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Abstract

This paper is about thermal field theory in a background gravitational field (in space-
time which is asymptotically Minkowskian). We use the analytically continued imaginary-
time formalism in one-loop order, and restrict ourselves to high temperatures. An all-
orders, but implicit. expression is given for the partition function.

1. Introduction

There has been quite a lot of work on hot quantum field theory in the presence of a
gravitational field [1.2]. Much of this work has been concerned with the region

T>wlklm (1)

where T is the temperature, and w and k are a typical frequency and a typical wave-number
of the gravitiational field. and m is the mass of the thermal particles. (Since thermal masses
are normally O(eT), where e is a coupling constant, there is such a region.) We assume
that we may set m = 0. We believe that this is a justified approximation except near
exceptional values of the graviton momenta, like k2 = 0. In the region (1), the partition
function, Z is proportional to T, and is a non-local functional of the metric [2,3]. We
also assume that the chemical potential is negligible. In previous work [2,3], Z has been
expanded in powers of the deviation of the metric g,, from the Minkowki metric 7,,. For

instance, writing
= V(=g)(7*" + c6**), (2

the terms of order x? are well known [2], and the terms of order &® have been studied [3].
We are concerned to find an all-orders expression for the partition functional Z(g), albeit

in an implicit integral representation.
We work at zero chemical potential and neglect all masses. In order to have an abso-
lutely clear meaning to thermal equilibrium, we assume that the space is asymptotically

Minkowskian,
g ~ ", (3)

and we choose the time-axis in the asymptotic Minkowski space to be the one defining the
thermal equilibrium We work to one-loop order in the thermal fields (which may be of
spin 0, § or 1). We use the analytically continued imaginary-time formalism (in which the
condltlon T » w makes sense), which is known to be closely connected to the real-time
formalism {4].

The method we use is an extension of that in (5], in which the background field
was a gauge field instead of gravity. First, using an idea of Barton’s [6], we relate the
partition function to a momentum integral of the forward-scattering amplitude for the
thermal particle in the gravitational field. In the high-temperature limit we require the
high-energy limit for the scattering amplitude. Then the relation is

Z(g)~a / dQT(g; Q)/Q, @)

where J, is the forward-scattering amplitude (spin-summed) for a high-energy particle of
momentum Q, and the angular integration is over the direction of Q (the right-hand side
of (4) is independent of |Q}). In d space-time dimensions,

a = (2r)' 4TT(d)((d) (5)

(with an extra factor (1 — 2!'~%) for fermions).
The next step (Section 2) is to show that J;, has the following five properties:-

(a) It is invariant under coordinate transformations which preserve (3).

(b) Under Lorentz transformations in the asymptotic Minkowski space, it is a covariant
function of the null-vector @*, where Q° = |Q|.

(c) It has dimension (mass)?~¢.

(d) It is a homogeneous functxon of @ of degree 2.

(e) The only nonlocalities in the perturbation expansion of Jr are line- mtegrals in the
direction of @Q; so that in momentum space the only denominators are of the form
(k.Q)~® (b an integer), where k is a linear combination ef external graviton momenta.

Then, in Section 2, we argue that these properties are sufficient to determine J,
uniquely in terms of the O(«) contribution (which is very simple and well-known).

Finally, in Section 3, we display a form, (31), for J which satisfies the above five prop-
erties and which has the correct O(x) term; and which therefore, by the above arguments,
must be the correct unique expression for Jp.

In Appendix B, we remark on the Weyl invariance of Ji, and on the trace identities
which express this invariance.

2. The forward-scattering amplitude and its properties

The derivation of the general relationship between Z and the forward-scattering am-
plitude J [6] is exactly the same as in [5]. When we consider the high-temperature limit,
there are new complications. In order to get the leading term (5), we must in general keep
several high |Q] terms in J. We call the necessary asymptotic terms Jr. If we expand in
powers of & (using (2)}, in the term O(x™) we must keep terms which are homogeneous in
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Q of degree p where p = 2,3, ...2n. The term with p = 2, which we call ‘leading’ is the one
which actually gives (5). We will show that the other terms, which we call ‘super-leading’
cancel in the complete set of graphs.

Let us consider the first two values of n. For n = 1 (the one-graviton term) we have
simply

IV = wkQ,.Q, / dizeh, (7

where ¢ is defined in (2) and w is a numerical weight factor depending on the spin and
other quantum numbers of the thermal particles (see [5}).
For n = 2, a simple calculation gives

210 = (20 [ dadtydt keI Cpuas WSS (8)
where
20 _ kZQ;AQquQd . QuQqu.kﬁ + Q;AQukaQB + Q;zkuQaQﬂ + kuQuQaQﬂ (9)
“Luvas = (Qk)z Qk .

To obtain this, one needs to expand the Feynman denominator:

1 1 k2 + (10)
Z+20k 2Q.k (2Q.k)2 7
In this case there is a ‘super-leading’ term
QuQuQaQﬂ (11)

Q.k

which cancels between the two graphs in Fig.1.

Note that (9) is in some ways more complicated than a previous form (see eq (2.33)
of [3]), but this did not satisfy properties (a) and (b) above. Eq (9) is what is obtained
using the relation to the forward-scattering amplitude. Of course the two forms give the
same Z after the angular integration is done in (4).

As a first, simple example, let us show that (9) is uniquely determined by (7), given
the five properties (a) to (e) of Section 1. Using properties (b} to (e) it is fairly easy to
see that C in (8) must have the tensor structure

AQ;AQUQQQB + B(QMQVQakﬂ + )

+C(QuQu7lad + QaQﬂ”uV) + D(Q#Qanﬁ’ + )r (12)

where ... denotes the obvious terms to symmetrize and A, B, C and D are dimensionless
invariant functions of k2 and Q.k. (In fact, C and D are constants.) As an example of
the reasoning which leads to (12), the tensor structure QuQvkoks is impossible because
no coefficient satisfying (d) and (e) can make it dimensionless.

3

NO\Y we use property (a), invariance under coordinate transformations. Then there is
@ Ward identity connecting (8) to (7). This (see (3.2) and (3.3) of [3]) is

Zk‘lcuz\m@ - kACuuolin“u = _Q»\(kuQﬂ + kBQa)'

With the use of the trace identity in (B4), this may be rewritten

2k*Crurap = —Qa(kaQp + k5Qa) — k2QaQs. - (13)

Inserting (12), the lefthand side of (13) yields

1

2(Bk.Q + D)Qa(Qaks + Qpka)

+2Ck.QQanap + 2Dk.Q(Qanisr + Quiiar) + 2(Ak.Q + BE)Q1rQuQp- (14)

There are 5 independent tensors in (14), so the Ward identity suffices to determine the
4 coefficients in (12). In fact, since the Minkowski metric tensor does not appear on the
right of the identity, C = D = 0. So the first term in (14) fixes B, and then the last gives
4. The result is (9).

A particular consequence of this argument is that (12) can contain no ‘super-leading’
term. This is because the Ward identity connects terms of the same degree in @, and (7)
is of degree 2. In general, the same arguments which lead to the uniqueness of Ji show
that it contains no ‘super-leading ' terms.

We now sketch how the same type of argument can be used to show how the x* term
in Jr is determined by the Ward identity in terms of (9). We define

3
6J%) = wid(2r)"H / [ dzid?ki6?(ky + k2 + k3)Cuvappo(ki)
0

Xe—i(k;z‘+k7:1+k3:3)q-,pu(xl )¢03(12 )¢pa(z3 ) (15)

The most general form allowed for the 3-graviton function by properties (b) to (e) is
Cuuadpc = -“1Q;AQuQaQﬁQpQ0 + BLQuQquQon + (/‘ o v)+ BgQuQuQﬂQpQw + ... \

+CL,QaQ5Q,Q0 + . + DI2QuQsQ,Q0 + ...
E(MunasQeQo+-)+E (1unapQQo+- )+ E" (1ua1v3Qp Qo+ )+ E™ (14aup Qs Qo +...)
+Fna3QuQoQo + o + Gy 10aQuQrQo + - + HinaoQuQpQp + ...
' QaQ8Q0Q0 + o+ K20, QuQ3Q,Q0 + ... (16)

Here E.E' E" E" are constants, A, I' and K are scalar functions of Q and the ex-
ternal momenta, B}, FJ,GY, H} are vector functions of () and the external momenta

not proportional to @,, and C"'“,,D;'}',, are tensor functions containing neither @, nor
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and hence by symmetry all the B*. Finally we are left with the maximum number of Q’s.
The term containing Qo QsQ,Q,Qx arises only from the A and B! terms on the right of
(17) (and not from the right side), and implies that ‘

hiky .k
A= m—Q—l)zz:sm + (cyclic permutations). (22)

Thus JEJ) is given by (15), (16), (19), (20), (21) and (22). Of course. it could
alternatively be found by starting from its definition in terms of a forward scattering
amplitude, and making expansions like (10) (but now to one more term) to find the high-
energy limit. The point of deriving it from the Ward identities is to demonstrate that
these are sufficient to fix it uniquely.

We believe that this type of argument would work for the higher terms, though it
would be very long to write out in detail. The basic point is that any tensor allowed by
properties (b) to (e) must contain at least two @ vectors, and so will contribute at least one
term to the Ward identity in which a @ in the tensor is contracted with k, the remainder
of the tensor being intact. Thus all the coeficients will be determined. If the terms are
considered in order of increasing numbers of Q vectors, then each term will fix one further
type of coefficient.

It is interesting that none of the terms (9), (19), (20), (21), (22) depends explicitly on
the Minkowski metric  or on the dimension d of space-time. We have not found a simple
explanation of this fact.

3. The Partition Function

We have argued that there is a unique functional J;(Q, g) with the properties (a) to
(e) of Section 1, and with the correct one-graviton component (7). We now display such
a functional. In order to do so, we must start with some definitions. Given a space-time
" point z, we define a null-geodesic, y(#,z) through it (where 6 is a parameter along the
geodesic) to have the properties

m
A (23)

(Note this is possible since we are assuming (3).) We further define y to satisfy the geodesic
equation in the form

d2y " dy dy”

ol A - = 24

87 T TasW) g 55 =0 (24)
which fixes the parameter § up to a constant scale factor, which in turn is fixed in terms

of @ by (23). -
The choice —oo (rather than +o0) in (23) is arbitrary. Strictly speaking, one should
start by confining oneself to metrics such that

dy*

ﬁ—»Q" as §— 400

Q.. The .... denote the addition of as ‘many terms as are necessary to symmetrize under
K= v,a & f,p o, and under the permutations of

(uv,1) (aB,2) (po,3)

The irr?portant point about (16) is that there are at least two vectors @ in each term,
otherwise condtions (b) to (e) cannot be satisfied.

Now consider the Ward identity obtained by relating (15) to (8) (again simplified by
using (B5)):

2k Crurappolk, M k") = [—kaCrgpe(k”) — (a « B) + E\Cappo(k")] + K, @, B = k", p, al.
. . (17)

We claim that there are enough independent tensors in this identity to fix (16) uniquely.

For example, the contribution to the lefthand side of (17) from the C"* terms in (16) is

2% CnQaQsQuQ0 + 2k.QC210,Q,Q4 + 2k.QC2,QuQsQn. (18)

First we show that all the terms in (16) containing the Minkowski metric 7 are zero.
This is because there are no such terms on the right of the identity (there are none in (9)).
In using the identity, it is convenient to consider terms with least number of Q vectors
first, and then go to terms with increasing numbers of Q's. Thus the term in the identity
proportional to a37,0Qx gives E = 0, NapNoaQo gives E' = 0, 14o15,Qx gives E" = 0.
NarNgeQo gives E"™ = 0. Then the term containing 17,3Q,Qs gives F}? = 0 and hence
by symmetry all FJ = 0, 7,0Q3Qx gives G32 = 0 and hence all G = 0. Next, the
terrrécontaining nsz,gQ,, gives H! = 0 and hence all H;; = 0. Last, the term containg
Na@pQo@x gives I = 0 and hence all I' = 0, a i i
o A 0, and the term with 7,,Q5Q,Q\ gives

All that remain now are the 4, B, C, D terms in (16). Again we begin with the terms
}vith the fewest @’s, ie the C and D terms. There is only one term on the left of the Ward
identity containing Q. QsQ» and no other Q vector, the one displayed in (16). Comparing
with the right of (17) and using (9) ,this gives

k1pkso + kopk
Cs = 1ph2a 20010
i 4Q.kQ.ky (19)

a.r}d hence by symmetry all the C*. (The other terms in (18), containing more Q vectors,
will now be known when we come to consider the terms with more @’s in the identity.)
The terms containing Qo Q,Qx and no other Q determine

23 _ kigks, Kiokop ,
9 = 4y .Qks.Q T 1K1 .0k Q" (20)

and hence all the D. Next we go to terms containing one more Q. Terms containing
Q8Q,Q+Q arise from B2 and D'? in the left of (17), and imply

g fikka Kb Kk,
T T4k Qk.QksQ T 4(51.Q)%5.Q | HK3.0)k .0

5
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also. Such would be the case if the fourier transform of the metric had support in a certain

region I of k-space (see eq (10) of [7]). Then, in general, there would be several analytic

continuations out of R. The choice in (23) corresponds to one such analytic continuation.
Having defined the geodesic y, we define Y(z) by

v (z,0) - Q"0 = Y* as 8 — —oo. (25)

The relation between 2, y and Y is displayed schematically in Fig. 2.
The above equations may be solved iteratively, starting with the flat-space form

y* = Q"8 + =¥, Y# =gk (26)
The first iteration then gives
0 ] _
Y# = +/ (19/ dH'FZ/,(Q9' +2)Q°Q8 + ... (27)

We may also invert the relation to get z(Y"), which we can likewise find iteratively. The
first iteration gives

0 0
ot =Y —/ ch/ do'Th (Y — QG')Q"Q" + ... (28)
—Oo0 —00
Note that, under an infintesimal co-ordinate transformation
z# — ¥ ¥ (2), (29)
which has the property
e =0 (30)

at infinity (so that (3) is preserved), Y is invariant. Also, Y transforms as a 4-vector in
the asymptotic Minkowski space, so that its index may be raised and lowered with the
Minkowski metric 7.
With these definitions, the form of J;, which we propose is

oz#
=2 d
JL _w/d YaYa

Q.Q°. (31)
To see that this is invariant under co-ordinate transformations, note that under (29)
9t {2(Y))
d =
§JL = ‘.’.w/d Y_BY—"Q“Qa =0, (32)

using (30).

The other properties, (b) to (e) of Section 1, are almost obvious from (31) and (24).
The denominators (k.Q)~® come from the line integrals in the Q direction, like those in
(28). These are the only non-localities.

Finally, we must check the one-graviton term in (31). This can be got from the first
iteration (28):

Q
wlJp ~ -2 / @'y [ dor,(v - aa)eeqer
0 o
~ s [eny [ 22904 o0,

—o0 Ty

0
)

~ x/d"y/_w d()%[qﬁ"’ﬂ(}" - Q0))QaQs

T / &Y $78(Y)Qu Qs (34)

in agreement with (7). Note that (31), unlike (32), is not zero, since ;’% does not tend to
zero asymptotically in the Q direction.

We will now derive an alternative form for Jy, equivalent to (31), which is more useful
for some purposes.

First we define
dz* Jr¥
At first sight, one might regard the transformation  — Y as a co-ordinate transformation,
and G as the metric in the new system. However. G does not satisfy condition (3), so this
interpretation should be used with caution. In Appendix A, we prove a property of G:

Gas(Y) = gun[z(¥) (35)

GaﬂQd = Qa' (36)
It follows from (36) that
GasQ°Q” = 0. (37)
The alternative form of (31) is
. ozh
Jo = 'U)/ddy (?'aYO' QOQ/J - GaﬁQaQﬂ> - (38)

To see the usefulness of (38), we define
=Y+ + A#(Y-), Guv = Muw + hpu» (39)
Then (38) gives

. OAH dAY oA+ aAar gAY
Jr = — d = —— anyp
. L U.J/d y (haﬂ + aya ay‘, n“y + Qhuaayﬂ + huv a},a 0YB> Q Q - (40)

There are two advantages of this form over (31). First. there is a practical advantage.
In order to calculate Ji, to O(x?), we would require A to O(x?) in (31), but only to O(x)
in (40) (though A, is required to O(x?) in (40)).
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The second advantage is more important. The term which has cancelled in (38) to
give (40) is '
oAn*
dY 2=-Q.Q°. 41
[ san (41)
Terms like this could lead to ambiguities. As it stands, (41) looks as if it requires the
values of A at infinity. To O(x) it has a well-defined value, as shown in (34). But to higher
orders one needs to arrange cancellations between different terms in order to get a sensible
result. This problem is avoided in (40).

The expression (31) for J; has a simple geometrical interpretatioh, which we now -

describe. First, introduce light-cone coordinates in the asymptotic Minkowski space:
I -T ’
A= y,\ +UQ/\ + vQ,\y
or
Y = (YT v,u),

where Q' is a vector satisfying Q"2 = 0,Q.Q' =1 and where Q.YT = Q'.YT = 0. Now
consider the curve given by

oY) = I(YT, v,u)

as u varies for fixed YT, v. From the relation between ¥ and z given in (23) and (25), it
follows that this curve is the null geodesic satisfying

.r,\(YT,v.u) ~ Y, asu — —oo,

that is it is asymptotic to the null line which has direction Q and which contains the
point{YT ¢, 0) in the asvmptotic Minkowski space. With this notation, (31) gives

JL = Zw/d“‘zYTdv li_n;o[Q.:z:(YT,v,u) ~ ). (41)

Thus we have an integral, over all null geodesics which asymptotically have direction @Q,
of the difference between the v-coordinates at each end. The finiteness of the limit in (41)
(i.e. the fact that the geodesics have direction @ at both ends) is a consequence of the
assumption mentioned before (25).

In conclusion, then, the partition function at high temperature is given by (4), with
any of the forms (31), (40) or (41) inserted for Jp.

Appendix A

Here we prove the relation (36). To this end, we define

.o OY*
1(6,) = gap(v)i® 575 (41)

9

* where y is regarded as a function of ¥ and 6, and dot denotes differentiation with respect

to @ (for fixed Y). Then (36) is the same as

f,,(O,Y) =Qu, . (.42)

and since f,(—00,Y) = Q,, we need to show that f, is independent of 4.
Differentiating (A1) with respect to 4 gives

: _ 0gas OYP ., ., P ., o 098
fo= gy aye I Ut Jan gy U7 + gasy T (43)

We now use the geodesic equation (18) to eliminate §j and (remembering that the geodesic
y is null)

0 e ;
5y 9asd ¥1=0

‘to eliminate

ay°
g
and thus show that {A3) is indeed zero.

It is worth remarking that (36) looks a at first sight like a gauge-fixing condition,
defining a ‘light-cone’ gauge. However, as remarked after (33), the transformation z — ¥
is not a legal transformation preserving the condition (3). so this interpretation is not
right.

Appendix B
Here we discuss the invariance under the Weyl transformation
guu — e20(2:)9;“/ (Bl)
(where o — 0 at infinity) or
(Zgig™” — ez detigns (B2)

From the point of view of the high-temperature limit or of the high-energy limit of the
forward scattering amplitude, we expect invariance under (B2), since the thermal particles
are effectively massless. Using (2) and (B2), this leads to the identity

6J _
S =0 (B3)

(7" + k")

In terms of (7) and the definitions (§) and (15), (B3) gives
Cuvap(kn*? = —QuQu, (B4)
C‘“,adpg(k. k" k’-’)ﬂpa = _Cltvad(k) - C;Avaﬁ(k,)' (B5)

10



These trace identities may easily be verified from (9), (16), (19), (20), (21) and (22).
We now verify that (31) does have this Weyl invariance. The null geodesic y is invariant
under (B1), but it is reparametrized and so, for an infintesimal Weyl transformation,

Y™ = QC, (B6)

where ¢ is infintesimal. Then (using the formula for the variation of the inverse of a matrix)

anx OA* dSY R BA¥
51 == o — = YT T2 e
<8Y") Q°Qu dY# 9zv gYe Q" Qu
_ Ak ;5 e DAY, oa* 5 e,
= ~Quprr? 30 37e 9" = ~Qu g @ e @ (B7)
On the other hand, the Jacobian of the transformation from Y to ¥ + éY is, by (B6),
Oe .

1+ 55.09% (B8)

Thus, using (B7) and (B8), we see from (31) that §J; = 0, as required.

Finally, we remark upon the fact that the gravitational interaction of a (massless)
scalar field is Weyl invariant only of the term 1 R¢? is included in the Lagrangian. However,
we have verified that, at least to order x3, this term does not contribute to the leading
high-temperature limit (4}, (3).

We are grateful to G. W. Gibbons and H. Osborn for advice. JF acknowledgés financial
support from FAPESP (Brasil) and thanks DAMTP for hospitality.

Figure captions

Fig. 1. The two forward-scattering graphs contributing to (9). The solid line is the thermal
particle and the wavy lines represent the external gravitational field.

Fig. 2. A schematic representation of the quantities defined in Section 3. Y lies on
the asymptote (in the direction of @) to the null geodesic y through z. The geodesic is
parameterized by 6.
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