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Abstract

The energy loss dE/dz for a heavy lepton propagating through a high
temperature Q D plasma is calculated to leading order in the QE D cou-
pling constant. The screening effects of the plasma are computed consis-
tently using a resummation of perturbation theory in the small momentum
transfer region. At large momentum transfer, recoil effects are properly
taken into account. Our complete leading order calculation differs signif-

icantly from previous calculations.
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I. Introduction -

One promising signature for the formation of a quark-gluon plasma in relativistic
heavy-ion collisions is a change in the characteristics of the jéts emitted in the colli-
sion. For example, the energy loss dE/dz for a jet propagating through a quark-gluon
plasma could be rather different from one propagating through hadronic matter.!?
The asymptotic freedom of QCD suggests that for a quark-gluon plasma at suffi-'
ciently high temperature T, the energy loss dE/dz should be computable using per-
turbation theory in the running coupling constant g;(7"). Unfortunately d£/dz can
not be computed by straightforwardly evaluating the lowest order tree level Feynman
diagrams for scattering off of thermal quarks and gluons in the plasma, because of
infrared divergences due to the long-range interactions mediated by the gluon. These
long-range interactions are screened in the plasma and in order to compute dFE/dz
to leading order in g,, it is necessary to resum the thermal loop corrections which

provide the screening.

It is an open question whether a perturbative calculation can provide a quanti-
tative prediction for dE/dz at the temperatures achievable in heavy ion collisions,
which will not be much higher than the deconfinement transition temperature. There
is reason for optimism, because perturbative predictions of static properties of the
quark—gluon plasma are in reasonable accord with lattice gauge theory calculations,
even at temperatures rather close to the phase transition.® Regardless of the answer,
perturbation theory is valuable as a qualitative guide to the behavior of the plasma.
While lattice gauge theory allows systematic calculations of the static properties of
the plasma, it is completely impractical for measuring dynamical properties such as
dE/dz. 1f supplemented by appropriate resummation techniques, perturbation the-
ory can be used to systematically calculate dynamical as well as static properties at

high temperature.

The first perturbative estimate of dE/dz in a quark—gluon plasma was made by
Bjorken.! A high energy quark or gluon loses energy by scatteriﬁg off of thermal quarks
and gluons in the plasma. In the tree level calculation of dE/dz, gluon exchange
diagrams give rise to logarithmically infrared divergent integrals over the momentum
transfer ¢ of the gluon. Bjorken estimated dE/dz by keeping only the logarithmically
divergent integral over g-and imposing physically reasonable upper and lower limits

Imaz and @m;n. Although Bjorken only discussed dE/dz for light quarks and gluons,



the corresponding estimate for a heavy quark with velocity v in the high temperature

dE 87 212 1 1—v? 14w 9maz
= ~ T [- — l —1 1 1
dz 3 (1 5 6 ) % lv w2 T Ongm ’ @

where o, = g%?/4n and n; is the number of light quark flavors. In the case of a

limit is

light quark with v = 1, Bjorken’s estimates for the upper and lower limits were
Gmaz = VAT E, where E is the energy of the quark, and ¢nin = M, where M is some
constant energy scale on the order of 0.5 — 1.0GeV.

A complete calculation of dE/dz to leading order in g, should eliminate the am-
biguities due to the choices of gmin and ¢mq, in the approximation (1), with the upper
and lower cutoffs on the logarithmic integral being provided automatically by the
physics. A complete calculation is essential to make (1) into a quantitative estimate
of dF /»d:c. While the dependence of ¢nqz and gmi, on the variables ¢g,, T, E, and v,
could be determined by simple physical reasoning, it is certainly not trivial and indeed
previous estimates have been in error. Furthermore the neglect in (1) of leading order
contributions other than those multiplied by the l0g(¢maz/gmin) is only valid to the
extent that they are made small by suitable choices of the .multiplicative constants in
Gmin a0d @maz- These constants can only be determined by a complete calculation of

dE/dz to leading order in g;.

A significant step in this direction was recently made by Thoma and Gyulassy,*
who calculated dE/dz for a heavy quark using plasma physics techniques. They
correctly included the plasma effects that screen the infrared divergences due to the
long range Coulomb and magnetic interactions, and thus obtained a result that was
free of the ambiguity associated with the choice of the lower limit g, in (1). However
their result still suffered from an ambiguity associated with the choice of upper limit
Gmaz in (1). Furthermore their calculation did not allow for recoil of the scattered
thermal quark or gluon, which becomes important when the momentum transfer ¢
becomes hard. Thus while it was a complete and correct calculation of the soft ¢
contribution to dF/dz, the calculation of Thoma and Gyulassy did not treat the

hard momentum transfer contribution correctly.

The resummation methods required to calculate dE/dz to leading order in g, have
only recently been developed. Their development was stimulated by the ‘plasmon
problem’, that one-loop calculations of the gluon damping rate give gauge-dependent

answers. Braaten and Pisarski® resolved the problem by showing that thermal correc-
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tions from higher loop diagrams contribute to the damping rate at leading order in g,
and must be resummed. They developed a method for carrying out the resummation,
proved that the result was gauge invariant®, and computed the damping rate explicitly
to leading order in g,.® The resummation method was based on a distinction between
‘hard’ momenta of order 7" and ‘soft’ momenta of order g,T. If a tree amplitude has
soft external momenta of order ¢g,T', the one loop thermal corrections proportional to
T? contribute at the same order in g, as the tree amplitude. It is these corrections
that must be resummed. They are called ‘hard thermal loops’, because they arise
from integration regions where the loop momentum is hard. The resummation of
the geometx;ic series of hard thermal loop corrections to a propagator results in an
effective propagator for soft particles. Braaten and Pisarski® developed a resummed
perturbation expansion in which effective propagators are used for soft particles and
tree level propagators are used for hard particles. If all lines entering a vertex are
soft, then it is replaced by an effective vertex which includes a hard thermal loop
correction.

:T:he effective propagator for soft gluons was calculated long ago by Klimov and
Weldon.”® It screens the static Coulomb interaction, thus eliminating infrared diver-
gences due to the long range Coulomb force. The inverse of the electric screening
length is /1 +ny/6 g, T. The purely static magnetic interaction is not screened,
but there is screening at nonzero frequencies.® The inverse of the magnetic screening
length béhaves like w!/® as the frequency w goes to zero. The approach to zero is
sufficiently slow that the dynamical screening cuts off the infrared divergence due to
the long range magnetic interaction if the divergence is only logarithmic, as is the

case for transport coefficients.® Thoma and Gyulassy showed that it is also true for

dE/dz A

A new method for computing the effects of screening in a hot gauge theory has
recently been developed by Braaten and Yuan.'® It is applicable to any quantity for
which the dynamical screening of the magnetic interaction cuts off the static magnetic
divergence at the scale ¢g,T, and therefore can be applied to dE/dz. An arbitrary mo-
mentum scale ¢* is introduced to separate the hard and soft regions of the momentum
transfer g. The contribution from hard momentum transfer ¢ > ¢* is computed using
a tree level propagator for the exchanged gluon, while the contribution from the soft
region ¢ < ¢* is computed using an effective gluon propagator. The dependence on

the arbitrary scale ¢* cancels upon adding the hard and soft contributions to get the
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complete result to leading order in g;.

In this paper we apply the method of Braaten and Yuan'® to compute to leading
order in the QED coupling constant e the energy loss dE/dz for a heavy lepton
propagating through a hot QFD plasma of electrons, positrons, and photons. We
focus on hot QED instead of hot QCD because it is simpler and the main purpose
of the paper is to expose the calculational methods required to compute dE/dz.
The calculation of the energy loss for a heavy quark propagating through a hot
quark—gluon plasma is a straightforward extension of the Q ED calculation. It will be
presented elsewhere together with the phenomenological implications for heavy ion

collisions.!!

The outline of the paper is as follows. In Section II, the energy loss dE/dx is
defined in terms of field theoretical quantities which can be expressed perturbatively
as sums of Feynman diagrams. In Section III, the contribution to dE/dz from the
exchange of photons with hard momentum transfer ¢ is calculated. A lower limit ¢*
on the momentum transfer is used to cutoff the infrared divergences. In Section IV,
the soft ¢ contribution to dE/dz is computed using the imaginary time formalism
of thermal field theory. An effective photon propagator provides the screening that
cuts off the infrared divergences at the scale eI'. In Section V, an alternative method
for calculating the soft contribution without using the imaginary time formalism is
presented. In Section VI, the hard and soft contributions are added to give the
complete result for dE/dz to leading order in e. The additional calculations required

to extend this result to the QCD plasma are described.

II. Field Theoretic Definition of dE/dx

Our first task is to express the energy loss dE/dz of a heavy fermion in terms of
field theoretic quantities. The calculation of dE/dz then reduces to analyzing and
evaluating Feynman diagrams. We will present two formulas for dE/dz. The first
formula expresses dE/dz in terms of a weighted integral of the differential interaction
rate. It is used in Section III to compute the hard contribution to dE/dz. The
second formula expresses dE/dz in terms of the imaginary part of the self energy of
the heavy fermion, which is a quantity that can be computed using the imaginary

time formalism. This formula is used in Section IV to compute the soft contribution



to dE/dz.

We consider a high energy muon of mass M, and momentum § propagating
through a plasma of electrons, positroné, and photons in thermal equilibrium at a
temperature 7. The muon has energy E and velocity ¥ = p/E. We assume that
m, << eT and set the electron mass m. to zero. We also eissume that T' << M, p
~ and work to leading order in'T/ M, and T'/p. The muon loses energy by scattering off
of thermal electrons, positrons, and pliotons. The interaction rate I'(F) for the muon
can be expressed in terms of Feynman diagrams in the standard way. For example
the contribution to I'(E) from the process e u — ey is "

1 [ &y &h &EF ,
CNE) = 55 (zf)szE"/ (27;)3%’”(’“)/ O ”F'(’”))

(m)'84 (P + K — P'— K')3 3 IMP, @
: : spins
where P = (E,p) and K = (k,k) are the 4-momenta of the incoming muon and
electron, breépectively, while P’ and K’ are the momenta of the cutgoing muon and:
electron. The phase space is Weighted by a Fermi distribution np(k) = (ek/T + 1)1
for the incoming electron and a Pauli-blocking factor 1 — np(k') for the outgoing
electron. The matrix element M is given by a sum of Feynman diagrams, beginning
with the tree level diagram in Figure 1. The square of M is summed over the spins of

the electrons and the outgoing muon and averaged over the spin of the initial muon.

The average time between muon interactions is 1/I'; so the average distance trav-
elled by the muon between interactions is Az = v/I", where v is the velocity of the

muon. The average energy lost by the muon per interaction is

1 foo dr
AE = 5 [ dB(E-FB)—. |
" T u, E(E - E)em - (3)
The integral extends over all final state muon energies E’, because there is a small
probability that the muon will gain energy in the collision. The rate of energy loss

dE/dz per distance travelled is the ratio of AE to Az:

dE 1 o . dl
dx Z/Muf.lE (E=E) I - ()

For example, the contribution to dE/dz from the process ™y — e~y is given by (2)
with (E — E')/v inserted in the integrand. V
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The factor of E — E’ in (4) is essential in making dE/dz calculable with presently
available methods for resumming perturbation theory. If the interaction rate I' is
calculated using the tree level scattering diagram in Figure 1, it has a quadratic
infrared divergence. The extra factor of F— E’ makes the infrared divergence in dE/dz
only logarithmic. The use of an effective propagator for the exchanged photon softens
the divergences, so that [ is only logarithmically divergent!? while dE/dz becomes
infrared finite.* Thus for dE/dz, infrared divergences are screened by plasma effects
at the scale eT', and the resummation of hard thermal loops is sufficient to calculate it
to leading order in e. For T’ screening also involves the smaller energy scale 27", and

its calculation to leading order in e requires more elaborate resummation methods.!3

The energy loss can also be expressed in terms of the muon self energy ¥(P).
As shown by Weldon!*, the interaction rate averaged over the two spin states of the

muon is
1 1

where u(P,s) is the spinor for a muon with 4-momentum P = (E,p) and spin s.

Representing the sum over the spin s by a Dirac trace, the interaction rate becomes

I'(E) = —-é—lE—(l —np(E)) tr ((P v+ M )ImE(E + ie,ﬁ)) . (6)
The imaginary part of £(P) can be expressed as a sum of integrals over phase space
weighted by statistical distributions.'* The integrands are squares of amplitudes for
processes of the form Xy — X'y, where X and X' are initial and final states contain-
ing one or more electrons, positrons, or photons. For each such term, the energy of
the final state muon E’ can be identified, and dE/dz is obtained as in (4) by inserting
(E — E')/v inside the integrand in ImZX.

The advantage of the formula (6) for I'(E) is that £(P) can be calculated using
the imaginary time formalism for thermal field theory. This is important, because
the resummation methods required to compute the effects of screening have been
developed using the imaginary time formalism and have not yet been extended to the

real time formalism.

The formula (4) gives the energy loss of a heavy fermion. At relativistic temper-
atures, the energy loss of a light particle, such as a high energy electron or photon,

is not as easy to define. The problem is that there is a significant probability for
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a high energy electron or photon to lose a large fraction of its energy without that
energy being dispersed in the plasma. For example, a high energy electron with
4-momentum P can scatter off of a thermal electron, positron, or photon via the
processes e_e* — e~et and e™y — e~ and produce a pair of almost collinear par-
ticles with momenta (1 — z)P and zP. While the electron loses a fraction z of its
energy and momentum, this energy and momentum is not dispersed into the plasma.
Instead it is merely transferred to a collinear particle. In this ultrarelativistic situa-
tion, the concept of dE/dz for an individual light particle loses its usefulness. It is
more appropriate to consider dE/dz for a jet, which is defined to be a collection of
particles with collinear momenta. A scattering event in which a high energy electron
splits into a collinear pair of particles corresponds to evolution of the jet and not to
a large loss of energy. The problem of defining dE/dz for the jet associated with a
high energy light particle and calculating it to leading order in the coupling constant
is undér investrigamtion.11 In this paper, we consider only the energy loss of a heavy

particle where kinematics prevents splitting into collinear particles.

III. Hard contribution to dE/dz

The method of calculating the effects of screening developed by Braaten and
Yuan!® involves introducing an arbitrary momentum scale ¢* to separate the region
of hard momentum transfer ¢ ~ T' from the soft region ¢ ~ eT'. It should be chosen
so that eT' << ¢* << T, which is possible in the weak coupling limit e — 0. The
contribution from the hard region ¢ > ¢* is calculated using tree level scattering dia-
grams. The lower limit ¢* acts as an infrared cutoff, so the result of integrating over
hard ¢ has the form Ap..q + B log(T/q*). The contribution from soft momentum
transfer ¢ < ¢* is computed using an effective photon propagator, which cuts off the
logarithmic divergence at the scale eT'. In order to match onto the hard contribution,
the result of integrating over soft ¢ must have the form B log(¢*/eT) + A;ope- The
dependence on the arbitrary scale ¢* cancels between the soft and hard contributions,
and the complete result to leading order in e is Apsrq +'.B log(1/e) + Asosi- The loga-
rithm of 1/e is simply a reflection of the fact that this quantity recieves contributions

from all momentum scales from T down to eT.' '

In this Section, we calculate the hard contribution to dE/dz. At temperatures T

much smaller than the muon mass M, the only processes that contribute to dF/dz
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at leading order in e are scattering from electrons and positrons: efy — e_i p. The
only other process that is not obviously of higher order in e is Compton scattering:
1 — yp. The tree level Feynman diagrams for yu — yu are shown in Figure 2, and

the matrix element is

iM = =i, (K N6, (K,X) 0P, s) (55— (P+ ) -7+ M)

2P - K

1
T opr K

where P, s, K, and )\ are the 4-momenta and spins of the incoming muon and photon,

“(P'= K) -7+ Mu)* ) u(Ps) ")

and the corresponding primed variables refer to the outgoing muon and electron.
Since the incoming photon is thermal, factors of K in the numerator give rise to
terms that are suppressed by T'/M, and can be dropped. Using the Dirac equation
(P-v— M,)u(P,s) =0, the matrix element in (7) reduces to

P+ p*
iM = —iete, (K', X ), (K, ) (P e K) a(P', ")y u( P, s) (8)

Since P’ ~ P to leading order in T/M,, there is a cancellation between the two

diagrams in Figure 2. Thus the contribution to dE/dz from Compton scattering is
suppressed by (T/M,)*.

The calculation of the hard contribution to dE/dz from e*y — ety is straight-
forward. It is given by inserting (E — E’)/v inside the integral in (2) and multiplying

by 2 to take into account scattering of et as well as e™:

B &y &k &Lk ,
(E;) hard B E (2m)32E" 27r)32knF(k)/ (2%)32k'(1 —nr (k)

2m)'6*(P+ K - P — 2 Z |./\/l|2 —0(q -q%), (9)

spins

where w = E— E' and § = f—p' are the energy and momentum of the virtual photon.
The f-function imposes the restriction to the region of hard momentum transfer
q > q*. The differential interaction rate dI'/d3q is an observable and hence gauge
invariant. As a consequence, the separation of I' or dE/dz into contributions from
soft and hard momentum transfer ¢ is also gauge invariant. Thus each contribution

can be calculated in any convenient gauge. In this Section, we use covariant Feynman



gauge to calculate the hard contribution to dE/dz. In Section IV, Coulomb gauge

will be used to calculate the soft contribution.

The matrix element M in (9) is given by the tree diagram in Figure 1. In Feynman

gauge, the matrix element is

e2

M = = (PSP s) G X (K ) (10)
where Q = (w, ) and Q* = w? — ¢%. Squaring the matrix element, averaging over the
spin s of the incoming muon, and summing over the spins s', A, and A’ of the other

three particles, we get

1 . el -

3 2 IMPP = 16@(19 -KP'-K'+P-K'P'-K—-MK- K. (11)
spins _

The muon is assumed to have large momentum p >> T as well as large mass M, >>

T. The Fermi distribution ng(k) in (9) restricts the energy k to be at most of order

T. Conservation of energy and momentum, together with the condition p, M,, >> T

then constrains the energy k' to also be on the order of T. Dropping terms suppressed

by k/p and k'/p, the expression in (11) reduces to

1 ! = I = .
3 }: IMP = 16—5—4E2 (2(]6 - k) k' —-0-F) + 5 (wz—q2)> , (12)
spins

where ¢ = §/ E is the velocity of the muon. The momentum é-function can be used
to compute the integral over p’. Using E' ~ E — - , the energy §—function reduces
to 6(w — T - §). The expression (9) for dE/dz has now been reduced to

dE qret [ &Pk 1 Bk 1 , . w
(d—) = = arr® | Gpptt - = 5 D

1—w

(Q(k—U-E)(k’—U.E') + 5 (wz—q2)) 6(qg—-q"), (13)

where w = k' — k and § = ¥ — k. In the Pauli-blocking factor 1 — np(%'), the
term ng(k’) can be dropped because the corresponding term in the integrand is odd
~ under the interchange of £ and %’ and integrates to zero. This simplification makes

it possible to evaluate the integrals in (13) analytically.



In order to simplify the expression (13) further, it is convenient to make use of
the fact that dE/dz is independent of the direction of ¥. We can therefore average

the integrand over the directions of #. The integrals that are required are

df} TR T
P70 = o0 ), (14
dQ S, ;1 2 2 2\

dQ . 1 vig? —w? . 3w —v?¢? .

25 3. = —9@ ’02 2 _ 2 _________51] D NS - , 16

o (w—7- Qo' 50q (vig® — w?) 27 + o7 q9q (16)
where [ d) represents integration over the angles of ¥. At this point, it is convenient
to change the remaining integration variables from k, k', and cosf = -k tok,q,

and w. The formula (13) for dF/dz reduces to

dE et oo 2k/(14v) dq +ug 2k/(1—v) dq +ug
& = [T dk / il / o' / d
(dm )hard 4mdv? /0 e )( q* g% J-vq wwt 2k/(14v) q° Jo—2k W

— (1 =% (17)

The limits of integration arise from taking into account the restriction —vg < w < +vgq

= + 3

1 4 2 @ -w? 7 ¢? — w?

<3w2 v? 11— ¢ k(k + w)
from the #—functions in the integrals (14)-(16), the restriction to hard momentum
transfer ¢ > ¢*, and w > ¢ — 2k which follows from w = k¥’ — k and ¢ = |]€' - l_c'| The
integrals over w and ¢ can be evaluated analytically. The only integral which is not

elementary is

2k/(1~v) ] k 1+ov fl—v\ 1, 14v, 1-—2?
/2k/(1+v)‘ Tk P\ SP\—5—) T3losg 5t (19)

where Sp(z) is the dilogarithm or Spence function:

Sp(a) = —/Ordt %log(l—-t). (19)

The remaining integrals over k can also be evaluated analytically:

00 22
/ dknp(k) b = = (20)
0 12
0 k mTt( oT ¢'(2)
dk k) k log— = log=— —_ 2\

10



where v ~ 0.57722 is Euler’s constant and ((z) is Riemann’s zeta function with
¢'(2)/¢(2) ~ —0.56996. The final result for the contribution to dF/dz from hard

momentum transfer is

H472 2 ) /
(dE> = & T {[l—— v log1+v} (logg———llog(l——vz)#-%——’y—*‘—( (2)>
hard ¢ 2 2

dz 247 | |v 2v? l—vw ¢(2)
1 —v? 1+w (1——1) 1 1+4+v 1 —v? 2
- — - [ - = .
107 [Sp< 2 ) P\ >+210g1_v0g 1 3" (22)

A logarithmic infrared divergence appears as ¢* — 0. A calculation in Coulomb gauge
would reveal that the divergence recieves contributions both from Coulomb scattering
and from magnetic scattefing. The Coulomb contri_butfon to the eXpression in square
brackets multiplying log(47/¢*) is 2v/3, and the remainder comes from the magnetic
interaction.

The hard contribution to dE/dz can be written more compactly in the form

Y

v 202 1—w

‘dE eAT? 1 1—90% 14w T E
az S l 24 log— + Apar (@
' ( dz ) hard { 9 ] (log q* * % M# * g d(v)) ( 3)

where we have used E/M, =1/ V1 — v2. The function Ahpard(v) decreases monotoni-
cally as a function of the velocity from 1.239 at v = 0 to 1.072 at v = 1. If we wish
to approximate (23) by replacing the expression in parenthesis by a simple logarithm
10g(qmaz/q*) as in (1), the value of ¢4, that minimizes the maximum error over the
entire range 0 < v < 118 gpor = 3.2 T/ /1 — v2. This value of Gmaz has a dependence
on v that differs significantly from the estimate ¢mno. = 4Tp/(E—p+4T) ~ 4Tv/(1-v)
of Thoma and Gyulassy*, which was based on a consideration of the maximum energy

transferred in the scattering process.

IV. Soft Contribution to dE/dx

The soft contribution to dE/dz has already been calculated correctly by Thoma
and Gyulassy, usiﬁg a method borrowed from plasma physics.* To use their result
in our calculation, it is necessary only to impose an upper limit ¢* on the integral
over the momentum transfer in their expression for dE/dz. In this Section, we verify
their result by repeating the calculation using the imaginary time formalism for ther-

mal field theory. The advantage of this approach is that the resummation methods

11



required to calculate the soft contribution® have only been developed systematically
within the imaginary time formalism. For example, the power counting methods of
Ref. [5] can be used to verify that our calculation does indeed include all terms of
leading order in e. The disadvantage is that the imaginary time formalism involves
calculation in Euclidean space followed by analytic continuation to Minkowski space,
which is not very conducive to intuitive interpretation. This will be remedied in Sec-
tion V, where an alternative field theoretic calculation, which is more intuitive but

less rigorous, will be presented.

To calculate dE/dz using the imaginary time formalism, we begin with Weldon’s
formula (6), which expresses the interaction rate I'(E) in terms of the muon self
energy L(P). The hard contribution calculated in Section III comes from the two-
loop self energy diagram in Figure 3. The imaginary part of ¥ comes from cutting the
diagram through the virtual muon line and the two electron lines, thus producing the
square of the diagram in Figure 1. In the integration region where the momentum ¢
flowing through the photon line is soft, hard thermal loop corrections to the photon
propagator contribute at leading order in e and must be resummed. The resulting
diagram is shown in Figure 4, where the blob on the soft photon line represents an
effective photon propagator A*(Q)). The effective propagator is obtained by summing
the geometric series of one loop self energy corrections proportional to €27, as shown
diagrammatically in Figure 5. The diagram in Figure 4 includes all loop corrections
that contribute to the imaginary part of X(P) at leading order in e, as can be verified

using the power counting rules developed in Ref. [5].

In Minkowski space, the Feynman rules for the self energy diagram in Figure 4

give
o d'Q 1
E(P) - Z62/ (27r)4A (Q)vﬂ(P _ Q) . ’Y . Mu')'u M

To compute the thermal contributions in the imaginary time formalism, we make the

(24)

replacement [dgo/2m — T Y, , where the sum is over the discrete imaginary values
go = 12nwT for the photon energy. The sum over ¢ is evaluated for discrete imaginary
values po = i(2n+1)7T of the muon energy, and only then is po analytically continued

to the real Minkowski energy po = F + ie required in (6).

The hard and soft contributions to dE/dz are separately gauge invariant. The

most convenient gauge for evaluating the soft contribution is Coulomb gauge, where

12



the only nonzero components of the effective propagator are

A%(Q) = Adlaora) (25)

AY(Q) = Ago, 9)(87 — §'F) . (26)

The 4-momentum of the photon is @ = (qo,¢) and § = ¢/¢q. The longitudinal and

transverse effective propagators are’

-1 3 w, w+t+gq
1 2 2

= - 2
Ag(w,q) q 2m:y (qlog . 2) . (27)

- 3 ( 2 - q2) wtgq w?
1 2 2 2 (W
= + 2

At(w, q) w q 5™ ( 5 log . e (28)

Inserting (25) and (26) into the self energy (24), the trace required in (6) becomes

tr ((P Yt Alu)E(P)) = _462TZ/ (g7r§3 (P — Q; - M

(Ae(Q) [P2+ 72 — pogo — 7+ T+ M2] + 2A4(Q) [P} — pogo + - §— (7 §)* — M?] ) :
(29)
The easiest way to compute the sum over gq is to introduce spectral representations

for the propagators. For the muon propagator, the spectral representation is

1 1

(P-Q)2—-M2 ~  2F

1/T ' 1t 1t
/ dr'e™=7 [(1 —np(B))e " —np(E)e"™]
0

(30)
where E' = \/Mz + (P — §)%. For the effective propagators in (27) and (28), the

spectral representations are

CAQ) = _/Ol/T dr eq°T/_o:odwpg(w,q)(1 + np(w))e™T (31)

8@ = — [T e [T g ns@)e T, (@)

e”/T — 1)~! is the Bose distribution. The spectral functions are

where ng(w) = (
defined by pe(w, q) = —ImA(w+ie,§)/m and py(w,q) = —ImA(w+1e,§)/n, and are

given explicitly in Ref. [15]. They are odd functions of w and we define them to be

13



positive for positive w. Their support consists of the spacelike interval —¢ < w < +¢,
together with §—function contributions at the timelike points w = *w,(q) for p, and
w = #wy(q) for p;. The functions w(g) and w;(q) are the dispersion relations for
longitudinal photons, or plasmons, and transverse photons, respectively. For spacelike
frequencies |w| < ¢, the spectral functions are proportional to the squares of the

effective propagators in (27) and (28):

Imiw ,
pe(w,q) = 2; |Ag(w + i€, )| (33)
3m2w(qg® — w? ,
plosa) = T A o 4 i (34)

After introdﬁcing the spectral representations, the sum over ¢o reduces to the -
function §(7 — 7’) or its derivative. After using the é—function to integrate over 7/,

the integral over 7 yields an energy denominator:

/l/T drePoFE —W)T — (e(”";E’_‘”)/T — 1) NN N . (35)
0 ' PFLE —w
At the discrete imaginary energies py = i(2n + 1)7T, we have e?/T = —1. Only

after using this identity to eliminate the exponential of py can the muon energy be
analytically continued to the value py = E + € required in (6). The imaginary part of
the self energy X(P) in (6) comes from the imaginary part of the energy denominator
in (35):
1 .
I = —iré§(EFE' —w).
m(E—}—z'e);E'—w iné(E F w) (36)

The imaginary part of the trace in (29) now reduces to

tr ((P v+ MM)ImE(P)) — _dne?(1+ e-E/T)/(;l%;’.B /:: du(1 + np(w))

1
2F

[(1 —np(E')) §(E — E' —w) — np(E'") §(E + E' — w)}

(pe(w,q) (2E? — Bw —§-9) + 2puw,q) (p* — Bw+ 77— (7 9)?) ) - (37)

The expression (37) is the result of evaluating the diagram in Figure 4 without

any approximations. We now simplify it using the assumption that M,,p >> T. The
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second é6—function can not contribute for w less than or on the order of 7', so it can
be dropped. The Fermi distribution nF(E/’ ) is exponentially suppressed, so it can
also be deleted. Using E' ~ E — ¥ - §, the first é-function reduces to é(w — 7 - ),
which constrains the frequency w to the spacelike interval —vq < w < 4vq. Using
this 6—function to evaluate the angular integral for ¢ and inserting (37) into Weldon’s

formula (6), the interaction rate reduces to
62 o0 . +Uq 2 w2
I'(E) = 5——/ dq q/ dw(l + np(w)) | pe(w, q) + (v — = )pe(w,q) | - (38)
v Jo —vg q

We first determine the order of magnitude of the contribution to I' in (38) from
the integration region where ¢ and w are hard. With ¢ and w of order T, the effective
propagators appearing in the spectral functions (33) and (34) reduce to the tree level
propagators A, o~ 1/¢* and A; ~ 1/(w? — ¢?). Aside from a multiplicative factor

of m?y in the spectral functions, the only scale in the integral is 7. By dimensional

analysis since T' has dimensions of energy, the hard contribution to I' must be of

order e?m?2/T ~ e*T. This estimate is identical to that which would be obtained
by considering the contribution to the interaction rate from the tree level scattering
process in Figure 1. We next consider the contribution to I' from the integration
region where ¢ and w are soft. Since w is of order eT', we can expand the Bose factor
in (38) around w =0, _
1+nB(w)=;+§+..., : (39)
and keep only the leading term T'/w. Aside from this explicit factor of T', the only
scale in the integral is e7'. By dimensional analysis, the soft contribution to I" must
be of order e*T". Thus the hard contribution to I' is suppressed relative to the soft
contribution by a factor of €2. Unfortunately, the transverse term in the integral
in (38) has a logarithmic infrared divergence from the endpoint ¢ — 0. This arises
because the dynamical screening of the magnetic interaction provided by the trans-
verse effective propagator (28) is not sufficient to completely screen the divergence
from the long range static magnetic interaction. The logarithmic divergence is a big
improvement over the quadratic infrared divergence that appears if the interaction
rate I' is calculated from the tree level scattering diagram in Figure 1. Nevertheless
it indicates that the screening involves not only the scale €T’ but also the scale €T.

Thus the resummation of hard thermal loops is not sufficient to calculate I' to leading
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order in e. It is necessary to develop more powerful resummation methods that can
handle the scale e*T.}3

The soft contribution to dE/dz is obtained from (38) by inserting the factor w/v
inside the integral and imposing an upper limit ¢* on the momentum transfer ¢q. Since
|w| < vg, w is also restricted to be soft, and the Bose factor can be expanded as in
(39). In the case of dE/dz, the T'/w term in (39) does not contribute because it
gives a term in the integrand which is an odd function of w and integrates to 0. The
leading contribution comes instead from the 1/2 term in (39). As noted by Thoma
and Gyulassy®, the net result is that the soft contribution to dE/dz differs from I'(E)
in (38) by a factor of w?/2vT in the integrand:

2

dE e o tog , W
(E)mﬁ = 47”)2/0 dq q/_yq dww(ﬂe(w,q)+(v 7

This result agrees up to a color factor and change in coupling constant with that

)pt(w,q)) (o)

of Thoma and Gyulassy* for the quark-gluon plasma. They calculated dE/dz for
a heavy quark by computing the chromoelectric field induced by a classical source
consisting of a colored point charge moving at fixed velocity. The agreement holds
‘only after using the small w approximation in (40), which is equivalent to a high
temperature approximation. A similar correspondence between a high temperature
approximation and a classical approximation has been observed by Heinz!® in the

case of the gluon polarization function and the color response function.

To further simplify (40), it is convenient to change integration variables from ¢ and
w to g and £ = w/q. The integral over ¢ can then be evaluated analytically revealing
a logarithmic dependence on ¢*. In the logarithmic term, the integral over = can also

be evaluated analytically. Our final result for the soft contribution to dE/dz is

dE 3e2m2 1 1- U2l 1+v], ¢
- = — - — 0 o
dz ] 1 8r T\ |v 202 91— gm,y

— % /v dx z? [log% + %log(l + Qz( ) ) + Qe(z ) (_ — atan(Q¢(z )))]

2”“
2v2/ dz z T [log

3? + %log(l + Q=) + Qule) (_ - atan(@{s )))] ) |

(41)

16



.

where the functions Q,(z) and Q(z) are

(42)

Qo) = — (log =+ ).' (43)

The remaining integrals over z in (41) must be evaluated numerically. Note that the
dependence on the arbitrary scale ¢* cancels between the hard contribution in (22)
and the soft contribution in (41). v

The soft contribution to dE/dz in (41) can be written more compactly in the form

dE eT? (1 1—-2% 140w q '
ol _ S I A, ) , 44
(dm )soﬂ 247 [ 202 log ] ( OgeT +, 1(v) (44)

v l1—vw

where we have used m, = eT'/3. The function A,z (v) begins at 0.049 at v = 0,
increases to a maximum of 0.292 at v = 0.96, and then decreases to 0.256 at v = 1.
If we wish to approximate the expression log(q*/eT") + Aso:(v) in (44) by a simple
logarithm log(q*/qmin) as in (1), the choice of gm:n that minimizes the maximum error

over the range 0 < v < 1is ¢ = 0.84 €T

V. Alternative calculation of the soft contribution

In this Section, we repeat the calculation of the soft contribution to dE/dz using
a more intuitive approach. Our starting point is (9), which gives the contribution to
dE/dz from e*p — e scattering. In the region of phase space where the exchanged
photon in Figure 1 has soft momentum, hard thermal loop corrections to the photon
propagator are not higher order in e and must be resummed. We assume that the
net effect of the resummation is that the photon propagator in Figure 1 is replaced
by the effective propagator A(Q)‘“’, as llustrated in Figure 6. Our justification for
this prescription is that it reproduces the results obtained in Section IV using the

imaginary time formalism.

This prescription has been used previously without justification by Baym et al.®,
who showed that it provides sufficient screening to eliminate infrared divergences from
transport coefficients. However the prescription can not be trivially derived from the

Feynman rules of the real time formalism for thermal field theory. It also can not be
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derived easily from the corresponding result in the imaginary time formalism. For
example, Weldon’s formula (6) gives an exact relation between the muon interaction
rate I'(F) calculated from the tree level diagram in Figure 1 and the two loop diagram
for the muon self energy £(P) in Figure 3. There is no corresponding exact relation
beween I' calculated from the resummed diagram in Figure 6 and the resummed
diagram for ¥ in Figure 4. These quantities satisfy Weldon’s formula only in the limit
of soft momentum transfer. While our results suggest that the simple prescription of
using an effective propagator for the photon is correct, a rigorous justification must
await the development of resummation methods for the real time formalism that are
as powerful as the resummation methods for the imaginary time formalism developed

in Ref. [5].

The calculation of the contribution to dE /dz from the Feynman diagram in Figure
6 is most easily calculated in Coulomb gauge, where the only nonzero components of
the effective propagator are given in (25) and (26). The matrix element in Coulomb
gauge is

iM = EA(Q)a(P, s )y u(P, s)a(K', N )y u(K, \)
+ &0(Q) (67 — ¢'¢) AP, ')y u(P, s)a(K', X )y u(K, A) . (45)
This matrix element must be squared, averaged over the initial muon spin s, and

summed over the other spins. Evaluating the resulting Dirac traces and using the

conditions M,,p >> T to simplify the expression, we get

£ 3 IMP = 16¢! (JA(QUPEX(kK + E-F)

spins

+ AP 2(F- k- P43 R)(F-F —F-4q- F) — (kK —F-F)(p* — 7 24- 7)) -

(46)

Using the momentum §—function in (9) to integrate over p’ and using M,,,p >> T to
reduce the energy é—function to é(w — @'+ §), the soft contribution to the eﬁergy loss

reduces to

(47)
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Note that | M|? in (46) is symmetric under the interchange of k and K. The
integrand in (47) can therefore be symmetrized by replacing the thermal distribution
factors np(k)(1 — np(k')) by (nr(k) — np(k'))/2.
A We now make use of the restriction of the momentum transfer ¢ to the soft region
q < q*. The leading order contributions to the integrals in (47) come from the region
- where k and k' are hard (i.e., of order T') while their difference w = k' — k is soft (i.e.,
of order €T'). The thermal distribution factor can be expanded to lowest order in w:

np(k) — nr(k') w ,
5 = ———Q—nF(k) + . (48)

After changing the integration variable k' in (47) to ¢ and using the approximation

k' =k — k- g, the energy loss reduces to

()., = 5 Gaptear 0 | gt orbtss-bay 3

| (49)
The matrix element in (46) can also be simplified by setting k' = k:

Y IMP = 32 B [|AQF + 2Re(A(Q)A(Q))E- k=7 di- )

spms

+A(QP(E - k-5 44- )] . (50)

The integrals over the angles of k are

dQ 1

476(w_ @ = 2_q7 ) (51)
s L W, s
47r6( — k- (j’)(v-k—gq-,k) =0, (52)

| dQ L ow )’ 1 w? w?
- —6(&)—]» q)( k- —q—qk) = E(l_?> (’02—?) s (53)

where w = ¢'- § and df? is the angular integration element for k. The integral over

the magnitude of k is :
o 7r2T2
/0 dk B (= (k) = T (54)
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Changing the remaining integration variables in (49) from ¢ and cosf = - § to ¢ and

w = ¥ - §, the soft contribution to dE/dz reduces to

dE erT? (9 +vg 1 w? w?
- — d d 2 A 2 — 1= 2 W 2 .
(dw ) ot s o ), [' QI + 3 ( q2) (U q2> Q)1 }
(55)

This agrees with the result (40) in the imaginary time formalism after inserting (33)

and (34) for the spectral functions p, and p; in (40) and setting m., = eT'/3.

VI. Complete leading order result for dF/dz

The complete result for dE/dz to leading order in e and T//M,, for a heavy lepton
propagating through a hot QED plasma is the sum of the hard contribution in (23)
and the soft contribution in (44):

dE eAT? 1 1—22, 14w E 1
@ L ! 2 ot
dz 247 v Q02 ogl — v] (log + Oge »+ A(U)> ) (56)

where A(v) = Apard(v) + Asopi(v). The dependence on the arbitrary scale ¢* that
separates the hard and soft regions of the momentum transfer ¢ cancels, leaving a
logarithm of 1/e. This logarithm is simply an indication that dE/dz receives con-
tributions from momentum transfers ranging from the hard scale 7" down to the soft
scale eT. The dependence of the function A(v) on the velocity v is shown in Figure
7, together with the hard and soft contributions. A(v) increases from A(0) = 1.288
at v = 0 to a maximum of 1.478 at v = 0.88 and then decreases to A(1) = 1.328 at

v = 1. It never deviates by more than 0.17 from its value at v = 1.

The energy loss dE/dzx as a function of the heavy quark velocity v is shown as a
solid line in Figure 8, where it is compared with the results of previous calculations
adapted for the QED plasma. The dotted curve in Figure 8 is the analog of Bjorken’s?
estimate (1) for the quark-gluon plasma:

dE eAT? 11— 02 .1+v q;nax

—_— - - [ [
dzx 247 |v 202 9T | Gmin

(57)

Following Bjorken, we set ¢,.., = V4TFE and ¢,,;, = M, but we choose M to be
the inverse Debye screening length: M = \/gmy. The dashed curve is the analog of

Thoma and Gyulassy’s* result for the quark-gluon plasma. It is the soft contribution
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to dE/dz given in (41) with ¢* = 4Tp/(E — p + 4T). Unlike the complete leading
order result in (56), the approximations of Bjorken and of Thoma and Gyulassy
depend not only on v but also logarithmically on the ratio M,/T. For the purpose
of illustration in Figure 7, we have set M, /T = 10. Both of the previous calculations
differ significantly from the complete leading order result. Bjorken’s approximation
significantly overestimates dE/dx over most of the range of velocity. The calculation
of Thoma and Gyulassy underestimates dF/dz for v < 0.7 and overestimates it for
v > 0.7.

We discuss briefly the validity of the calculation at limiting values of the heavy
lepton velocity v. At small v, the calculation breaks down for v on the order of T'/M,,.
Since the thermal velocity for a heavy particle is /T /M, the velocity at which the
calculation breaks down is subthermal and dE/dz is not of much physical interest in
this case. The approximations in our calculation also break down for 1 — v on the
order of T/M,. In addition, the logarithm of £/M, in (56) becomes large as v — 1.
If it becomes too large, it may be necessary to sum up the leading logarithms from

higher orders in e using renormalization group methods.

We have concentrated on the energy loss dE/dx for a heavy lepton propagating
through a hot @FE D plasma in order to illustrate the calculational methods required.
The same methods can be used to calculate the energy loss for a heavy quark propa-
gating through a hot quark-gluon plasma, a problem of direct relevance to heavy ion
collisions!2. The explicit calculation of dE/dz to leading order in the QC D coupling

constant g, will be presented elsewhere!l.

Here we simply outline the calculations
that are required. We represent the heavy quark by the symbol @, while light quarks
and gluons are represented by ¢ and g. The heavy quark loses energy by scattering
off of thermal quarks and gluons via the processes Q) — ¢@ and g@Q — ¢@Q. As in
the QED calculation, we introduce an arbitrary scale ¢* to separate the hard and
soft regions of the momentum transfer. The soft momentum transfer contribution
has already been calculated by Thoma and Gyulassy.* It can also be calculated in
the imaginary time formalism as in Section IV by evaluating the Feynman diagram
in Figure 4 with the effective photon propagator replaced by an effective gluon prop-
agator. The result is identical to (41) except that it is multiplied by a color factor

4/3, e is replaced by g,, and m, is replaced by the thermal rest mass of the gluon:

my = /1 +ns/6 g, T//3.
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The hard momentum transfer contribution to dE/dz is calculated using tree level
Feynman diagrams. The contribution from scattering from light quarks ¢@QQ — ¢@
comes from the diagram in Figure 1 with the photon line replaced by a gluon. The
calculation is identical to that in Section III except for color factors, and the result for
each of the n flavors of light quarks is (22) multiplied by a color factor of 2/3 and with
e replaced by g;. The only contribution to dE/dz that requires additional calculation
is that from the scattering of gluons with hard momentum transfer: ¢@@ — ¢@. The
Feynman diagrams include the Compton scattering diagrams analogous to those in
Figure 2 together with an additional diagram containing a 3-gluon vertex. While
the two Compton scattering diagrams cancel in QF D, the cancellation is upset in
QCD by color factors. Thus all three diagrams contribute to dE/dz, although the
logarithmic dependence on ¢* comes only from the 3-gluon vertex diagram. The
evaluation of these diagrams will complete the calculation of dF/dz for a heavy quark
to leading order in g;. The calculations are in progress and the results, together with

phenomenological implications for heavy ion collisions, will be presented elsewhere!!.

This work was begun at the Nuclear Theory Institute at Seattle during the pro-
gram on Hard QCD Probes of Dense Nuclear and Hadronic Matter in October, 1990.
We thank the Institute for its hospitality and we thank the organizer of the program,

Miklos Gyulassy, for valuable discussions.
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Figure Captions

1.

2
3
4.
)
6

. Two loop Feynman diagram for the muon self energy X(P).

Tree level Feynman diagram for the scattering process ey — e~ p.

. Tree level Feynman diagrams for the scattering process yu — vypu.

Feynman diagram for the muon self energy ¥(P) with effective photon propagator.

. Diagrammatic definition of the effective photon propagator.

Feynman diagram for the scattering process e~y — e~ p with effective photon

propagator.

7.

The function A(v) defined in (56) as a function of the muon velocity v (solid

curve). It is the sum of Ap,,4(v) (dashed curve) and A,.f:(v) (dotted curve).

8.

Energy loss dE/dz of the muon as a function of its velocity v. The complete

leading order result (solid line) is compared to previous calculations by Thoma and

Gyulassy (dashed curve) and Bjorken (dotted curve).
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Figure 1
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Figure 2
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Figure 3
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Figure 4
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Figure 5

Figure 6
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