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Thermodynamics of Combustion in an Enclosure

A. K Oppenheim® and J. A. Maxson*
University of California, Berkeley

Abstract

A systematically construed thermodynamic analysis of combustion in an
enclosure is presented. The system is treated as one consisting of two
components: the reactants and the products, both under the same, time
varying, pressure. Whereas the former undergoes a prescribed change of
state, usually isentropic or polytropic, the latter is, as a rule, at a
thermodynamic equilibrium. In the course of the process, the two delineate
distinct loci of states on a Le Chatelier diagram, trajectories on the plane of
specific internal energy and the product of pressure and specific volume as
its coordinates. The analysis is concerned then primarily with the evaluation
of the consequences of three conditions of constraint: the balance of mass,
balance of volume, and balance of energy, each forming a component of a
vector equation. The application of this method of approach is illustrated by
a number of examples. Its major advantage is the precision one gains in
evaluating the relationship between pressure and mass, as well as volume,
of the two components of the system,

Introduction

Combustion in a chamber under controlled conditions of material and
energy fluxes is, for obvious reasons, of central importance to its technology.
In the particular case of a closed vessel, it occupied thus a good . deal of
attention in the literature, its salient features having been treated at some
length in most reference books on combustion, including prominently the
classical monographs of Lewis and von Elbe [1] and Zeldovich et al. [2], as
well, of course, as in all the texts of particular relevance to internal
combustion engines [3-8]. Concomitantly, its treatment has been included,
as a matter of course, in all the computational algorithms for internal
combustion engines (e.g. [9-14]) as well as in a great number of papers on
this subject (e.g. [15-23]).

Introduced here is a comprehensive approach to the subject following a
somewhat different method of attack than usual. Its major attributes are
straightforwardness, simplicity, and convenience, as well as particular
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suitability to numerical computations and, last but by no means least,
applicability to any combustion system, irrespectively whether the process is
accomplished by a distinct flame front traversing the reactants or whether
it occurs in a highly turbulent flow field, such as that of a pulsed jet plume
currently under study. By the same token our analysis is completely
independent of the normal burning speed, a parameter introduced usually
right from the outset.

The salient feature of our method of appreach is the adoption of the
product of pressure and specific volume, the difference between enthalpy and
internal energy, w, as the principal thermodynamic reference parameter,
whereas the loci of states of the two components are delineated on the
appropriate Le Chatelier diagram, the plane of specific internal energy and
w. The analysis is concerned then with the evaluation of the consequences of
three conditions of constraint: the balance of mass, balance of volume, and
balance of energy. The implementation of this method is illustrated by a
number of examples demonstrating that its most significant advantage is the
precision it provides for the evaluation of the relationship between pressure
and mass, as well as volume, of the two components of the system, including
in particular global effects of heat transfer to surroundings.

Method

Consider a combustion system in an enclosure separating the reacting
medium from the surroundings. In general, the motion of the walls, as well
as a certain amount of mass and heat transfer across them, may be taken
into account, provided that these phenomena are specified in terms of the
displacement rate and fluxes, and that their influence is not too extensive to
destroy the identity of the system. Under normal conditions we wish to
consider here, the molecular diffusivity of the reacting medium is definitely
less than 10 cm®/sec, while the representative length of the enclosure is not-
much less than 10 cm. The effective time for diffusion to affect the system is
then at least 10 sec, whereas the time interval of the process of combustion
under study is measured, at most, in tens of milliseconds - a practically
thousandfold difference in characteristic times.

Under such circumstances one deals, in effect, with a two-component
system, one consisting of the reactants, R, and products, P, confined within
an enclosure, E, wherein the process of combustion is governed by three
thermodynamic conditions of constraint: the balances of mass, M, volume,
V, and energy, E.

Our method of approach is associated with the adoption of the variable

RT
Wy E PVp = f (1)

where K = R, P*, as the principal thermodynamic reference parameter.
This follows in fact the methodology introduced by the senior author for the
analysis of processes associated with the action of gasdynamic discontinuities
in explosive media [24]. The applicability of the above equation is, of course,
subject to condition that all the constituents of gaseous products obey the

#symbols defined in the Nomenclature.



perfect gas equation of state, whereas the contribution of condensed phase
to the total volume is practically negligible. In internal combustion engines
this is usually the case, as, indeed, recognized in all the references cited here.

Noting also that the thermodynamic pressure in such a system is
spatially uniform, being solely a function of time, i.e.

Pp = Pp = Py =p(t) (2)

the three conditions of constraint can be expressed simply in terms of a
vector equation

R+pP=3X (3)
where, with K = R, P,
M,
K = W‘Mx (4)
u M,
are the vectors of the reactants and products, whereas
My,
Z ={pVy (5)
Ey

is the vector of the enclosure, its components being specified by the wall
conditions. As apparent from eq. (5), the second components of these vectors
express the volume balance multiplied by p.

The most appropriate thermodynamic plane for our analysis is that of
u vs w, a refined version of the so-called Le Chatelier diagram. As a
consequence of the definition of enthalpy, this diagram has a number of
interesting properties:

1. The shift from the locus of states of the reactants to that of the
products at constant w is a measure of the specific exothermic energy, i.e.

qy = (ug —up) = (b - b)) (6)

2. In terms of the slope cx = dug/dwy, the isentropic index

whence

providing a direct relation between p and w, whenever the locus of states is
tangent to an isentrope.

3. The locus of h = const. is a straight line inclined at a slope
(du/ow) , = -1.

4, The functional relationship u = u(w) is fully equivalent to h = h(w).



The formulation of the problem is closed by postulating the changes of
states for the two components of the system. The reactants are usually
assumed to undergo an isentropic process, or, in engineering applications,
one obeying a polytropic law, while the products are, as a rule, at a
thermodynamic equilibrium. The implementation of the method is illustrated
by examples in the following section. All the equilibrium computations
required for this purpose have been carried out using STANJAN (25), a most
convenient code devised by Reynolds at Stanford that is heartily
recommended to anyone interested in the subject.

Implementation

Isolated Enclosure

For an isolated system, the vector of the enclosure is specified in terms
of three invariants: My = M,, V5 = V,, and Ey = E,, where subscript i
denotes initial conditions.

Eliminating mass from eqgs. (3), with (4) and (5), one obtains then

u, = aw, + b (8)

where

= (ug - ul)/(wg - .pvi)

a
b = (uyw, — pv,u,) /(w, - pv,)

a linear relation for a fixed point on R at a given p. The concomitant point
on P is then determined by the intersection of the straight line thus specified
with the corresponding locus of equilibrium states at constant pressure.

An example of a Le Chatelier diagram, constructed in this fashion for
a particular case of a propane-air mixture at an equivalence ratio ¢ = 0.6
for initial pressure of 5 atm and a temperature of 60°C, is presented in Fig.
1. Loci of the reactants, assumed to undergo an isentropic process, and of
products, delineating states of thermodynamic equilibrium, are displayed by
thick lines, while thin lines are plots of eq. (8) indicating corresponding
points at the same pressures.

The variation of all the thermodynamic parameters with respect to, in
turn, product mass fractions, g, and volume fractions, n, are depicted,
respectively, on Fig. 2 and 3. It is of interest to note that, on the former,
pressure plots as a practically straight line, in ‘accord with a widely accepted
practical rule that pressure in a closed container is with good approximation
proportional to the product mass fraction. Fundamental reasons for this rule
are presented here later as a consequence of the linear approximation.

Layered Combustion

Of central interest to the history of the subject is the case of the
so-called layered combustion. Its theory, founded by Flamm and Mache [26]
in 1917, has been used as the basis for evaluating laminar burning speeds
from measurements made in closed spherical vessels with combustion
initiated at the center. According to it in the course of the process the
reactants, as well as the products, are compressed isentropically, while the



transition between them takes place as a jump at constant enthalpy. The
monotonic temperature rise of the products obtained thereby layer by layer
as the reactants traverse the flame front has been referred to as the Mache
effect in practically all the publications on this subject.

The Le Chatelier diagram, for the same chemical system and initial
conditions as before, is shown in Fig. 4. Loci of states for the reactants and
products are now isentropes at frozen composition, but, whereas this is
uniformly so for the reactants, the initial composition of products is different
for each elementary process. Initially, for example, there is a transition from
i on R to hp on P, followed by isentropic compression to the final pressure
at i on P. Then, as exemplified by the intermediate processes, an isentropic
compression of reactants up to points 1 or 2 on R is followed by a constant
enthalpy transition to P and succeeded by an isentropic compression up to
points 1 and 2 on P. Finally, upon an isentropic compression of reactants to
point f on R, there is just the transition at constant enthalpy and pressure
to point f on P. The temperature profiles thus determined are shown on Fig.
5 and 6, plotted as a function of, respectively, product mass and volume
fractions. Displayed there by chain-broken lines are the corresponding
temperatures computed for the previous case. The latter is in excellent
agreement with the mass averaged temperature, as evident in Fig. 5, whereas
it differs significantly from the volume averaged temperature, as apparent
in Fig. 6.

Linear Approximation

The straight-line appearance of the loci of states on the Le Chatelier
diagram suggest the accuracy and, hence, usefulness of linear approximation
based on the postulate that

Ccy = (au/aw) x = const.

The recipe for its application is then as follows:

1. With respect to the initial point, i, on R, determine the points hp and
uv on P, corresponding, respectively, to the enthalpy and pressure, and to the
internal energy and volume, of state i; whence one gets the slope c; of the
locus of products.

2. Evaluate the final point, f, on R as the end state of a frozen isentropic
process from state i, corresponding to the pressure of state uv on P,
specifying thus the slope c; of the locus of reactants.

3. Calculate the reference exothermic energy as the distance between the
intersection of the straight lines thus delineated and the w = 0 axis, i.e.

q = CpW,, — CpW; (9)

In reducing the formulae to a non-dimensional form, the scale for u is
shifted, as it can be without any restriction, so that

U, = CpWyp (10)
Up = CpWp — @

Thus, in terms of parameters normalized with respect to initial
conditions, py = Mg /M, Wy = wi/w,and Q = q/cgw, where K = R, P, uv,
while k = cp/cg, one has



Q=kW, -1 (9')

U‘-_'wn (10|)
U, = kW, - Q

so that, with P = p/p, the vectors of eq. (3) are now:

Bp By 1
R=({Wlp } ; P = Weitp ;2={ P } (11)
L/ (kWp-0Q) B 1-6

where €, = E,/E, is the normalized heat loss term.

For example, according to our recipe, the data of Fig. 1 yield ¢, = 3.88,
cg = 2.77 and q = 2 kJ/g, whence k = 1395 and Q = 7.85.

From the mass and volume balances of egs. (3) and (11), it follows that

WP = [P - (1 - "P) wg]/“’ (12)

while from the volume and energy balance one obtains

B, = [P -1 +¢l/[0- (k-1)W,] (13)

whence, eliminating W,

p, = [kP -1 - (k-1)W, + 1/[Q - (k-1)W,] (14)

If, moreover, as is often the case, it is assumed that the reactants are
compressed isentropically,

P = wxc.+1 (15)

- a direct consequence of eq. (7).

Equations (14) and (15) specify the product mass fraction, p,, for a
given state of reactants identified by its pressure, P. This is the key to the
solution, for, once this relationship is established, all the thermodynamic
parameters and, hence, the volume fractions, can be evaluated simply as
follows:

t, = T,/T, =W, =p*ta*?d (16)
Ve =V /v, = Wy/P =p WV (17)
Neg = Vo/V, = pgvp = (1-p) P “e/lept ) (18)

while, in terms of W, specified by eq. (12),
T, = T,/T, = mW, : (19)
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vy, = v,/V, = W/P (20)

N, =V,/V,;, =1 -1, (21)

where m = M,/M, is evaluated by linear interpolation between m,, and m,,.
For an adiabatic enclosure, €, = 0. If, moreover, k = 1, egqs. (13) and
(14) yield simply :

B, = (P -1)/0 (22)

providing a proof of the well known rule of proportionality between the
product mass fraction and the pressure rise. If k = 1, while (k - 1)W, <<
Q, the functional relationship, P = P(p) is still practically linear, as it
appears in Fig, 2.

The results obtained this way are presented by points on Fig. 3. Their
remarkable coincidence with the continuous curves obtained by detailed
equilibrium computations provide a most satisfactory demonstration of the
amazing accuracy of linear approximation for a dilute mixture.

In the non-adiabatic case, if one wishes to reduce the analysis to its
simplest form, the heat loss term, €,, has to be expressed in an integral
form. One can thus obtain a reasonable estimate by assuming that it is
proportional to the area of contact between the hot products and the walls,
as well as to their temperature difference. Thus

€ = Aa(t, - 1) = Aa(mW, - 1) (23)

where a = A,/Ay.
In view of eq. (12), this can be written as

€ = Aalm(P - W) /p, + mW, - 1] (24)

Under such circumstances eq. (14) provides a quadratic equation for pp =
p(P,W,) whose positive root, combined with eq. (15), yields an univalued
function p, = p(P).

The proportionality factor, A, is evaluated from eqs. (13) and (23) by
noting that, at p, = 1, P = Wy = P, (since then v, = 1), whilea = 1, so
that

A=(Q+1-kpP,)/ (mP, -1) (25)

The geometric factor can be related to the product volume fraction by
postulating that

a = [npzls - (1’],')2/3]/[1 - (np.)zlsl (26)

where the asterisk indicates the critical volume fraction burnt when the
products first get in contact with the wall.

The concomitant critical product mass fraction, pp., is estimated by
assuming that it is proportional to P_,. The latter varies from the lower
limit established empirically for the case of n," = p,’ = 0, realized for the
FTC mode of combustion (the process initiated by a spark discharge in close



proximity of the wall), to the upper limit, corresponding to an isolated
enclosure. For 1, < 7, the process of combustion is, of course, adiabatic.

The results are presented in Figs. 7-13. Figure 7 depicts the Le Chatelier
diagram for an enclosure of constant volume with heat losses, when the
critical product volume fraction n," = 03, while profiles of all the
thermodynamic parameters with respect to the product mass and volume
fractions are displayed in Figs. 8 and 9. For the latter A = 0.7, a value
obtained from eq. (25) for P, = 4.56, established experimentally when, from
concomitant schlieren records, n,° = 0.3. Figures 10 and 11 describe the
pressure profiles as a function of the two fractions for an array of critical
volume fractions, while the corresponding temperature profiles are shown in
Figs. 12 and 13.

Conclusions

Presented here is a novel approach to an old problem. It reflects, in
effect, the progress ushered in by the computational facilities available today
for the evaluation of thermodynamic loci of states satisfying a specified set
of constraints. A significant simplification is attained by adopting the
pressure - specific volume product, w, as the thermodynamic reference
coordinate. v

On the basis of well established empirical evidence, one deals then with
a system of two components: the reactants and the products, undergoing the
process of combustion under the restriction of three thermodynamic
conditions of constraint: the balances of mass, volume, and energy.

The shift between the two loci of states on the Le Chatelier diagram (a
plot of internal energy, or enthalpy, as a function of w) at constant w
specifies unambiguously the exothermic energy, referred to colloquially as the
heat of combustion.

The method of approach is illustrated by a number of elementary
examples where the conditions at the walls of the enclosure are expressed in
terms of integral quantities, rather than rates of displacement or fluxes that
describe usually the mass and energy transport across them.

The basic case is that of an isolated enclosure where the products are
well mixed, the maximum entropy limit. This is contrasted to the case of
layered combustion, displaying the so-called Mache effect, the minimum
entropy limit where the products are completely unmixed.

In both cases the system under study undergoes a transition from a
process at constant pressure to that at constant volume.

Taking advantage of the observation that the loci of states on the Le
Chatelier diagram, using w as the reference coordinate, are effectively
straight-linear, a linear appraxmation is intreduced. Upon the demonstration
of its accuracy, this approximation is then used to estimate the influence of
heat losses at the walls upon the profiles of thermodynamic parameters with
respect to product mass and volume fractions. The heat loss term has been
for this purpose expressed by an integral relation.

It is on this basis that we have been able to achieve satisfactory
precision in deducing the amount of products of the exothermic reaction in
turbulent plumes of pulsed jets, recorded by schlieren photographs, from the
concomitant pressure transducer records [27,28].

If the mass or energy transport across the walls is given in terms of the
rates of displacement or fluxes, the thermodynamic conditions of constraint
are expressed in terms of O.D.E.’s combined with algebraic equations. They



specify then the thermodynamic parameters which, in a computational
scheme, are required for the evaluation of the flow field. The O.D.E.’s are
then non-linear and autonomous, acquiring the form of equations of growth.
The task of solving the problem becomes then equivalent to seeking the
determination of integral curves (trajectories) on a phase plane, the plane
of dependent variables of the same kind as Figs. 2, 3, 8 and 9. The
background for this procedure and the resuits of modeling analyses of
combustion in a piston-cylinder enclosure, based on it, have been presented
elsewhere [29-32].
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Nomenclature

Symbeols

Ar/ Ay

area of contact
slope of the locus of states on the Le Chatelier diagram
energy

specific enthalpy
M./M,

mass

molecular mass
pressure
products or p/p;
specific exothermic energy
q/crWe

reactants

gas constant
entropy

time
temperature
specific internal energy
u/u,

specific volume
volume

pv

isentropic index
E/E,

volume fraction
heat loss factor
mass fraction
v/,

enclosure

T/T,

equivalence ratio
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i initial

hp state of products ath = h,and p = p,
K R,P

P products

R reactants

S constant entropy
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state of products atu = y;and v = v,
constant w

enclosure

lost



Figures

Fig. 1 The Le Chatelier diagram for an isolated enclosure

Fig. 2 Solation for an isolated enclosure as a function of product mass
fraction

Fig. 3 Solution for an isolated enclosure as a function of product volume
fraction

Fig. 4 The Le Chatelier diagram for Iayered combustion

Fig. 5 Temperature profiles for layered combustion with respect to product
mass fraction

Fig. 6 Temperature profiles for layered combustion with respect to product
volume fraction

Fig. 7 The Le Chatelier diagram for an enclosure of constant volume with
heat losses when the critical product volume fraction n,’ = 03

Fig. 8 Solution for an enclosure of constant volume with heat losses when
the critical product volume fraction 1, = 0.3, as a function of product mass
fraction

Fig. 9 Solution for an enclosure of constant volume with heat losses when
the critical product volume fraction v, = 03, as a function of product
volume fraction

Fig. 10 Pressure profiles for an enclosure of constant volume with heat
losses corresponding to an array of critical product volume fractions, n,’,
with respect to product mass fraction

Fig. 11 Pressure profiles for an enclosure of constant volume with heat
losses corresponding to an array of critical product volume fractions, n,’,
with respect to product volume fraction

Fig. 12 Temperature profiles for an enclosure of constant volume with heat
losses corresponding to an array of critical product volume fractions, v,
with respect to product mass fraction

Fig. 13 Temperature profiles for an enclosure of constant volume with heat

losses corresponding to an array of critical product volume fractions, 1,’,
with respect to product volume fraction
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Fig. 1 The Le Chatelier diagram for an isolated enclosure

Fig. 2 Solution for an isolated enclosure as a function of product mass
fraction



Fig. 3 Solution for an isolated enclosure as a function of product volume
fraction
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Fig. 4 The Le Chatelier diagram for layered combustion
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Fig. 6 Temperature profiles for layered combustion with respect to product
volume fraction
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Fig. 7 The Le Chatelier diagram for an enclosure of constant volume with
heat losses when the critical product volume fraction ,” = 03
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Fig. 8 Solution for an enclosure of constant volume with heat losses when
the critical product volume fraction n,’ = 0.3, as a function of product mass
fraction
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Fig. 9 Solution for an enclosure of constant volume with heat losses when
the critical product volume fraction n,’ = 03, as a function of product
volume fraction
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Fig. 10 Pressure profiles for an enclosure of constant volume with heat
losses corresponding to an array of critical product volume fractions, ,’,
with respect to product mass fraction
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Fig. 11 Pressure profiles for an enclosure of constant volume with heat
losses corresponding to an array of critical product volume fractions, n,,
with respect to product volume fraction
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Fig. 12 Tunperatl.u'e profiles for an enclosure of constant volume with heat
losses corresponding to an array of critical product volume fractions, MNp»
with respect to product mass fraction
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Fig. 13 Temperature profiles for an enclosure of constant volume with heat
losses corresponding to an array of critical product volume fractions, 1,
with respect to product volume fraction
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