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THE STRA.IN EliERGY OF A DISK-SHP.PED GP Z00IE 

John A. '?ert 

Inorganic Naterials Research Division, ~"a'>irence Berkeley Labor'atory and 
Department o£ Materi~ls Science and Engineering, College of Engineeting, 

University of California, Berkeley, California 94720 

ABSTRACT 

A simplified form of Khachatur-y2.~1 1 s solution to the problem of 

determining the strain energy of an a~cbitrarily-shaped coherent inclusion 

is found for the case of a disk-shaped inclusion. Specific strain ener-

gies are Ca.lc·ulited as a function of t~t2 orierlta.tion of such an inclusion 

in lattices possessing various elast:Lc properties. Some nume~ical results 

are presented. The salient features of the specific strain energy 

surface are found to depend only on the elastic properties of the lattice. 
; 
·.' 

From this~ a relationship bet\v-een an elastic anisotropy parameter, A, 

arid. the ·mirii:aun strain energy· orientation of .. a disk-shaped. inclusion is 

observed. The strain energies of GP zones in Al-Cu and Cu~Be age h.:1.rd.en~ 

ing alloys are calculated. The minisum strain energy orientations of GP 

zones in these alloys agree •·1i th e:-:perinc:ntally. observed orientations . 
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1, INTRODUCTION 

The clusters of solute atoms that often form durin~ the first stage 

of solid solution de.corr:position in age hardening alloys are us'..lally 

referred to as Guinier_:Preston (G?) zones. GP. zones are coherent 'dth 

the surrounding matrix phase, thus any differeuce in atomic spacing 

bet>-Jeen the precipitate and matrix phases results in coherency 

strain fields around the clusters. The strain field of each precipitate 

has an associated strain energy (self strain energy) and, in addition; 

tne interactions of·the strain fields of nearby clusters involve inter~ 

act.ion strain energies. In general, the stTain energ:-_y ·as \fell as any addi-

tional energy associated with the precipitate-matrix interface depeD.d on the 

configuration (shape and orientation) of the precipitate uhereas the bulk 

free energy change is configuration independent. · GP zones '.are 

thus expectE!d to form preferentially in c.onfigu:cations Hhich m:inim:Lze .a 

co~bination of strain and interfacial Emergies, thereby -;;tinimzin.g the 

free energy of the clusters. · 

The self strain enerK;v of_ an inclusion has been sho-;·m to depend on 

the shape of the inclusion both in the case where the precipitate-r.atr:ix. 

In addition, 

_periodic a~rays of 
., L~-9 

coherent precipitates have been snmm to be 

energetieally preferred over a random··distribution owing to the interac-

tion of the strain fields of the precipitates. The dependence of the 

self- strain energy of nonspherical coherent precipitates on their 

orientation in an elastically anisotropic matrix has been exem.ined by 

S h 11 . L . d TJ. 1" ~ 10 . . , . . 1 .c - d" ·._ c <ife lnger, eam_y an 1,ar lmon'- ln tne specla case o_._ tho- lmenslon-

ally infinite misfitting precipitate sheets. Their analysis, ho;.;ever, 
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treated a nonequilibrium problem since strains ,.rere confined to 

the precipitate phase. The purpose of this Study was tb examine the 

anisotropy of the strain energy associated with disk-shaped inclusions 

0
.,: 
J. finite~ ezten.t. 

For calculation of the self strain .energy of a coherent _inclusio!1, 

1 . . ' . "1 '1 E ' 1' ll ' . . d 1 - . se·•,.;era approacnes are aval_ao:...e. sne_oy ootalne a so ut:Lon ::;.n 

terms of tabulated elliptic integrals for the case of an ellipsoidal 

inclusion in an isotropic elastic. medimn. This solution vas subsequently 

1? 
extended to anisotropic media by Halpole.-- A solution to the general 

case of an arbitrarily shaped coherent inclusion in an elastic medium 

f b - h . ~ . . b .,, h 13 
o ar ltrary anisotropy as been rourici y l\.nac aturyan. 

Presented here are the results of a study of the self strain eil.e-rgies 

associated with disk-shaped GP zones using Khachaturyan's solution. 

Strain e;:1ergies were calculated as a .function of the orientation of a 

disk---:shaped coherent inclusion in various materials. The rela-tio!"tShip 

between the minimum energy orientations and the elastic anisotropy of 

the matrix phase found by SchHellinger et al
10 

is extended to the more 

general case of a coherent pre~ipitate of finite extent in elastic 

equilibrium Hith the matrix phase. 



2. THEORETICAL CONSIDE:RJ,TIONS 

2.1 Khachaturyan' s Sol_utior_t 

Kn, ac;he1'-Ltr··an13 • J ~ 1 l _, , __ .__ L _ :; obtalnec a solution or the genera· prob_er;: o£ deterwin-. 

i-:1g the elastic strain energy of a neH-phase coherent ir..c:lusion o.£ arbitrc..ry 

shape in an elastic medium of arbitrciry anisotropy. The assut::ptions i11-

here0.t in this solution require that the inclusion be isolated in an infi- ·~ 

nite elastic mediu1n and that the elastic properties of the inclusion o"' 

identical with those of the surrounding matrix. The latter is equivalent 

to the asstl.mption that the modulus effect is small with respect: to the 

size effect. 

Of p:ri~nary inlportance in lChacl1atur;.ran '.s solUtion of this stra:i.n 

energy pr()1::;leTC!. is a tensor ~vhich shall be referred to as the "free state 

strain tensor. 11 Consider the volume which is to undergo transfor!'12.tion.. 

Suppose it is reD>.oved from the elastic mediuEl and allmv-ecl to trans£otTU. 

free of the constraints normally imposed on it by this ;nediu.m. The strains 

corresponding to the deformations it unde.rgoes as it transforns in the 

absence o£ IT!echanical constraints define the matrix elements of the free 

state strain tensor. 

ing form 

E 
1 
2 

0 
E v1~ -

lm 

v;here E is the strain energy of the coherent inclusion, 

(1) 

' is the ''ijlm 
. 0 elastic modulus tensor, ~ .. is the free state strain tensor, V is the 

lJ T 

volume which und.ergoes transformation 2nd f(k) are the Fourier conponeats 
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of G(r), the form function 0(r) being equal to ;ero ciutside the inclu~ion 
- f. \ ~ 

{ !:>. 
c.nd unity inside it.). A \;:} is defined by the· follo~qj_;:-:g eq'-22-t:~on 

!·~/ 

"Where ( ... ' ... ) is the scalar'vector product and 
/'-1 
G is 

of the Green's function of the elastic equilibrium equations. The 
A 

~ h 0 matrix elements o:;: t .. e operator 0 are determined by the following 

relationship 

Finally, the m2.trL< elements ot 

tions 

and 

;Eo 

lm 
0 . 

"-1 
the operator G are defined by 

). k k 
ijlc:t 1 m 

"'-1" 
G G 1 

the equa-

where In all of the above equations (a.nd throughout thi.s 

paper) summation over repeated indices is implied. 

o£ equati-on (l) ~~r1 the general ·case i_s diiticult. .A. sir:rplified eJ-Qr:~ssion 

may_ be obtained~ ho\·7ever, for the special case of a disk-shaped inclusion. 

2. 2 Strain Er.ergy of Disk-Shn:ped Inclusions 

Consider the Fourier components of the form func~ion in the case cif 

a disk-shaped inclusion. The only non-zero components lie i~'l a direction 

very rieClrly parallel to the norrna.l vector of the disk. 'rhus, as '"as 

observ-ed by Khachaturyan, 
13 

o;::ly k vecto·cs which a"!;"e nearly paral,lel to 
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this normal vector Hill cont.:ri"bute significantly to the integral i:n 

equation (l). As is indicated by the functional form; the quantity 
k 

A(~) is dependent ottly on the direction of k, not on its magnitude. 
1- ,_ 
~ & 

Thus, if A(~) is a sl.looth and slow·ly varying function of (:::.), only a· 
~ k 

k 
sli.ght approximation ·uill be incurred by replacing A(;.) \.dth A ( p_), 

k ....._ 

v7here 11 is a unit vector normal to the plane of the inclusion .. A(n) 

being constar:t, it may be remov-ed from the integral and the elastic energy 

of the disk-sh2ped inclusion may be re-expressed as 

E -'· l I 0 0 v. 
2 "ij lm t ij t lm T 

3 . 
A(~)jd ~. · -· -- ---

2 ("-r. \3 
~L II 1 

!8(~)1 2·• 

This Bay be further· simplified by making use of the identity 

v 
T 

r d3!'; 
j8(!.s)l 2 

(2n) 3 ~} 

Thus, in the case of a disk-shaped inclusion, Khacbatu:;:-yan re-expressed 

equation (1) in the much simplified fom 

E c= 

v 
T 

2 

k 

E'o o 
.. t 1" 
~-J. m - A Cccl I . 

k 

k 

a smooth slm.rly varying function of so that the error introduced by . k 

the above approxirnz.tion is small. 

(2) .· 
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Froru equation (2) it is immediately obvious that the strain energj 

of a clisk-shap.2d cohere.nt precipitate is directly proportioual to th,=. 

volume of the precipitate prior to transformation, VT. Thus, the para-

meter of interest is the specific strain energy of E the precipitate, -. v ' 
T. 

'\·ihich shall be donated sV. The parameters required for calcelation of 

sV for a GP zone in a cubic lattice are three indeperrdent elastic constants 

Cc11 , c
12 

and c
4
), the matrix elements of the free state strain tensor, 

and t'tvo parameters characterizing the orientation of tlle disk in the lattice. 

To see ho\v these parameters are related to measurable quantities, consider a-

tion of a model of disk-shaped GP zones in binary alloys is necessary. 

llt 
X·-ray studies · and, more recently, high resolution electron micro-

l5' 16 , d ' ' d l d ' G ~ dl7 b ~ b scopy nave suggeste tnat tne moe_ propose DY ceroJ.. est ~escries 

the nature of GP zones in Al-Cu and Cu-Be alloys. This model, originally 

describing the GP zones which form in Al-Cu age hardening alloys, assumes 

that they are composed of a monolayer of Cu atoms in a matrix of nearly 

pure Al. Assuming that Gerold's model may be employed to describe GP 

zones in all binary alloys, the parameters required for the calculation of 

• may be evaluated as follows for the case of a_supersaturated solution -"'',._T 

of B in. l:... .. 

The matrix surrounding a fully grown cluster is nearly pure A and 

it may be assumed that the residual concentration of B has only a slight 

effect on the elastic properties of the A matrix. The most readily acces-

sible elastic constants appropriate to this case are therefore those of 

pure A. 
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Prior to transformation, the disk-shaped voluu-tc=: to be transfor:rred 

contains 2: more or less random A-B solution. After the GP zone has formed, 

the volume contains pure B. In the unconstrained state, deformations 

r::ust occur in the plane of the disk to change the lc.ttice pc.rameter from 

that of the A-B solid solution to that appropriate-to 2 monolayer of B . 

. Denote the s.train corresponding to free state deforTI.ations in the plahe of 

the disk e . Similar deformations may be imagined in the direction normal 
p 

to the precipitate disk. The strain coresponding to this deformation-is 

denoted f: 
n. 

The f,.-,~,, state strain tensor for a GP zone lying in the (001) matrix 

plane is easily seen to have the :Eollm.ring matrix ele;::ents 

. ~ 0 Q\\ 
(• 

0 

ij) Obi = \: 
(3) t .0 .,. 

p I 
1 

0 (: I 

n/ 
I 

Assumir:g that the values of the transforrna.tion parameters ( ~ and f: ) 
p n 

_are isotropic, the free state strain tensor for a GP zone in any orien-

tation may be easily obtained using coordinate transfor2ation techniques .. 

Thus, there re;;:ains only the evaluation of the t:ransfo:::-2-':lti.on p.;:r;·camat;~rs 

E artd t .. 
p n 

Lattice parameter measurements, traditionally used to determine 

atomic misfits, may not be used directly in this case since the crystal 

structure of the A-B solid ~olution and pure B are not necessarily the 

same. If the transforTik'1tion parameters assumed to be isotropic, the 

cube root of the volume per atom, L , may be used as a measure of atomic 
v 

size as well as the efficiency of atomic packing. T~l.e change in L f ro:n 
v 

. . 
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an A-B random solution to pure B is a measure of the free state deforT:t,3.-

tion which must occur in the plane of the disk during the transformdtion. 

The strain, Ep, corresponding to this deformation is 

{: 
p 

-
L (B) - L (A-B) 

v v 
L (A-B) 

v 

Along the axis normal to the plane of the precipitate disk one might 

reasonably suppose that aft:er the transformation. L would be similar to 
. v 

that of a solid solution containing A and B in equal concentrations. 'the 

value of L for such a solid solution :raay be obtained by extrayolation of 
v 

measured lattice parameters. The strein, E , alo>J.g the direction 
n 

norw.al to the plerre of the disk is thus given by 

E 
n 

L (extrapolated AB) - L (A-B) 
v v 

L (A-B) 
v 

In cases '.Jhe.re the crystal structures of the A-B solid solution and pure 

B are the same, this method is equivalent to direct use of lattice __ 

parameter measurements. 

·, 
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3. REST.TL.TS OF STR.I\IN ENERGY CALC!!LATIONS 

Calculations from lattice 
1 .., 
~0 f parameter measurements or a variety of 

age hard.;:;ning alloy systems in w·hich disk-shaped GP zones .form have shm.;n 

that the absoh1te values of t and €. . generally fall betNeen 0. 0·4 and 
p n 

0.15. In addition, the value of t is usually somewhat smaller than 
n 

than that of E • For investigation of the dependenca of the specific 
p 

strain enet·g-y on the elastic properties of the matrix, the typical values 

~ 0.10 and €: = 0.07 w·ill be used. All calculations referred to in 
P n 

this section employed these values of E and t . 
P n 

The specific strain ener&.r -.:as calculated as a function of CP zone 

orientation using the elastic constants corresponding to-several different 

metals. It is not suggested that disk-shaped GP zones are observed in 

alloys based on all these metals, they have been used for com:;::.arison 

purposes only. Some of the results are plotted in 'Figures 1, 2 and 3. In 

these plots, the direction associated >vith the radial vector is paL:alle1 

to the GP zone normal and the magnitude is proportional to E for that 
v / 

orientation. These radial plots are planar profiles of· the specific 

strain energy surf2.ce of a GP zone in the particular el;;J.stic nedium. 

for the case of a GP zone in an Fe (bee) lattice. . Th.e elastic constants 

corresponding to Fe are given in Table I. Figure I shows the variation 

of the specific strain energy upon rotation of the noriT'.al vector of a GP 

zone in the (100) lattice plane. 0\;ing to the four-fold sy1'II!:letry of the 

(IOO} plai'.e, the plot is symmetric about the. [ Oll] axis. Figure 2 is also 

an "" surface profile for an Fe lattice. In this case the GP zone normal 
v 

. 
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has been cOilfined to the (110) lattice plane. As a result of this study 

of the E surface for a GP zone in ~n Fe lattice, it was found that the 
v 

GP zone orientations with the normal vector par~llel to a <100> direction 

correspond to minimw-rn values of c: , saddle points are associated t·rith the 
. ' v 

<110> orientations and the <111> orientations correspond to ~axima on the 

specific strain energy surface. 

The effect of a change in the elastic constants on the specific strain 

energy surface can be seen by comparing Figures 2 and 3. Figure 3 is a plot 

of the same rotation plane as Figure 2, however, the elastic constants have 

been changed to those corresponding. to 11b (see Teble 1) • P.,s before, the 

<LOO> , <110> and <111> orientations correspond to extrema on the specific 

strain energy surface. The roles of the <100> and <lll> orientations, 

hm;;ever, are clearly reversed when the elastic constc:.nts of Fe are_replaced 

by those of Dio. 

Table 1 suCT.narizes the results of calculations i-o..-volving the elastic 

constants of a number of metals. but retaining the sa=:e values of t and 
p 

f • In all cases it was found that the <100> , <110> end <111> orientations 
n 

corrE-spond to extrema on the specific strain energy surface. The values 

of E for these orientations thus characterize the sur:=ace and they are­
v 

this table is the relationship b~tween the elestic anisotropy parameter 

A, defined as 

A 
2C, I 

lJ.'-+ 

·' 

and the orientation corresponding tothe minimum speci.fic strain energy. 



I --------·----·-------
, 

Element ' 

& 

* . 
1

1 
.:1nd 1

2 
a"l;'e twQ lrypoth(~t:i.cal Jnol:1:·opic nw.teriulG Y.-Jith eubic lattices. 

I 
}-l 

1'0 
I 
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For the particular values oft and.: used in these calculatio~s, the 
p n 

<100> orientations are minima ~v-hen A > 1 and the <111> orientations are 

minima for A < 1. This is the same relationship found by Schwellinger 

10 
et al in their study of t':vo-dimensional1y infinite bisfitting sh~ets, 

For the purposes of this paper, however, it is not yet a general state-

ment since the ~hape of the specific strain energy surface may also.de-

pend on the values of the transformation parameters. 

3. 2 Dependence of the Strain Energ:.'{ on the }:'ransformation Para!!le~~...!§_ 

That E for a particular orientation must depend on the transformation 
. v 

parameters if evident from the limiting case. As f and f go to zero, 
p n 

E must also go to zero. For all sets of elastic constants listed in 
v . 

Table 1, however, it has been found that the ratios E <110> / E < 100> 
v ·v 

and E <111>· lt <100> are irJ.dependent of the v:a,lues of the parame.ters 
v v 

t arid t . This is significant because it shm.;s, for all the cases in 
p n 

Table 1, that the salient features of the specific strain energy surface· 

are independent of the parameters characterizing the transformation. 

For these cases the shape of the E surface depends only on .the elastic 
v 

properties of the matrix phase. 
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4. DISCUSSION 

In the previous section it 1:vas observed that for all cases listed in. 

Table 1, the shape of the specific strain energy surface is ind.ep3nd<!nl:: of 

the transfor~ation parameters t and E • Since the <111> or <100> orien-
p n 

tations correspond to the minimum value of s in all cases investigated, 
.v 

the ratio s <111> / s <100> reflects an essential feature of the surface: 
v v 

Figure 4 is a plot of this ratio vs the-anisotropy parameter A. Inferring 

from Fig11re 4 that this approximate linear relationship is valid L1 all cases, 

one observes that for A > 1 the ratio c: <111> I s ·· <001> is also great_ e:r 
v v 

than. one, implying that the <001> orientations are minima on the c:: . 
v 

surface. For A <1 this ratio is le.ss than one so- that the <111> orientations. 

correspond to m1n1ma on the s surface. 
v 

This liJ;lear relatiortsh:i;p is valid 

for any disk-shaped coherent inclusion provided that the free state strain 

tensor has the fortn of (3). In cases Hhere the interfacial and interaction 

energies are isotropic (or -.;;vhere the self strain energy is the domit1artt: 

·term), disk-shaped GP zones 'vill form preferentially on the <100> ple!Q~S-

if A > 1 and the <111> planes if A < 1. Simple calculations for GP zones 

of typical siz? indicate> hm.;ever> that the anisotropy of the interfacial 

energy •wu.ld also be important if the interfacial e;i1er6-y densi.ty exceeded 

2 
a few hundred ergs/em . 

4.2 The Case for A1-Cu 

The Al-Cu binary alloys are the basis of many teclmologically impor-

tant alloys me.riting special consideration of this case. The elastic 

constants of Al are given in Table 1 and the transfo!:!llation paranete1:'s co;n-

18 
puted from lattice parameter measurements are f 

p 
0.108 and f: 

n 
0.0595. 
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24 · a _ 
\'igier et al report that t.he GP zone.s in ari Al-l. 74 /o Cu alloy have 

diameter o£ about 80 A and the pre-transfor.mation thickness of a r:ronolayer 

rnay be ttiken as half of an Al lattice parameter, about 2 A. 

A plot of the variation of the strain energy for a GP zone of the 

above di~llensions •-rith the normal vector confined to the (llO) plane is 

shown in Figure 5. The <100> ·orientations correspond to the minimum strain 

energy -.;.;rhich is 25 
the observed GP zone orientation iQ Al-Cu alloys. In 

Figure 5 the minima are broad and shallow (A being only slightly greater 

than one) and from this, one might expect some variation in the obse-rved 

orientation o£ the GP zones. Since no variation is observed, one could 

speculate·that: interfacial energies or strain field interactions might 

be important :in this case. 

In Al-1.74 a/o Cu alloys, GP zone densities 6£ the order of 5X1o17 

-3 75 . 
em are c.o;mnonly observed.- Assuming that all or the GP zones are in 

(or very near to) the minimum strain energy orientation and ignoring in-

teractions between strain fields, the strain energ-y- associated with the 

GP zones in this alloy is 8.6 cal per mole alloy. 

4.3 The Case for Cu-Be 

Similar calculations may be made for another important alloy in 

~ihi.ch disk-shaped GP zones are observed, Cu-Be. 'The elastic constants for 

Cu are given in Table 1 and values of f and f: calculated from lattice 
P n 

18 parameter measurements are -0.118 and -0.0433, respectively. For a 

a 16 
Cu-12.37 /o be alloy, the observedGP zone diameter is about 60 A 

and the thickness is taken as one half a Cu lattice spacing, 1.85 A .. 



-16-

A plot of the \.rariati.on of the strain energ--y t;,'iien a GP zone T1.orr2al 

is co~nfined to the (llO) plane is shmm in Fig-ure 6. Again the rrii.nirr;um 

strain energy orientation is <100> \.:hich corresponds to the observ2d. GP 

zone orientation in this 
25 

alloy. Cor::1parison of :Figures 5 and 6 rn-eu.phac-

sizes the dependence of the shape of the strain energy surface on the 

anisotropy parameter A. Unlike the case for Al-Cu, the rrd_nima in Figure 6 

are fairly sharp and deep so one would ex-pect other factors to be l.ess 

necessary in swrpressing variations in the observed GP zone orienta·tions 

in this alloy. 

.• 

...... 
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5. CONCLUSIONS 

1. 1\n approximate expression. for the specific strain energy of an 

isolated disk-shaped inclusion is obtained from Khachaturyan's solution 

to the general problem. Numerical results are presented for a numb•3r of 

metallic clements Hith varying elastic properties. 

2. It·is found that the shap~ of the specific strain ene.rgy surface 

is independent of the transformation parameters E and E .. 
P n -_ 

3. The relationship bet>-reen the anisotropy parameter A and the GP 

zone orientation of minimum strain energy proposed by Scht.;ellinger et a110 

also found for the case of finite disk-shaped precipitates. An approx:L:-

mate linea:- relationship ben-reen the ratio of the strain energies fo~r 

the <111> and <100> orientations and the anisotropy parameter A is observed. 

4. Profiles of strain energy surfaces are presented for 1\,1-Cu. 

and Cu-Be alloys. The minimum energy orientations agree Hith the ex-

perirnentally observed GP zone orientations in these alloys. 
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FIGURE CAPTIO::JS 

Figure 1. Variation of the specific strain energy of a GP zone in an 

Fe lattice VJhere the normal vector has beerr confined to- the 

(100) plane. 

Figure 2. Va.riation of the specific ·strain energy of a GP zone in- an 

Fe lattice ..;.;rhere the normal vector has been confined to the 

(110) plane. 

Figure 3. Variation of the specific strain energy of a GP zone in art 

Nb lattice VJhere the normal vector has been confined to the 

(llO) plane. 

Figure 4. The relationship between the ratio E: <111> I <100> and-I -v v 

the elastic anisotropy parameter A. 
.· .. 

Figure 5. Variation of the strain energy of a GP zone in a Al-cu·alloy 

•-:rhere the normal vector has been confined to the (llO) plane. 

Figure 6.· Variation of the strain energy of a. GP zone in a Cu-Be alloy 

where the normal vector has been confined to the (llO) plane. 
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This report was prepared as an account of work sponsored by the 
United States Government. Neither the United States nor the United 
States Energy Research and Development Administration, nor any of 
their employees, nor any of their contractors, subcontractors, or 
their employees, makes any warranty, express or implied, or assumes 
any legal liability or responsibility for the accuracy, completeness 
or usefulness of any information, apparatus, product or process 
disclosed, or represents that its use would not infringe privately 
owned rights. 
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