons given in ref. [11] which can 
be understood in terms of the isospin symmetry of the nuclear forces acting within 
the absolute constraint of charge neutrality. Briefly, the most favored charge state, 
the ~ - is isospin unfavored by its large negative projection, -3/2 (same sign as the 
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neutron), while the isospin favored state,+3/2, the ~ ++, is doubly charge unfavored 
(same sign as proton). The threshold condition can be read from eq. (9), 

(23) 

and the field amplitudes appearing in it can be found in Fig. 1. 

3 Neutron Star Structure 

The equations for the structure of a relativistic spherical and static star composed of 
a perfect fluid were derived from Einstein's equations by Oppenheimer and Volkoff 
[17]. They are, 

47IT
2dp(r) = 

_ AI(r)dAI(r) ( p(r)) ( 47l'r3p(r)) ( _ 2M(r))-1 
r2 1 + E( r) 1 + M (r) 1 r 

dM(r) = 47l'r2E(r) dr. 

(24) 

(25) 

(We use gravitational units, G = c = 1.) Given an equation of state, they can be 
integrated from the origin as an initial value problem for a set of arbitrary choices 
of the central density. Therefore they define a one parameter family of stars. The 
equation of state computed 'in ~his work needs to be supplemented by a sub-nuclear 
equation of state, and our choice in this work is the same as described in ref. [11]. 
Corresponding to the three equations of state of Fig. 4, we show the, three families 
of neutron stars in Fig. 5. The equation of state for the case of pure neutron matter 
lies above the other two because a pure neutron state is not the lowest energy state 
of charge neutral matter. A state containing an equilibrium mixture of nucleons 
and leptons is lower and one containing an equilibrium population of all baryons to 
convergence is even lower. The latter two equations of state are coincident up to 
the threshold density of the first heavier baryon state beyond the nucleons. These 
features are also registered in the corresponding family of stars for the three cases. 

The equations of star structure have to be integrated to the radius at which the 
pressure is zero, or very small compared to the central pressure. This means that the 
nuclear equation of state has to be supplemented by one corresponding to sub-nuclear 
densities. As described in ref. [11] we use that of Negele and Vautherin [18] for the 
sub-nuclear region of very neutron rich nuclei, a.nd of Harrison and Wheeler [19] for 
the lower density crystaline lattice bathed in relativisitic electrons. 

3.1 Baryon Populations 

The populations of the maximum-mass star as a function of radius are shown in 
Fig. 6 for the case of full equilibrium of all baryons. Although the neutron is the 
dominant of the populations, the core contains a significant number of hyperons. 
Indeed the number of hyperons in the inner core exceeds by a small amount the total 
of the number of neutrons and protons. However integrated over the whole star the 
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hyperons amount to 29 % of the baryon population in this maximum mass model, 
the protons to 17%. Nevertheless the hyperons alter drastically the interior, up to a 
radius of 6-7 km, shifting negative charge from leptons to hyperons as can be seen 
by comparison with Fig. 7. This will certainly effect the electrical conductivity of the 
star which is relevant to the decay rate of the magnetic field of pulsars. 

3.2 Hyperon Couplings: Constraints from Hyperon Bind
. ing in Nuclei 

The ratio of hyperon to nucleon couplings to the meson fields, 

x". = gH"./g"., Xw = gHw/gw, (26) 

are not defined by ground state properties of nuclear matter and so must be chosen 
according to other considerations. (For brevity we call gN,,,. simply g"..) In studies 
of hypernuclear levels [20, 21; 22] these ratios are typically taken to be equal. In 
that case, small values between 0.33-0.4 are required. These are too small as regards 
neutron star masses, as is shown in Fig. 8. Recall that the most accurately determined 
mass (but not necessarily the maximum possible mass) is that of PSR1913+16 with 
M/M0 = 1.442±0.003 [23]. There is another relevant measurement, that of 4U0900-
40 with M/M0 = 1.85 ± 0.3 [24]. However the error is so large that many authors 
take the smaller mass as the limit. The actual number of known masses at the present 
time is less than 10 so that we cannot exclude that a more massive neutron star will 
be found. However to the imperfect extent to which the type II supernova mechanism 
is understood, there is support from the creation mechanism for a maximum possible 
mass of rv 1.5M0 . 

The hyperons are actually more strongly populated in dense neutron star matter, 
the equation of state correspondingly softened, and the limiting mass reduced, the 
weaker their coupling to the meson fields [7,9]. Indeed, even if the coupling is reduced 
to zero as for a Fermi gas model, but allowing the populations to reach equilibrium 
under the weak interactions, the hyperons are computed to be present in dense neu
tron star matter[25]. We can understand the increase of hyperon populations with a 
decrease in coupling in theories with long-ra.nge attraction and short-range repulsion 
as follows; above nuclear saturation density, the vector meson repulsion dominates 
the scalar meson attraction. If the hyperon coupling is weaker than the nucleon, the 
vector field amplitude can be reduced, by the shifting the baryon populations in favor 
of those with the weaker coupling, as is clear from eq. (5). This in turn lowers the 
energy by reducing the repulsive vector contribution, !m~w~, in eq. (17): weakening 
the coupling in dense matter amounts therefore to weakening the repulsion. 

As noted above, when hypernuclear levels are analyzed with the constraint x". = 
X w , the result is a small hyperon coupling leading to a neutron star family with much 
too small a limiting mass. However one is not compelled to take the ratios in eq. (26) 
to be equal, but there are large correlation errors in x"., Xw in the published analysis of 
hypernuclear levels that take them unequal [22]. The analysis of hypernuclear levels 
could probably be improved by taking account of the rather well determined binding 
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energy of the Lambda hyperon in saturated nuclear matter. As noted elsewhere [26], 
this serves to strictly correlate the values of Xu, Xw but leaves a continu'ous pairwise 
ambiguity which hypernuclear levels may resolve. At the level of the published anay
sis, which does not take account of the one to one relation between these parameters 
that is imposed by the Lambda binding, they do so only within a rather large range. 
In ref. [27] the binding of the Lambda hyperon in nuclbar matter is inferred to be -28 
MeV. We derive now the expression for this binding in our model. From the Weis
skopf [28] relation at saturation between the Fermi energy and the energy per nucleon 
of a self-bound system, eF = (c/ p )0, which is a special case of the Hugenholtz-Van 
Hove theorem [29], we obtain for the binding energy of the lowest A level in nuclear 
matter, 

Xw V + rnA - rnA 

V xuS 
Xw - 1 + xu S/(2rnA)' (27) 

where S, V were defined and their values given in eq. (22) and we have used eqs. 
(4,16). The first line holds for both the linear and non-linear (J - w theories as well as 
thi(> one. The second line specializes to this one. Thus as far as the lambda binding 
in nuclear matter is concerned, the scalar and vector ratios Xu, Xw need not be equal, 
but when so, they must be small, about 0.37. We show a few typical values in Table 
2. According to the discussion above it is clear that for the larger values of Xw in 
this table, the family of neutron stars will have a limiting mass star that exceeds the 
present observed lower b~und of 1I1(M0 "J 1.5, as shown also in the ta!>le. However 
there are additional constraints that can be invoked. There is good reason to believe 
[30] that these ratios are less than unity. Moreover, according to the analysis of 
hypernuclear levels in finite nuclei, it is found that when the ratios are taken unequal 
the maximum likely value is Xu < 0.719 [22]. It is not clear how strong this last 
constraint is, because it applies to the non-linear field theory [5] whose results would 
carryover only approximately to, the present one. In any case, for such relatively 
simple theories of matter, perhaps one should not insist that when the interest is 
focused on bulk matter, the properties of finite nuclei are compelling constraints. 
The main point is that for a range of hyperon couplings that are compatible with 
the binding of the Lambda hyperon in nuclear matter, the corresponding families of 
neutron stars have limiting masses which exceed the presently observed lower bound 
on it. This is true also when the coupling is constrained by the analysis of hypernuclear 
levels, provided the analysis does not constrain Xu to be equal to Xw. 

We have assumed that other hyperons in the lowest octet have the same coupling 
as the Lambda, and also we have arbitrarily taken Xp = Xu. This choice produces 
results very close to another possible one, Xp = Xw. 

As a final point on this subject, the limiting neutron star mass (and those below 
it) are much more sensitive to the value of Xw than Xu. For example the limiting mass 
for the entry of the table, Xu = 0.8, Xw = 1.0, differs from the choice Xu = Xw = 1 by 
only 5 percent. Thus for example, any choice of Xw > 0.8 is compatible with neutron 
star masses and the Lambda binding in nuclear matter. 
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Table 2: Values of the hyperon to nucleon scalar, and vector coupling that are com
patible with the binding of -28 MeV for lambda hyperons in nuclear matter and the 
corresponding maximum neutron star mass. 

Xq Xw l\/fM0 

.3 .262 1.08 

.4 .415 1.13 

.5 .566 1.23 

.6 .714 1.36 

.7 .859 1.51 

.8 1.00 1.66 

.9 1.14 1.79 
1. 1.27 1.88 

3.3 Mass-Radius Relation, Kepler Frequency, Moment of 
Inertia 

The mass-radius relation is an important one because it can be used to estimate 
how rapidly the stars in the family belonging to a given equation of state can rotate 
without shedding mass at the equator. Such relations for the three cases of Fig. 8 
are shown in Fig. 9. The curves marked in milliseconds are such that stars falling 
below a given curve can rotate without mass loss to at least the period marked on the 
curve. These periods correspond to the relativistic Kepler frequency of the limiting 
mass star in the sequence belonging to an equation of state, andean be approximated 
[31,32] by 

[M 5 nc = V Ji3 = 3.7 x 10 
M/A10 -1 

(R/kmp s , (28) 

where nc is the Newtonian Kepler frequency at which centrifuge and gravity balance. 
The factor, 0.65, is empirical, approximate, and is particular to typicallimiting..;mass 
neutron star models, and has its origin in the general relativistic dragging of the local 
inertial fram~ [33], the centrifulgal effects being determined by the difference in the 
angular velocity of the star and the angular velocity of the local inertial frames [34]. 
We see from the figure that some stars in all these families can rotate at 1.5 ms but 
none at 0.5 ms so far as the limitation of mass loss at the equator is concerned. 

We have also carried out a general relativistic calculation of the Kepler frequency 
using the Hartle-Thorne perturbative method of solving the equations for rotating 
stellar structure [35, 34]. When this method is supplemented by a self-consistency 
condition on the frequency that was first introduced into the method in ref. [36], the 
perturbative method is found to be in accord with an exact numerical calculation of 
Einstein's equations, as shown in ref. [33], up to the highest frequency that neutron 
stars, limited by gravity wave instabilities, can have [37]. 
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The ingredient missing from earlier applications of Hartle's method is the tran
scendental equation for the general relativistic Kepler" frequency. It is given by [38] 

(29) 

/I' W' 2 

1/;' + (21/;' e1/J-
V

) • 
(30) 

Equations (29) and (30) are to be evaluated at the star's equator. The quantity V 
denotes the orbital velocity measured by an observer with zero angular momentum 
in the </I-direction. Primes refer to derivatives with respect to the radial coordinate. 
The quantity w denotes the frequency of the local inertial frame (dragging effect). An 
essential feature is that V and w (like the metric functions /I and 1/;) depend on OK. 
Therefore to find the Kepler frequency, a self-consistent solution of Hartle's equations 
that satisfies the above transcendental relation for OK must be constructed. Details 
of how this can be done are given in ref. [36]. 

We show the relativistic Kepler frequency for the sequence of stars belonging to 

x = )2/3 in Fig. 10 and compare it with the classical result, Oc of eq. (28)." The 
relativistic frequency is lower than the classical one because of the phenomenon in 
general relativity known as dragging of the local inertial frame by the rotation of the 
star. While unimportant in most stars, it becomes significant in rapidly rotating neu
tron stars. The centrifugal effects are given by the excess of the rotational frequency 
of the star over the (radially dependent) frame dragging frequency. Also shown in the 
figure is the case discussed in the next section in which the core of the star is in the 
mixed phase of hadronic and quark matter. This figure also shows how the limiting 
mass of a sequence belonging to a particular equation of st'ate is increased by rotation 
at the Kepler frequency, from 1.5M0 to 1.7 Af0, in the case of the star at the limit. 

It is relevant to note that the shortest period so far observed is 1.6 ms for 
PSR1937+21, discovered in 1982 [39]. It is clear that this period poses no constraint 
on the theory of matter when the shortest period is estimated as the Kepler (mass 
shedding) period. \Ve will later discuss gravitational radiation instabilities that limit 
the shortness of the period of rotation even more severely than mass shedding. 

The moment of inertia in general relativity is given by, 

1- 871' fR dr r4 (f(r) + per)) e-~(r)O - w(r) 
- 3 Jo )1 - 2m(r)/r 0' 

(31) 

where w(r) is the angular velocity of the local inertial frame (frame dragging), and 
for slow rotation is much smaller than the stars angular velocity, n. We therefore 
neglect it in the calculation of I. The function <I> ( r) is related to the metric function 
900 = e2~ and is the solution of, 

with boundary condition, 

d<I> 
dr 

mer) + 47rr3p(r) 
r(r - 2m(r)) , 

( 2M) 2<I>(R) = In 1 - If ' 
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(32) 

(33) 



where M, R are the star's mass and radius. For the three couplings of hyperons of 
Fig. 8 we show the moment of inertia in Fig. 11. Little is known about the moments 
of inertia of neutron stars. However, assuming as is likely, that the energy required 
to power the crab nebula, about 4 x 1038 erg S-1, is provided by the loss of rotational 
energy by the pulsar, its moment of inertia is at least 40M0 km2 [40]. This can be 
accounted for by all of the couplings shown in this figure. 

There is a constraint relating the mass and surface redshift as determined from 
gamma-ray bursters. It is at present a very weak constraint because the redshift is 
not measured for any neutron star whose mass is also known. All we know is that 
the surface redshifts seem to lie in the range z _ ~)../).. = 0.2 - 0.5 [41] while masses 
seem to lie in the range Nf / M0 = 1-1.85 with an error of ±0.3 at both ends [24]. In 
any case, eventually a redshift for a star whose mass is also known may be measured, 
so we show in Fig. 12 the surface redshift 

(34) 

as a function of mass. 

4 Hybrid Quark-Neutron Star 

Many authors have discussed the possibility that the dense interior of neutron stars 
may be converted to quark matter [42, 43]. If so, it must be strange quark matter, 
since 3-flavor quark matter has lower energy than 2-flavor and just as in the discussion 
of the hyperon content of neutron stars, strangeness is not conserved on macroscopic 
time scales. Such stars we call hybrids. Many of the earlier discussions [42] have 
treated the neutron star as pure in neutron, and the quark phase as consisting of 
the equivalent number of u and d quarks. As seen above, pure neutron matter is 
not the ground state of the star, nor is a mixture of nd = 2nu the ground state 
of quark matter. In fact it is a highly excited state, and will quickly weak decay 
to an approximately equal mixture of u,d,s quarks. Several others have included the 
presence of many baryons in equilibrium in the confined phase but have approximated 
the mixed phase as two components which are separately charge neutral [43]. Both 
of these approximations have hidden an interesting aspect of the discussion of hybrid 
stars, which we briefly outline here and which is treated fully elsewhere[44]. First we 
discuss the case of a star made from purely neutron matter so as to contrast it with 
one made from beta stahle neutral matter. Since charge neutrality is automatically 
satisfied by pure neutron matter, it is characterized by a single chemical potential, 
that for the neutrons. The Gibbs phase equilibrium point can then be expressed as 
the solution for I-l of, 

(35) I 

where the subscript H, Q denotes hadronic confined and quark phases respectively 
and {</>} denotes the field variables and Fermi momenta that characterize a solution 
to the equations of confined hadronic matter exclusive of the chemical potential. 
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(Analogous variables' in principle would characterize the other phase. However we 
shall use the bag model to describe the quark phase. In this case the state of this 
phase is characterized by the chemical potential(s) and temperature.) The baryon 
densities, PH,PQ, and the energy densities, tIl,E-Q, in the two phases at the solution, 
Jl, of the above equation (phase equilibrium) are different since they are different 
functions of Jl, and the proportion of the two components varies between PH and 
PQ. The pressure and chemical potential are equal in the two phases in equilibrium 
and remain consta,nt between these two densities, as expressed in the above equation, 
which is a characteristic feature of phase equilibrium in a system for which there is a 
single chemical potential. This is the usual text book example of phase equilibrium 
[45]. In the absence of gravity, the two phases will occupy separate but intermixed 
regions. The size and shape of the regions (spheres, rods, slabs. .. ) is determined by 
the surface and Coulomb energies and the geometry will vary as the concentrations. 
The constancy of the pressure in the mixed phase in this simple first order phase 
transition would have a particular consequence in a st.ar if it were an appropriate 
description of the t.ransition. The mixed phase could not exist in a star since the 
star's pressure is a monotonic decreasing function from the inside out, eq. (24). That 
is to say, the mixed phase at one density cannot support against gravity, the mixed 
phase at a higher density when the pressure is the same at both densities. The denser 
component sinks (just as in a pot of hot water in equilibrium with the vapor, under the 
influence of the earth's gravitational field). The mixed phase would be squeezed o~t 
by gravity! Consequently the density profile of the star would suffer a discontinuity, 
falling from pQ to PH at the radius in the star where the pressure attains the value 
of the phase equilibrium pressure, just as in the analogy with the pot of water in the 
earth's gravitational field. However this is purely an artifact of the treatment of the 
phase transition as if it were characterized by a single chemical potential (for baryon 
number). 

We now contrast this with the case of the phase transition between confined 
hadronic matter and quark matter both in beta equilibrium and with the two conser
vation laws for baryon and electric charges properly taken into account. The confined 
hadronic matter is described above, and the deconfined quark matter phase by the 
bag model described below. 

When the body that undergoes a first order phase transition has two or more con
served charges (additive attributes of the constituents) then, as developed previously 
[44] phase equilibrium is no longer a point in the pressure chemical-potential plane. 
This is because the Gibbs condition written earlier with one chemical potential, eq. 
(35), does not by itself provide a unique solution when there are two (or more) chem
ical potentials in it. The Gibbs equation appropriate to a first order phase transition 
in a neutron star in beta equilibrium (or any other body containing more than two 
conserved charges) is 

(36) 

This equation describes a curve, not a point in the three dimensional space of p, Jln, Jle 
when supplemented by the conservation condition on charge. When the phases are in 
equilibrium the body consists partly of one phase and partly the other. Let X lying 
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in the range (0,1) parameterize the proportion of total volume occupied by the quark 
phase. Charge neutrality in this mixed phase is enforced by 

(37) 

which can be thought of as defining /-le as a particular function, /-le = f(/-ln, X, {4>}' T) 
of /-In. When /-le is determined by this equation then the curve that eqs. (36) describes 
is the phase equilibrium curve along which the density (controlled by /-In) and pressure 
(a function of /-In and /-le) vary while the charge remains zero. Note however that eq. 
(37) couples the hadronic and quark phases for X lying between the extremes of its 
range, so that the equations of motion of both phases must be solved simultaneously 
with eq. (36) and (37) in the mixed phase. Therefore the solution, meaning the field 
variables, chemical potentials, pressure and -densities, vary as the concentration! This 
is unlike phase transitions with only one conserved quantity (eg. H20 in the gas-liquid 
transition), where the pressure, chemical potentials, and densities of both phases in 
equilibrium remain constant until the entire body converts from one phase to the 
other. The energy density and baryon density in the mixed phase are the same linear 
combinations of the two phases as the charge, 

£ = (1- X)EH({4>},/-ln,/-le,T) + XEQ(Pn,Pe,T) 

p = (1- X)PH({4>}, pn,/-le, T) + XPQ(Pn,lle,T). 

(38) 
(39) 

but because of eq. (37), /le depends on X so that the energy and density are not linear 
functions of the concentration as in a simple substance. Phase equilibrium requires 
that only the pressure, chemical potentials and temperature are the same in the two 
phases in contact. Therefore the characteristic discontinuity in density across the 
interface of the two phases in equilibrium exists 

( 40) 

but, in the general. case, it too varies as the concentration, whereas in a simple 
substance it remains a constant. In complex substances, ones with more than one 
conserved charge, the discontinuity tends to be small because the density of each 
phase in equilibrium varies as the concentration so that the discontinuity does not 
amount to the difference in densities at the extremes of the mixed phase, as in the 
case of a simple substance [44]. For this reason, although the mixed phase will 
undoubtedly develop geometrical structure, just as is expected of the sub-nuclear 
liquid-vapor transition [46, 47], the energy associated with it is likely to be sm'all in 
comparison with the volume energy [44]. Therefore we do not enter into a discussion 
of it here, since it cannot much effect the global properties on which we concentrate. 
Parenthetically we remark that the geometrical structure of the mixed phase may be 
very important for transport phenonena. 

It remains to define what we take to be the descript.ion of quark matter. We follow 
Farhi and Jaffe [48] who find for the thermodynamic potential of massive quarks to 
O( Qc), renormalized at the scale P to be, 

Of = If { _/2 2( 2 5 2) 3 4'1 [llf+JIlJ-mJ] 
- 247r2 Pfy /-If - mf Pf - 2mf + 2mf n mf 

14 

." 



2a [ ( [J1f + VJl} - m}])2 ( )2 
1[" c 3 IlfV J1} -m} - m} In Jif - 2 J1} - m} 

4 2 mf -3m f ln - + 
J1f 

( P)( [Jif+VJ1}-mJ])]} 61n J1f IlfVJ1}-m}m}-mjln mf ' (41) 

where Jif, mf denote the chemical potentia.! and mass of the quark flavor j, (J = 
u, d, s, c) and If = 2 X 3color is the degeneracy. (A sign has been corrected in the above 
expression for n f.) The renormalization scale, p should be typical of the chemical 
potentials of the problem and we set p = 300 MeV. vVe also take the u,d quark 
masses to be zero and the s quark mass to be 150 MeV. (Even in the most massive 
compact stars, the chemical potential does not approach the charmed quark mass at 
1500 MeV.) The thermodynamic potentials for the electron (0.511 MeV) and muon 
(106 MeV) are given also by the above expression with the omission of the a c terms, 
and the replacement of the degeneracy factor , If by that of the leptons IA = 2. The 
quark number densities, baryon number density, charge density, energy density and 
pressure are given by, 

ni = -aD..;jfJ/l i 
1 

p = - :L ni 
3 u.,d,s,c 

qQ = L niqi 

E = B, + :L(ni + Pini) 
, 

( 42) 

( 43) 

( 44) 

( 45) 

( 46) 

where the sums, i, extend of all three quarks and the two leptons. The difference in 
the vacuum energy of confined and deconfincd phases is denoted by Band qi denotes 
the electric charge on the particle type i = u, d, s, c, e-, Il-. Because of the long time
scale, strangeness is not conserved in the st.ar so that the quark chemical potentials 
can be expressed in terms of the'two conserved charges, baryonic and electric, 

(47) 

Therefore at specified baryon number density and total charge density 

(48) 

of the pure quark matter phase the two independent chemical potentials, J1n, J1e can 
be determined and then the equation of state. 

The mixed phase involves, as discussed above, the simultaneous solution of the 
coupled system. For the confined hadronic phase we must solve eqs. (5-12) except 
that eqs. (8) and (12) are replaced by eqs. (36) and (37). The solution defines the 
field variables, Fermi momenta of the baryons and leptons and the two independent 
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chemical potentials, the latter being sufficient in this model of quark matter to specify 
its state. This has to be done for a number of different concentrations x. 

We do not carry out an exhaustive exploration of the parameters of the bag model 
but fix B 1 / 4 = 180 MeV and etc = 0.2 since this choice places the equilibrium energy 
per baryon of strange quark matter at E / A = 11 00 MeV, well above the energy 
per nucleon in Fe56 . (Two-flavor quark matter is at E/A = 1200 MeV.) The lower 
density end of the mixed phase of confined hadronic matter and deconfined strange 
quark matter is at 0.334 fm- 3

, about twice normal nuclear density. The mixed phase 
ends and the pure strange quark phase begins at 1.54 fm-3 , a much higher value than 
obtains in the approximation that the confined phase consists of pure neutron matter 
(where there is a single conservation law, that for baryon number) [44]. The above 
results for the phase transition refer to the choice of universal coupling in the confined 
hadronic phase. (According to the dis~ussion is subsection 3.2 the star properties are 
dominated insofar as the couplings are concerned by the w-meson and so this choice 
is consistent with the Lambda binding of the sixth entry in Table 2.) 

In contrast to the familiar phase transition like a liquid-gas transition, in which the 
pressure remains a constant for all concentrations of the two phases in equilibrium, 
we see here a different behavior. When there are two (or more) conserved quantities 
in a system that undergoes a phase transition, such as the confined-deconfined phase 
transition in a star, then the mixed phase occurs for a range of values of the neutron 
chemical potential, and the pressure and electron chemical potential vary continuously 
through the mixed phase, both as a function of pn and as a function of baryon density. 
Fig. 13 shows the variation of these quantities. The pure confined and deconfined 
phases lie at densities below and above the vertical lines, respectively, and the mixed 
phase of these two components lies between. The family of hybrid stars is shown 
in Fig. 14. Those below-the point marked 'm' are pure neutron stars, and those 
above have cores that a~e in the mixed phase with mantles that are in the confined 
phase. The pure quark phase occurs in the inner cores of stars that lie above the 
point marked 'm", but these stars have central densities beyond the maximum mass 
star and so are unstable [19]. The baryon mass, the mass of the equivalent number of 
neutrons dispersed to infinity, lies above the gravitational mass for the entire family. 
The difference is the binding energy of the star. The hadronic and quark composition 
of the star at the mass limit is shown in Fig. 15. The entire core of the star out to 
7.6 km is in the mixed phase. The central density does not approach that required 
for a complete conversion to quark matter. The outer mantle of the star from 7.6 
km to 10.2 km is in the pure confined phase. Of the total baryon number of the 
maximum mass hybrid star, 57 % are neutrons, 16 % protons, 5 % hyperons and 22 
% quarks. The net charge on the baryons is positive, as would be expected due to 
the isospin symetric nuclear force, and on the quarks it is negative. The very small 
lepton number completes the charge neutrality of the star. 

The lepton populations in the hybrid star of Fig. 1.5 are even more severely reduced 
compared to a star for which the phase transition has not occured, as in Fig. 6. The 
transport properties estimated for neutron stars treated as containing only neutrons, 
protons and electrons, as in Fig. 7, must be quite different than those properties in 
stars in which full beta equilibrium is taken into account, and in which perhaps, as in 
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this example, the mixed two-component phase of confined and quark matter occupies 
the core of the star. 

If strange quark matter is the absolute ground state, then of course the structure 
of compact stars is quite different in the case that the central density lies above the 
lower threshold of the mixed phase. Such stars would convert entirely to strange 
stars. (See ref. [49] for more discussion and references.) 

5 Gravitational Radiation-Reaction Instability 

The Kepler frequency, above which centrifuge overwhelms gravity at the equator of a 
rotating star, provides only an absolute upper bound on frequency. There is another 
instability that sets in at lower frequency which therefore provides a more stringent 
and realistic limit [50]. It originates in counter-rotating surface vibrational modes, 
which at sufficiently high rotational frequency of the star are dragged forward. In this 
case, gravitational radiation which inevitably must accompany the aspherical trans
port of matter, does not damp the modes, but rather drives them [51, 52]. Viscosity 
plays the important role of damping such gravitational-wave driven instabilities at a 
sufficiently reduced frequency such that the viscous damping rate and power in grav
ity waves are comparable [53]. We have found recently that these viscosity modified 
GR instabilities may set in at a significantly small fraction (60-70%) of the Kepler 
frequency and therefore set a more realistic upper bound than the latter [36, 37]. 

Of course the normal modes of a star corresponding to a specific equation of 
state are numerical1y'very difficult to obtain, and approximation schemes based on 
Maclaurin spheroids have been developed. The modes are taken to have the depen
dence exp[iwm(O)t + i171,¢> - t/Tm(O)] where Wm is the frequency of the 171, = 1 surface 
mode which depends also on the angular velocity, 0 of the star, ¢> is the azimuthal 
angle and Tm is the time scale for the mode which determines its growth or damping. 
The rotation frequency 0 at which it changes sign is the critical frequency for the 
particular mode, Tn. It is conveniently expressed as the frequency, Om, that solves 
[50], 

( 49) 

In this equation, the frequency of the vibrational mode in a non-rotating star is given 
by [54] 

( ) 
_ 0 2m(m - 1) _ 

Wm 0 - He ? + 1 ' 
~7n 

(50) 

where Oe was given in eq. (28). The time scale for gravitational radiation reaction is 
[55] 

_ ~ (m -1)[(2171, + 1)!!]2 ( 2m + 1 )m 0-2(m+l)R-(2m+l) (51) 
TG,m- 3 (171,+1)(171,+2) 2171,(171,-1) e - , 
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and that for viscous damping is [56] 

R2 p 
TVm = -, 

, (2m+l)(m-1)7] 
(52) 

where p = M/(~7rR3). The shear viscosity is denoted by 7] and depends on the 
temperature of the star, being small in very hot and therefore young stars and larger 
in cold stars. The functions am and 1m contain information about the pulsation of 
the rotating star models and are difficult to determine [50, 57]. However it turns out 
that they are rather weakly dependent on the equation of state, and are close to unity 
and have sometimes been approximated as such. Here we take am(nm) and Im(nm) 
as calculated in ref. [58, 59] (for the oscillations of rapidly rotating inhomogeneous 
Newtonian stellar models; polytropic index n=l) and ref. [50] (for uniform-density 
Maclaurin spheroids, i.e. n=O), respectively. In the above approximation scheme, 
the properties of the particular model star enter through its mass and radius which 
occur in the above equations, not on other details of the equation of state except 
insofar as it determines these quantities. Indeed, in a study of poly tropes, it has 
been confirmed that nm depends much more strongly on the radius and mass of the 
neutron star model (through nc , TV,m and TG,m) than on the polytropic index assumed 
in calculating am [60]. 

To relate the temperature and viscosity of a star we adopt the expression [61, 57], 

(53) 

where p is the density in g/ cm3 , T is temperature in Kelvin and 7] is the shear viscosity 
in g/(cm s). Bulk viscosity has a different temperature dependence [62] and may be 
important at high temperature before it falls below T "" 1011 K in a newly born star. 
If so, then the minimum stable period of a hot star could be less than our estimate. 

In Fig. 16 is shown the minimum stable period that the family of neutron stars 
corresponding to hyperon coupling x = )2/3 can have in the face of viscosity mod
erated gravitation-reaction instabilities. It is a very strong function of the mass and 
radius of the star. The minimum stable period of a hot star establishes the limit of 
the star during its life time so long as it is isolated and remains so. (The presence of 
a binary companion is easily detected in the frequency modulation of the pulses of a 
pulsar.) For the limiting mass star the minimum period is about 1 ms. It is a strong 
function of the mass of the star, through the dependence on radius. For comparison, 
from Fig. 10, the Kepler period of the limiting mass star is P "" 0.63 ms (and similarly 
for the hybrid star). So the gravity wave instabilities set a much more stringent limit 
on stable rotation than the mass shedding limit for stars whose history has left them 
isolated from a companion. The T = 106 K curve of Fig. 16 is relevant to old cold 
stars that have acquired a companion, and spin up by accretion. In this case the 
GR instability is closer to the Kepler mass-shedding instability. The corresponding 
results for the hybrid star family {1re nearly identical for the same range of viscosity 
used so we do not show them. Of course the relationship to the temperature through 
eq. (53) is not necessarily valid. The conclusion is the same: the minimum stable 
rotational period is about 1 ms and is a strong function of the mass of the star. 
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6 Summary 

We have computed a number of neutron star properties corresponding to the deriva
tive coupling Lagrangian involving the exchange of scalar, vector and vector-isovector 
mesons, which describes quite accurately the five bulk properties of symmetric nuclear 
matter in the mean field approximation. For the description of charge-neutral equi
librium matter (neutron star matter) we include all baryon states to convergence at 
the highest densities appearing in the corresponding neutron star models. These turn 
out to be nucleons and hyperons, but not deltas. Several different hyperon couplings 
were employed. The dependence is similar to that found in [11, 7, 9], namely, the 
smaller the hyperon to nucleon coupling, the more strongly the hyperons contribute. 
This seemingly inverted behavior actually is a logical consequence of the fact that the 
high density equation of state is dominated by the repulsion of the vector mesons. 
Hyperon couplings compatible with bounds placed by observed neutron star masses 
and by the binding of the Lambda hyperon in saturated nuclear matter are found. It 
is clear that the mass limit computed for neutron stars is sensitive to the presence of 
hyperons with coupling so chosen to agree with the empirical binding of the Lambda, 
and it is substantially below the value that would be obtained with their neglect. 

The possible conversion of the core of the more massive members of the family of 
neutron stars to quark matter was considered. We emphasized the fact that for a star 
in beta equilibrium, two conservation laws (for electric charge and baryon number) 
should be enforced in determining the transition from confined to deconfined phases. 
This has the consequence that the pressure varies continuously for all admixtures of 
the two components throughout the mixed phase, and is not constant as in the well 
known liquid-gas transition, where there is only one conserved quantity, the number 
of H20 molecules. Therefore if the phase transition conditions are achieved in a 
star, because of the pressure gradient in the mixed phase, the two components are 
not separated by gravity. In our example, even in the star at the mass limit, total 
conversion to the quark phase does not take place. However the mixed phase extends 
throughout most of the star. 

We also computed the minimum rotational period imposed by gravitational radi
ation reaction instabilities, which is appreciably larger than the Kepler period, and 
therefore sets the minimum rotational period of neutron star models. According to 
our finding here and earlier [36, 37] the gravitational wave instability effectively limits 
the period of neutron stars to P > 1 ms unless, as cold stars, they have been spun 
up by accretion. Then the period can be slightly smaller. The period of the fastest 
pulsar known so far [39] with P = 1.56 ms is easily accommodated by the theory of 
dense matter discussed here whether or not a phase transition to quark matter has 
occurred. 
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ical potentials that solve eqs. (5-12) in 
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coupled with x = )2/3. The Fermi 
momenta that constitute the rest of 
the solution are represented by the 
populations in Fig. 2. 
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Figure 5: Star families for the three 
cases of Fig. 4. Density of normal nu
cleaT matter is denoted by EO. 
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