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ABSTRACT:

We recently generalized the standard BUU transport model to incorporate
N-body collisions. This model has now been further developed so as to
allow the calculation of the energy spectra of kaons produced in nuclear
reactions at relativistic energies. Applications to the systems Ca+Ca,
Nb+Nb, and Au+Au at bombarding energies of 600 and 1000 MeV per
nucleon suggest that the effect of N-body collisions on the kaon spectra
is relatively minor.
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1 Introduction

With few exceptions, microscopic dynamical simulations of high-energy nuclear reac-
tions have relied on the picture of sequential two-body scattering between the hadrons.
About ten years ago, Kodama et al.[1] sought to generalize the intra-nuclear cascade
description to take account of non-binary processes, by using the energy-dependent
interaction range to determine the number of nucleons participating in a given scatter-
ing process. Somewhat later, Mréwczynski (2] discussed the application of transport
theory to the description of nuclear matter and showed that elementary considera-
tions lead to the expectation that three-particle collisions are significant in excited
nuclear matter. Finally, quite recently, Bonasera and Gulminelli [3] studied the effect
of three-body collisions on the basis of the BUU transport equation, employing a
generalized mean free path in accordance with the analysis by Mréwczynski. Concur-
rently, we [4] have developed a generalized BUU transport equation that incorporates
N-body collisions and made a survey study of the effect on a variety of commonly
considered observables in high-energy nuclear reactions, such as collective flow and
particle production.

In particular, we found that the total kaon yield is relatively unaffected by this
incorporation of N-body collisions, and we understood that feature as a reflection of
the fact that the effective temperature of the N-body clusters producing the kaons
has little dependence of the cluster size N. In that first study we did not calculate
the differential yields of the produced kaons. However, one might expect that the
inclusion of N-body collisions will enhance the yield of high-energy kaons in reactions
at subthreshold bombarding energies. We therefore find it worthwhile to examine
quantitatively the effect of the N-body collisions on the spectra of kaons produced at
subthreshold energies where the effect should be most noticeable.

Accordingly, we report here on an extension of our model to the calculation of
differential production cross sections for particle production and the application to
kaon production in symmetric nucleus-nucleus collisions at relativistic energies. In
section 2 we briefly describe the model and its extension to calculation of kaon spectra.
Then, in section 3, we present and discuss the calculated results. Finally, we conclude
the study in section 4.

2 Description of the model

In ref. [4] we augmented the BUU transport equation with a generalized collision
integral, in order to take account of N-body collisions in the course of a nuclear
reaction. This generalized transport theory can be briefly described as follows. Our
starting point is the standard BUU model (see ref. [5]), specifically the numerical
implementation made by Wolf et al.[6]. In that code a number (typically hundreds)
of parallel manifestations of the nuclear A-body system are propagated in the same
effective field obtained by averaging over these parallel systems after each time step.
The code includes nucleons as well as the A(1232) and N*(1440) resonances,. and
it also treats the pions resulting from their decay. In addition to their motion in



the common field, the baryons in a given A-body system experience direct two-body
collisions governed by the energy-dependent baryon-baryon scattering cross section
0B, B,(€12), where €15 is the relative energy of the two baryons B; and B; (equal to
their total kinetic energy in their CM frame). These collisions are subject to final-
state Pauli blocking, where the blocking factors have also been obtained by averaging
over all the parallel systems.

In our extension, this basic BUU simulation code is employed to provide a sequence
of binary baryon-baryon collisions events. For each such event it is determined how
many additional baryons are located in the proximity, on the basis of the appro-
priate interaction range associated with the energy-dependent two-body interaction
cross section o, g,(€12)- In this manner a “collision cluster” containing N baryons is
identified, for that particular collision event. The differential distribution of these N
baryons after this N-body collision is obtained by assuming, as a simple idealization,
that there is a microcanonical redistribution of the available energy within each such
cluster.!

This simple but general model was subsequently extended to particle production
processes by allowing the two primary baryons B; and B, to produce particles in the
usual fashion, after their interaction with the environment. The N — 2 neighboring
baryons thus act as an energy reservoir and a key quantity is the effective temperature
Tn of the cluster, since this quantity is a measure for the typical relative kinetic energy
of the two baryons. In ref. [4] we found that the inclusion of N-body collisions has
relatively little effect on the total yield of kaons in nuclear reactions at relativistic
energies, and we ascribed this feature to the fact that 7y depends little on the cluster
size N, since the cluster members are all drawn from the same system.

The purpose of the present investigation is to extend the calculation to the dif-
ferential distribution of the produced kaons. The method developed can readily be
extended to the production of other particles as well.

The kaon is assumed to be produced in an elementary process of the form B; B; —
BY K*, where B denotes the final baryon and the hyperon Y is either a A or a
¥, and it is furthermore assumed that the corresponding differential cross section
d®0p, B,—.x+(€12)/dp is known as a function of the relative energy €, of the two initial
baryons B, and B,. Since we shall apply the model to the subthreshold regime, it
suffices to include only those processes in which the emerging baryon B is a nucleon
and the hyperon Y is a A particle (the A lies about 300 MeV higher in mass and the
¥ mass is about 75 MeV above m,, and their inclusion would anyway not affect our
conclusions).

In each such elementary process, the branching ratio Pg, g, x+(p) for producing a
kaon with the specified momentum p is then given by the ratio between the associated
differential production cross section and the elementary total interaction cross section,

1 d30'3132_.1{+ (612) (1)
03,32(612) dp

Pg,g,—.k+(€12;p) =

!Several years ago, Shyam and Knoll [7] employed the same idealization in their statistical model
for high-energy nuclear reactions based on Glauber-type dynamics in which all nucleons lying along
the same line parallel to the beam form a similar collision cluster.
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When N-body collisions are incorporated, the total energy available in the cluster,
E*, is first shared microcanonically between the N baryons in the cluster, before the
two primary baryons produce the kaon. The resulting effective branching ratio is then
obtained by averaging the elementary branching ratio (1) over all the microcanonical
momentum configurations of the N-body cluster. In the present context it suffices
to use non-relativistic kinematics, and so the effective production probability can be
expressed in compact form as '

, _ I3.|Ps,B,~k+]
Pg,B,..By—k+(E*; p) =< Pp,B,—k+(€12) >= ZN.0] , 2)

where we have used the N —particle phase-space functional

N N N p?
V(1) = 11/ dpd f(pry-+,om) 8P 8B - ) . 3)

=1 =1 =1 t

The essential new ingredient in the model is the differential distribution of the pro-
duced kaon. Since this quantity is not well known, we assume, as a simple approxima-
tion, that the momentum distribution of the kaon is proportional to the phase space
associated with the three particles in the outgoing channel. In the non-relativistic
limit, the differential cross section is then given by '

, (4)

=2 3
pma:: pma.z:

PO
d°0p, B, k+(€12) _ 4 1— [P ik 05, B,—k+{€12)
dp w2

where
Pmaz = \/2¢t(€12 — ) (5)

is the maximunl momentum of the emitted kaon and 4 is the corresponding reduced
mass, p~' = mg' + (mp + ma)~. Furthermore, ¢ = mg+ 4+ my + my — mp, —mp,
is the threshold energy. [It should be noted that this quantity ¢, may occasionally be
negative, namely when one of the primary baryons is an N*(1440) and the other either
an N* as well or a A(1232); the energy tied up in these resonances is then available
for the kaon production.] The resulting spectral shape is displayed by the solid curve
in fig. 1 and may be compared with the data of Hogan et al.[8], taken at 2.54 GeV
(corresponding to E* = 1.00 GeV). It is seen that the adopted parametrization shows
an acceptably good agreement with the data, and we expect that our approximation
will be even better at the energies of present interest which are closer to the threshold.

For the total elementary cross section we adopt the functional form proposed by
Schiirmann and Zwermann [9], o

UNN—0K+(€12) = 800 l‘b [ pmaz(GeV/c) ]4 ) . . (6)

and the contribution to the kaon production arising from the various other baryonic
channels are related to the NN channel as in ref. [10].

In order to arrive at a tractable result, we shall make two simplifying approxima-
tions. The first exploits the fact that the energy dependence of the total cross section
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0B, B, (€12) is rather weak at those high energies for which kaon production is possible,
and so we may to a good approximation replace this quantity by o, B,(€12), where
%12 is a suitable typical energy of the two baryons producing the kaon.? The effective
branching ratio can then be expressed in terms of the effective kaon production cross
section as

. 1 If.[dPop,p,~x+(e12)/dp]
PB,B,...BN—oK"’(E 1p) = UB,B;(EH) IN.[].] ’ (7)

The second approximation consists in neglecting the fact that the differential
production cross section d3cg,p, .x+(€12)/dp refers the kaon momentum the CM
frame of the two baryons B; and B,, rather than to the CM frame of the cluster.
This neglect of the Lorentz transformation of the kaon motion between these two
frames introduces a certain local distortion of the resulting kaon spectrum. However,
the quantitative effect is expected to be rather small for the following reason: Since the
kaon production cross section is a steeply rising function of energy, there is a tendency,
within a given cluster, to favor production from those momentum configurations for
which the baryons move as only little, except for the relative motion of B; and
B, (in order that the available energy E* may be expended on producing a kaon);
accordingly, the kaon is more likely to be produced when the two inertial frames have
little relative motion. _

The factorization brought out in eq. (7), invites the introduction of the effective
differential cross section (in analogy with what was done in ref. {4] for the effective
total kaon production cross section op, p,..ey—k+(E")), and because of the two ap-
proximations discussed above, this quantity can be calculated in a similar manner,
exploiting the fact that the 3/N-dimensional integral appearing in (2) can be reduced
to one dimension [4],

dsaBle---BN-*K"’ (E"; p) _ IN‘ [dsanBz—'K"’ (612)/dp] (8)
dp - N (1]
F(%N — %) w3 [F daUBlag—.Iﬁ(ﬁlz;P) 1/2 612>%N_4
TEN —3)I (@) (B2 o 22 dp ‘12 (1‘ E-

In the integral over the relative energy €2, the quantity e(p) = eo+p?/2u denotes the
production threshold which depends on the magnitude of the specified momentum p of
the produced kaon. (The fact that €(p) can be negative is no cause for concern, since
the differential cross section d°0p, g, .x+(€12) is understood to vanish for €;, < 0.)
Thus, after changing to the dimensionless relative energy t = €2/ E* as the integration
variable and using the adopted forms of the momentum profile (4) and the elementary

2In those cases where the two primary baryons are nucleons the total cross section o, p,(€12) is
indeed rather energy independent at the relatively high kinetic energies for which kaon production is
possible, but when one of the primary baryons is a resonance (A or N*) the threshold is considerably
lower and the reaction cross section may then exhibit a significant energy dependence. However,
this feature plays no important role because the relative energy €5 is usually not confined to such
low values, and consequently our approximation is in fact fairly good, as has also been verified by
numerical calculation.



production cross section (6), we arrive at the following expression for the effective
branching ratio (7),

800 ub (GeV/c)* T(3N -3
Pg,B,..By—k+(E*; D) = -
51 B2 By—kc+ (£ ) 08,5, (€1) TGN -3)I(3) o)

4 - ! 1/2 41/2 IN-4
—_ / — t —_ .

Again, the lower limit of the integral should never be negative.

As an illustration, we have also included in fig. 1 the spectral shapes associated
with clusters with N > 2 (dashed curves). The available energy E* for the various
cluster sizes N has been obtained by assuming that the associated effective temper-
ature 7y = 2E*/(N — 1) is the the same for all N, as our dynamical simulations
suggest is roughly the case (see table 1). (As discussed in [4], the cluster temperature
is related to the first moment of the beta distribution associated with the microcanon-
ical constraint.) We note that the increase in the cluster size leads to a significant
enhancement in the production of kaons with high momentum, while leaving the yield
at lower momenta rather unaffected.

Since the branching ratio is so small, kaon production may be treated as a per-
turbative process. As a consequence, the influence of the kaon production on the
collision dynamics is negligible and, furthermore, we may simply add up the contri-
butions from each of the individual N-body collision obtained with our extended BUU
model [4]. For a specific impact parameter, the total kaon differential multiplicity b
is then given by |

Prg+(h) 1 . |
= N2 Pemesxe(Ep), (10)

where A denotes the number of parallel systems utilized in the simulation. We
note that for NV > 2 the prescription used differs slightly from that employed in
our first study [4], in which the typical energy &, used in the denominator of the
expression for the effective branching ratio (7) was evaluated by averaging the energy
€12 using the corresponding kaon production cross section as the weight function.
There is very little sensitivity to the specific prescription adopted for €, and in the
present calculations we have simply used the incoming relative energy of the two
primary baryons. It has been found that this difference affects the calculated kaon
multiplicities by only a few per cent. '

3 Results

We have applied the model to head-on collisions of °Ca+%°Ca, %3Nb+2Nb, and
197 Au+197Au. In these calculations we have ignored the rescattering of the produced
kaons by the other hadrons in the system. Although the kaon has a fairly long
mean free path (Ag+ & 7 fm in nuclear matter), the chance for scattering is far from



negligible and this effect may in fact modify the differential distribution significantly
[11]. This complication need not be considered in the present investigation since we
are only interested in assessing the relative effect of including the N-body collisions.

The contributions to the kaon multiplicities from the different cluster sizes N are
summarized in fig. 2. The dashes show the result of the standard binary BUU calcula-
tion, while the result of incorporating the N-body collisions are indicated by the solid
bars. It is seen that the total kaon yield remains almost unchanged when the N-body
processes are included, for all the cases considered. The contributions to the kaon
multiplicity from various cluster sizes N = 2,..., 6 are shown by the solid histograms.
As was already found previously [4], the kaon yield is determined, essentially, by the
available energy per nucleon, due to the assumption of equipartition of the energy
in the cluster. In order to understand the absolute sizes of the contributions from
various values of N, it is useful to note that these quantities arise as the combination
of two ingredients: one is the spectral profile associated with the particular value of
N (as illustrated in fig. 1), and the other is the rate of occurence of such cluster sizes
(which decreases steadily with N, as shown in fig. 3 of ref. [4]); the result is a roughly
geometric decrease of the kaon multiplicity as a function of the cluster size N.

The differential kaon multiplicities corresponding to various cluster sizes N are

displayed in fig. 3, as a function of the magnitude of the kaon momentum. In all

cases, these spectral profiles are approximately of Maxwell-Boltzmann form, and the
corresponding characteristic temperature is nearly independent of N, in each partic-
ular reaction. This fact makes it easy to understand why the kaon spectra are so
relatively unaffected by the inclusion of N-body collisions: For each cluster size N
the kaons have an approximately thermal shape with an effective temperature that
depends little on N, and so the kaon spectra contain (nearly) no information about
the size of the cluster involved in their production. To illustrate this key feature we
list in table 1 the time average of the cluster temperatures 7y = 2E*/(N — 1) during
the course of the reaction processes considered.

The resulting effect on the differential distribution is shown in fig. 4, where the
invariant kaon multiplicity is shown as a function of the kaon kinetic energy. Qualita-
tively, all the shown reactions exhibit similar characteristics: The inclusion of N-body
collisions slightly enhances the kaon emission, with the effect growing with the kaon
momentum. However, the differences between the spectra calculated from a pure
binary and the full N-body simulation are, in most cases, remarkably small. (The
largest difference is observed at the highest kaon energies in Au+Au at 1 GeV per nu-
cleon, but the numerical error is relatively large for those unlikely processes.) These
results then suggest that, at least within the scope of the present model, the inclusion
of N-body collision does not lead to a significant enhancement of the production of
energetic kaons in the subthreshold energy regime. Of course, in the extreme tails of
the spectra the relative enhancement will be large, but the associated absolute cross
sections are then so small that the effect will probably be of little practical import.

It can be added that we also employed an alternative prescription in which the
kaon spectra was taken to be proportional to the phase-space distribution associated
with all the N + 1 particles in the final state of the cluster, as was done in ref. [7].
There is no significant difference in the results when compared to the above described
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approach.

4 Concluding remarks

As a supplement to our recent incorporation of N-body collisions into BUU simu-
lations of nuclear reactions [4], we have considered the differential production cross
section of subthreshold kaons. The general assumption of microcanonical exchange
of energy between the colliding baryons and their neighbors has been augmented by
the assumption that the produced particle has a momentum distribution reflecting
the corresponding final three-body phase space. The resulting model then provides a
conceptually simple, yet very general, scheme for taking account of the proximity of
additional baryons in the nuclear medium. We wish to emphasize that the model de-
veloped represents a very simple extreme in which there is full equilibration between
the two primary baryons and their cluster partners. Therefore, at least within the
limitations of incoherent sequential scattering processes, it may be expected that the
model will provide a useful upper bound on the effect of N-body collisions in nuclear
reactions. ,

We have specifically addressed the sensitivity of the differential kaon production
cross sections to the inclusion of the N-body effects. Generally speaking, the kaon
yields are affected only rather little, and we understand this in a general way as a
result of the statistical sharing of the energy between the kaon and the other baryons
involved in its production.

The relative enhancement grows with the kaon energy, as would be expected, but
it does not achieve a significant magnitude until the absolute yields have become so
small as to render the effect of little observational interest.

We wish to acknowledge stimulating discussions with Ulrich Mosel. This work was
supported by the Director, Office of Energy Research, Office of High Energy and
Nuclear Physics, Nuclear Physics Division of the U.S. Department of Energy under
Contract No. DE-AC03-76SF00098; and by a NATO Science grant.



References

[1] T. Kodama, S.B. Duarte, K.C. Chung, and R.A.M.S. Nazareth, Phys. Rev. Lett.
49 (1982) 536.

[2] St. Mréwczynski, Phys. Rev. C32 (1985) 1784.

[3] A. Bonasera and F. Gulminelli, Phys. Lett. 259B (1991) 399; and preprint sub-
mitted to Nucl. Phys. A (1991).

[4] G. Batko, J. Randrup, and T. Vetter, Nucl. Phys. A (in press).
[5] G.F. Bertsch and S. Das Gupta, Phys. Rep. 160 (1988) 189.

(6] Gy. Wolf, G. Batko, W. Cassing, U. Mosel, K. Niita, and M. Schafer, Nucl. Phys.
A517 (1990) 615.

[7] R. Shyam and J. Knoll, Nucl. Phys. A426 (1984) 606.

[8] W.J. Hogan, P.A. Piroué, and J.S. Smith, Phys. Rev. 166 (1968) 1472.

[9] B. Schirmann and W. Zwermann, Phys. Lett B183 (1987) 31.
[10] J. Randrup and C.M. Ko, Nucl. Phys. A343 (1980) 519; ibid. A411 (1983) 537.
(11] J. Randrup, Phys. Lett. 99B (1981) 9.



4OCa+4OCa 93Nb+40Nb 197Au+197Au

600 1000 600 1000 600 1000
Binary 157 233 151 227 147 221
‘N=2 152 223 145 215 141 209
N=3 133 198 131 193 128 190
N=4 127 186 125 185 124 181
N=5 123 180 - 121 178 121 177
N=6 121 179 121 178 120 177

Table 1: Effective temperatures.
The temporal average of the effective temperature Ty = 2E*/(N — 1) (in MeV)
extracted from the dynamical simulations of head-on nuclear collisions at 600 and
1000 MeV per nucleon, for various cluster sizes N. The first line shows the effective
temperatures for the standard BUU calculations in which only binary collisions occur.



Figure 1: Kaon differential yield.

The elementary kaon momentum distribution as a function of the magnitude of the
kaon momentum, expressed in the CM system of the producing N-body cluster. The
experimental data are taken by Hogan et al.[8] at 2.54 GeV, corresponding to an
available energy of E*=1.00 GeV. The solid curve is the assumed statistical shape for
an elementary binary production process given by eq. (4). The dashed curves show
the profiles resulting in various N-body clusters having the same effective temperature
T~ = 2E*/(N - 1) = 0.67 GeV, for N = 3,4,5,6.

Figure 2: Total kaon multiplicity.

The contributions to the K+ multiplicity, vk, arising from N-body collisions of various
cluster sizes N. The dashes indicate the results of the standard BUU simulation
involving only binary collisions, while the solid histogram represents the contribution
from various cluster sizes when N-body collisions are incorporated; the corresponding
total multiplicity is indicated by the solid bar. The results were obtained from head-
on collisions of Ca-+Ca, Nb+Nb, and Au+Au at bombarding energies of 600 and 1000
MeV per nucleon.

Figure 3: Differential kaon multiplicity.
The contributions to the differential K+ multiplicitiy arising from N-body collisions
(clusters with N = 2,3,4,5,6 are shown by the solid lines in decreasing order, respec-
tively), as functions of the momentum of the kaon emitted at § = 90° in the overall
CM system. '

Figure 4: Invariant kaon spectrum.
The invariant Kt energy spectrum as a function of the kinetic energy of the kaon at
6 = 90° in the overall CM frame.
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