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CORRELATION MODEL OF TRANSPORT IN RANDOM FIELDS

Mark I. Shvidler
Earth Sciences Division
Lawrence Berkeley Laboratory
University of California, Berkeley*

ABSTRACT

This paper is an investigation of the correlation model for transport of non-reactive solutes in media with
random porosity and permeability. The method of perturbation is used to obtain a second order approxi-
mate, non-local (integro-differential) equation for mean concentration. An approximate method of local-
ization and regularization is used to convert to with the same order of approximation differential equa-
tions of transport. Exact averaged equations for one-dimensional transport are examined, and the ques-
tion of the consistency and asymptotic behavior for approximate averaged equations is discussed. A de-
tailed investigation of transport in a stratified system has been carried out. The second moment of con-
centration is examined, the variance of the concentration is computed, and cross-correlation moments
are obtained for random fields of porosity and velocity including solute concentration.

INTRODUCTION

The principal source of flow dispersion is the heterogeneity in liquid velocities, which is caused by -
the irregular nature of the real geometry in porous and fractured media. Theoretical models of
dispersion have a distinct dependence on the scale of the heterogeneities in the flow field. On the
pore scale, dispersion has been represented by phenomenological models. The first investigation
in this area was by Scheidegger (1957) and further developments came from Nikolaevskiy (1959)
and Saffman (1959). They used a random walk model for a particle and the mathematical meth-
ods of random process theory. However, the statistical theory of dispersion on the pore-scale is
incomplete because the parameter functions for dispersion are difficult to determine from media
properties.

By contrast, the process of dispersion on the macroscale can be described using the theory of flow
in random porous or fractured media. For this case, the theoretical equations of flow and transport
in porous and fractured media can be used (Darcy’s law, conservation of mass, conservation of
energy, etc...). If the parameters of the heterogeneous media are assumed to be random fields,
then flow and transport can be described statistically. This can be done in terms of the mean fields,
correlations, and effective characteristics of the process on meso- and macro-scales.

Different variations of this approach have been widely developed during the last several years, (for
example Shvidler, 1963, 1964, 1985b; Matheron, 1967; Gelhar, 1987; Dagan, 1989; Sudicky and
Huyakorn, 1991). Problems described by averaging lead to stochastic non-linear equations, that are

* Formerly: All-Union Scientific-Research Oil and Gas Institute, Moscow, Russia.
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independent of whether an Eulerian or Lagrangian method is used to analyze the random fields.
Except for the case of an exact solution, a descriptive realization requires a linearization of the
problem, and linearization is effective only if the problem has appropriately small parameters.
Usually this involves such things as the coefficient of variation for the case of weak heterogeneity,
the dimensionless scale of correlation for quickly oscillating fields, etc... In any case, independent
of the method of analysis, an approximate description of the process can be obtained.

The purpose of this paper is to present a correlation model of transport. This will be done by con-
sidering the first and second moments of the concentration field, as well as the cross-correlations
between the porosity and velocity fields over the concentration field. In addition to finding the
mean concentration, the correlation theory of transport provides a method of finding the variance
of concentration and the cross correlations.

AVERAGING THE EQUATION OF TRANSPORT

Basic Equations
For local concentrations of a nonreactive solute, the macroscopic concentration, c(x,t), satisfies the

advection-dispersion equation.

m(x)acg%t) + VeV - dxH Vexn] = 9(x, 9 )

where m(x) is the porosity, v(x,t) is the flow velocity vector, and d(x,t) is the tensor of microdis-
persion. If m(x), v(x,t), and d(x,t) are considered preassigned random fields, then it is possible to
search for a solution to (1) in infinite space assuming that a non-random initial concentration is
known

c(x,0) = f (x). | 2)

The method of operators (Shvidler, 1985b) can be used for transport of a nonreactive solute, and
(1) can be written as

lc=¢ L=m%+vV+V(v-dV) 3)

Suppose the inverse operator L-1 exists, such that

L1L=1 )
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where I is the identity operator. If (3) is multiplied by L-1, then

c=Llg | )
and after averaging (5), we have

©=LNe : | (6)
Multiplying (6) by an operator L™ = (L™ Y, results in the equation for mean concentration

L'c) =9, @

Operator L* is usually called the effective operator. Substitution of (7) into (5) and (6) determines
the fluctuations within the concentration field over the field of mean concentration

E=c—{c)=L,{c) ' ®

and
L =L1L"-1
! ©)

Thus, to describe the effective operator L*, it is necessary to find the inverse operator L-1, the
mean inverse operator (L—1), as well as the inverse operator (L-1)~1. If the mean field can be
determined, then the field of fluctuations and its moments can be calculated. Of course, in the gen-
eral case it is unlikely that this be possible. Concrete results are ordinarily obtained using modifi-
cations to perturbation methods. Let us suppose that the operator L is in some sense near to an-
other non-random operator Lo, for which the operations of inversion, self multiplication, and other
operations can be easily performed. Then the fields m, v, d, and c can be written in the form

m=m, +&m, m,={m)

v=W +ev, W = (v)

d=d, +ed’,  do=(d) (10)
c=u+¢ec, u={c) : ‘

where € is a small positive parameter, and the operator can be written in the form

L=L,+€el’ | (11)
where L, = m°—a§t-+ WV+V(W-d V)and L' = mléa—t +v'V+ V(v -d'V).

If the non-random operator L has an inverse operator, then
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L=L, I +€LlL") (12)
and

L1= @+eldL’) L3, (13)
If the first factor in (13) is written in the form of a geometric series, then after averaging

L=+, DRI YNL (14)

k=1 .
Inversion of (14) and conversion to a geometric series results in
) oo n
L' =@y =Lo (I+Y, [2, (D¥I{ELIL)N ) (15)
n=1 k=1 .

This results in a binary correlation approximatidn given by

L' =L, -eXL"LJ'L"), (16)
For fluctuations of concentration, the equation is

L,C = - €L’ {c) a7n
hence,

Ly=-eLdL’ - (18)
This method can be simplified, to a marked degree, if (1) is modified to account for the various -
transport mechanisms, such as microdispersion. From dimensional analysis and comparison of
the micro and macro scales, the contribution of microdispersion to the process of macrodispersion
is usually essentially negligible. Also, the effects of physical diffusion can usually be neglected
when dealing with microdispersion.

This formally determines that d — 0 in (1). If the fluid is assumed incompressible and the flow is
steady with W = constant and mg = constant, then

L,=mo%+wv and L’=m’§—t+v’V (19)
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L = mg f () 80x - x; - Wmg (&-1)] dx; dt | (20)

where 8 [ ] is the dirac delta function. Substituting (20) into (18) and assuming that the mean con-
centration is differentiable, we solve for ¢'(x, t) to obtain

ou (z,7)

o v’ (z) Vu (z,7)1dT + OE) (21)

c'(x,t)=- ma‘f [m’(z)
where Z=x-Wmg(t - 7).

The bracketed term in (21) can be rewritten

[1=[(y) 99% +v' (y) Vu (y,0)] 22)
T y=2 |

To compute the value of the integrand, consider T fixed and y to be independent variable. Then
make the displacement transformation of y — Z and calculate the integral in (21). Equation (21)
physically represents fluctuations in the field concentration at a time t and a point x. This fluctua-
tion is a result of integrating fluctuations in the field porosity and field velocity with weighting
functions that depend on the trajectory at a time t and a point x of a fictitious particle X, whose ve-
locity is W / m.

In obtaining the mean concentration, u (x, t), in the correlation approximation, (16) can be used to
determine the effective operator L* and (20) can be used to determine L. Then, from Shvidler
(1976) we have

m(,?_u- +WVu=¢+mg [gt- f M (x,z)au (z7)

dt
o1

ot

+% f N (x.2)V, u(z, 7) dt + f diva(z,x)a—“%‘l dr @

0% (z,7)

+ I N (x,z)% Viu (z,1)dT + j B (x,z)—m—dr] +0(e?)

where the correlation function M, correlation vector N, and correlation tenzor B are

M(x,z) = £2(m’ (x) m’ (z))
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N(x,z) = €2{m’ (x) V' (2)) (24)
Bii(x,2) = X v’; (x) Vj (2)),

If the fields m“(x) and v’(x) are statistically homogeneous and homogeneous-connected, then these
correlations depend on the argument X -z =Wmg! (t - 7).

Equation (23) for the mean concentration u(x, t) is non-local. The right-hand side of (23) summa-
rizes the derivatives of u(x, t) with the weighting functions M, N, and B for the fictitious particle X
that migrates with velocity W/m, and arrives at point x at some time t. Thus, (23) connects the
derivatives of the average concentration u(x, t) that is defined along the particle path starting at
point X - Wmg' t and moving to point x at time t. It is obvious that the non-local measure of the
functional (23) is the “memory” of the correlation M, N, B.

It should be noted that the method of analysis that reduces to (23) is discussed by Dagan and
Neuman (1991). They have drawn their conclusions from the inconsistency and non-asymotic
behavior of a common Eulerian approximation. In my opinion, the examples from their paper and
their interpretation do not provide a sufficient basis for their general conclusion. 1 will consider
- this problem in detail and provide some comments below. Here, it should be noted that the
Eulerian approximation of Dagan and Neuman (1991) as written in their final integro-differential
equation (21) is not correct. The correct equation is equation (23) of this paper.

Localization of Functional Equations of Transport

Equation (23) is an approximate integro-differential equation and it is non-local. We can derive
another form that is local and has the same order of approximation.

If the first and second derivatives of mean concentration u(x, t) are integrable, we can represent -

(23) by

moa—‘:+wvu =@ +O0(e?) (25)
Along characteristics of equation (25) when ¢=0 we can write *

u(z,T) = u(x,t) + 0(e?) (26)
Therefore if third derivatives of u(x, t) are integrable, we have from (26)

V,u(z,7) = V,u(z,1) = V,u(x,t) + 0(e?) 7
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1) @D Wy om=-Y v uxn+oe) (28)
ot dt m, °
du(z,7) _ du(x,t) 2
= +0(e%) (29)
v, 8ED _y R gery= v, Wy uxn)+0e?) (30)
at ot m '

[+]

*For the general case @0, a localized form can also be developed and will be presented in
a separate paper.
Thus, we obtain from (23)
0 , du(x, t)

nrlo@+WVu=mal {—[——f

at ot ot M(x, z)dr]

]

d ( du(x, t) -
+ X [ Vu(x, t) fo N(x, z)dt] + _UEX(‘ Io divyN(x, z)dt (31)

aVU(x, t) ! aZU(X, t) ‘ ij 3
+-————at ]o N(x, z)dt + —axiax,- j BY(x, z)dt}+ O@E3)

and further,

t t
J div_ N(z,x)dt = —J div,N(z,x)dt=0. (32)
0 . 0
Let us introduce the following variables for the time scale of M, N, and B
t
0, ()= M;‘j M(x, z)dt, M, = M(x,x)
0
t
8, (t) = N;,‘J‘ N.(x, z)dr, N,, = N, (x,x) (33)
0

eij(t) = (BE )-lj Bij(x, Z)dT, BE = Bij(x,x).
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We can then introduce(32), and (33) into (31) to obtain

o 24 W Vo= md (M, B0 S
ot : o
oVu o%u 34
gay= ij g.. 3
+ 2N, On(b) a +Bi 6;(0) ax;ax,-] +0@E3)
m* () = mo - S (35)
W* (t) =W -mg! N(1)] (36)

Thus, by a second order approximation, the non-local equation (23) is transformed into the local
equation (34). All the coefficients of this equation are functions of time. Equation (34) is a second
order derivative, but note that the stochastic equation (1) is a first order derivative. It is obvious,
that at large times the coefficients of (34) in the limit are constant, but the equation is non-invariant
to displacements on the time. The cause of this effect is that at (a) t=0, the concentration field is
non-random, and at (b) t >0, the field is random.

If a non-random porosity is assumed by using M, = 0 and N, = 0 in (34), the result is

du i u
m, g + WVu = Bojeij(t) axian

+ O@E3) 37

This equation is equivalent to the linearized dispersion equation obtained by Dagan (1982) in a
Lagrangian framework, with the assumption that the velocity v(x) is Gaussian. A similar equation
of dispersion was obtained by Mendelson and Shvidler (1967), Shvidler (1985b), in a Lagrangian
framework with the assumption that the random walk of the solute particle is some Markovian
process. Itis important to note that the hypothesis of a Gausgian velocity was not used in deriving
(23) and the localized variants (34) and (37). It should also be noted that the assumption of a
Gaussian velocity field gives rise to very long tail in the dispersion both in the forward and back-
ward directions of the mean flow. This is not consistent with real transport in porous media. The
same effects are seen in (37), although it does not assume the field is Gaussian. This contradiction
can be explained by the fact that (23) and (37) are, in general, approximations.

Equation (37) was also obtained by Sposito and Barry (1987). In their approach they used an
Eulerian framework, linearization, and the method of cumulant expansion. They did not assume a
Gaussian flow velocity v(x).

If t is small, the function 8; ~ t. If tis large and the scale of the correlation velocity approaches
the limit, then (37) is approximately a parabolic equation with constant coefficients (Mendelson
and Shvidler 1967, Shvidler 1976, Dagan 1982, Gelhar and Axness 1983).
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The discriminant of the partial differential equation (34) with respect to the variables xj and t is
d; = M,B6,, (18, (DK} (7} —1] (38)

where ¥, is the correlation coefficient of fields m and v{, and the parameter k,2 (©) is determined
from

2 - ORi(®
KO =50 030

One would expect Gy;(t) < min {Bp(t), 6;;(t)}, and hence k; < 1. Thus, the discriminant, d;, is less
than zero since [¥;|<1. Equation (34) is elliptic in space (x, t) when Mo, B3 # 0, Cauchy’s prob-
lem for (1) transforms to a Dirichlet problem for (34) with the condition on the hyperplane of t =
0. This is a correct problem. If M, = 0, (34) is parabolic, and a correct Cauchy problem is ob-
tained. If Bl = 0, but My# 0, the problem of Cauchy is incorrect, since the hyperplane t=0 is a
characteristic of this equation. In this case the regularization procedure, discussed in detail below,
may be used. - '

Localization of Equation of Transport for Exponential Correlation Function

Suppose that correlations M, N, and B are dependent on (x - z), and they can be approximated by

M=M_E, N=N_E, Bl = BffE, E= exp(re— L

J, 0, =constant. (39)

o

In this case (23) may be localized for any value of 0, (Shvidler, 1985a; 1985b). Differentiating of
the integrals in (23) with respect to t, and applying the conditions

M_ M N_ N (40)
ot 6, ot 6,

eliminatcs‘ all of the integrals in (23). This leads to the following second order differential equation

Ou | r0u My ;%U, 5 No wn dU
mat+ E 0, [my ( l,at2+2( W)axlat
2 2 2 41
+(B<l,l-W2) nBlau+B(2,Zau+B(3)3au] _ 41)

ox} Mo gxZ Mo gx?
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. N C
where M = My + Wo, and the mean vector velocity W is parallel to the x; axis. The discriminant
of (41) for variables x1 and t is

d =W [CC2 (7 - D+ L + 2202027, ]
42)

_m2 _@®H'"”
Cm - —mT’ CV - W

If ¥, <0, then d>0 and hence (41) is hyperbolic. For ¥, 20, either of the conditions
fm<1lor &y <1is sufficient for (41) to be hyperbolic.

The correct representation of the Cauchy problem for the hyperbolic equation occurs when the ini-
tial concentration and the derivative over time are set on the hyperplane t = 0. The initial value of
the derivative can be determined from (23), and the resulting initial conditions are

w0 =109, &0 = Wt Ny 1 -Moy'lrey @)

When the conditions of (43) are applied, (41) can be evaluated for any value of 0,.

Consider two variations of a one-dimensional problem (Shvidler, 1985a; 1985b). In the first
problem, the porosity is a non-random function and the velocity is a random function of time. In
this case, the exponential form of the correlation B, in the moving coordinate system
M =x - Wmg t, results in the equation for u(n, t)

mou 1J%u d*u

—S—+——3==—7, ¥*=BO m_', b*=Bm]? 44

x2 at b2 atz anz x oo o ( )
This so called “telegraph” equation is hyperbolic. The parameter b is the mean square deviation of
the velocity of a particle in the liquid. The finite velocity of propagation and the perturbation rela-
tive to a moving coordinate system are both determined by b. The parameter %2 is a measure of
dispersion. Thus (44) describes both the wave and dispersion mechanisms.

Analysis of the solution to ( 44) with initial concentration f(x) = 8(x) shows that the plume re-

mains with the spatial interval [( W - b, ( W
m

o o

+ b)t]. At the front and rear boundaries of the

moving plume, there are spikes of very high concentration. The amount of solute in these spikes,
however, is (1/2) exp(-t/26,), so that when t >>0,, these portions of the total plume are very

small. Between the fronts, the distribution of concentration is essentially Gaussian for large values
of t/6,. On the other hand, for small values of t/8,, the portion of the plume in the spikes is
dominant and the movement is approximately that of a wave mechanism.

10
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In the second version of the one-dimensional problem, the velocity is non-random and porosity is
a random function of space (Shvidler, 1985a; 1985b). In this case the equation is also hyperbolic,
but the behavior of the solution is different from the first problem. One difference is that the con-
centrations on the fronts are asymmetric. The leading front has a large decrease, with a smaller
decrease in the other portion. The mean velocity for the velocity fronts is larger than the W/m,-
flow velocity.

The same problem was studied by Indel’man (1986) using the Lagrangian approach. He obtained
an exact solution for the case where m-1 has a

y-distribution. At large times, the mean square of the shift of the particle grows linearly with time,
but the third and higher odd moments are positive and increase with time. For a “Gaussian” par-
ticle, the third and higher odd moments are equal to zero. So that the hyperbolic local (41) de-
scribes the asymmetry of the distribution. The approximate localization describes only the
Gaussian symmetric distribution.

Regularization of Local Equations

We have derived the non-local equation (23) and the local equations (39) and (41), all of which are
second order approximations from the method of perturbation. Now we shall derive yet another
form to the same order. An equivalent representation of these equations is (25), when ¢=0. If we
differentiate the equation (25) with respect to x;, the result is

du _ d’u 2
Mo Stox, 2 W axax, OC ) (“45)

Alternatively, if (25) is differentiated over t, we obtain

d%u
axi axj

o%u _ 1 '
vua__1 W-W.
a2 m} z_, o

+OE?) ' (46)

Computation of the right hand side of (35), using (45) and (46) to eliminate the time derivatives,
results in

2
M,6Mm(t) g?u + 2N,On(t) V gti +div (B,6p(t) Vu ) =div [ D(t) Vu ] . 47

W NoiW; i
_Miv_v‘_wJeM(t) -2 oi Wj Oni(t) + BJ6;;(0) .
m% m,

where Dii(t) =

11



. 6/11/92 12

Since the vector N is a cross-correlation of a vector and a scalar, the component N; is proportional
to W;. The tensor Dii is symmetric, because the tensor BOp is symmetric by definition. For ex-
ample, if the first coordinate axis is parallel to vector W, then the system is defined for Bii = 0
when i# j. Thus,

2
pt =M9M— ZE;:—:VV—GM -{-Bél 011

m3
(48)
D2 =B26y,, D3 =B36;
If 8,1 < min @m, 611), then D11 >0, since No1|< Mol Byl
Substituting (47) into (40) results in the parabolic equation of transport
m‘%l:—+W' Vu =mg! divDVu
m'(®) =mo - MM ml, W) =W - mg!N( (49)
D) =~V 1) - 209 (1) + BY63(0)
mg .

For (49), the Cauchy problem with condition u (x, 0) = f (x) is correct. For small values of 0, the
hyperbolic equation (41) can be regularized to the parabolic equation (49), where

Noi Wi
m,

2
Dil(t) = 6, (M":’i -2 +Bi) (50)
m3 .

DISCUSSION

As can be seen from the second order approximation in this method of perturbation, the equation
for mean concentration is non-local. The right hand side of (23) depends on the correlation func-
tions of the porosity field, the correlation tensor of the velocity field, and the cross correlation for
these two fields. The method that is proposed here of developing an approximate localization of
the integro-differential equation (23) reduces, in the general case, to a differential equation of the

elliptic type.

When the correlation parameters can be represented using a special form of the exponential func-
tions, the proposed method of exact localization reduces (23) to the averaged equation (41) hyper-
bolic type. A method of regularizing this problem can produce a second approximation in the
form of a parabolic equation for the mean concentration. Thus, the approximations for the trans-
port equation can be reduced to equivalent asymptotic equations of either a differential or an inte-
gro-differential type. These are typical results from the theory of asymptotic averaging and require
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careful analysis. For this, one needs exact results from the theory of averages and a precise
numerical analysis.

It should be noted that before the averaging process takes place, we have a hyperbolic equation of
first order with variables and random coefficients. However, the effect of the averaging process
for different combinations of the random porosity and velocity fields is to produce an equation that
has: (a) a quasi wave mechanism, and (b) a quasi diffusive mechanism. The forms of these two
mechanisms may be non-classical. Therefore, it is hardly possible to expect any random field to
generate a unique averaged equation that is not a differential equation of large order.

It should be obvious that since the exact equation in the general case must contain complete infor-
mation on the random fields, an infinite number of parameters is required to satisfy all the mo-
ments of these fields. In the case of Gaussian fields, there is another problem. In describing this
case, the first two moments are sufficient, but the negative values of flow velocity and porosity in a
Gaussian model are physically incorrect. Thus, the existence of different approximations for these
different correlation models is quite understandable. We shall examine some exact results of aver-
aging the one-dimensional equation of transport (Indelman and Shvidler, 1985). Consider the av-
eraged one-dimensional equation

dc(x, t) dac(x, t)
o TV 0 (5D

with the condition c(x, 0) = c(x).

In the general case for the power moments functions, Uk (x, t) = {ck(x, t)),we have by V=const an
equation

n+1
a“'urz( o Ko 870, _ (52)

Non+l
= n! ox

under the initial condition ux (x, 0) = cK(x), where K, are the cumulant values of the random
velocity v. Thus, the averaged equation in the general case is first order in time and infinite order
in x, which means (52) is non-local. '

There are several cases where (52) has a simplified form as shown by the following examples:

(1) Let velocity v = nv,, where v, is a non-random.constant and n has a Poisson distribution with
parameter Ao. In this case, the series (52) has an exact sum, and we can write a different non-local
equation

dug(x, ) oV Ouk (X-Vot, t) _

ot ox (53)

13
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(2) Let v be Gaussian with mean velocity V and variance B. In this case, we have the parabolic
equation -

Jdug (X, t) ,auk(x 1) _ azuk(x, 1)

ot ox ox2 (54)
(3) If velocity v > 0 and has a vy distribution given by

v) = L— v ¥l exp(-Av) 55

y( (Y) o (55)
where :{- =V=(v)and y1=0%= 22 we obtain from (55) the hyperbolic equation
v
oui(x, t) vauk(x ) ,2.,0%u(x, D _
Ve—=2=
at x TV ook (56)

The solution of (56) for mean concentration U =U; ={¢)  with the initial condition c, = &(x) is
ux, t) =t-1 y(x/t ). The solid lines in Figure 1 show that dependence of the function u(x, )Vt on
the parameter x/Vt for four different values of . It can be seen that there is considerable asymme-
try in the distribution of mean concentration.

If the algorithm to regularize (56) is used, one can obtain (54), which for a Gaussian distribution of
velocity v, is exact. The dashed lines on Figure 1 show the dependence of the function u(x, )Vt ,
which is the solution to (54). It can be seen that when Y < 10, the functions u(x, t) and u(x, t) are
essentially different. As the parametery becomes large, both solutions are similar to the Dirac &
function, but since the function u(x, t) is asymmetrical, the maximum value of u(x, t) for any v is
larger than the maximum value of U(X, t). As Y — oo, the ratio of Uma/Umax tends to V2.

(4) Let the velocity v have a Cauchy distribution given by
(V) = AL(v=V)* + 23] (57

In this case, all the moments and summations are infinite, and (52) can not be used. However, we
can write the elliptic equation

o%u, (x,t) LoV d%u, (x,t) SOV 22) d%u, (x,t)

ot oxat nE D (58)

and investigate the Dirichlet problem on the half plane t 2 0.
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If we now let v = v(t), we can write the exact non-local equation for the probability density func-
tion for concentration P°(x, t) = (8[c(x, t) -c])

aP°(x D, J’
an-HPc (x, t)

j K, (t,Thsees T,) AT, T, ——7—=0
) ox )

(59)

Here, K, (t,,7,,...,T,) are cumulants of the random function v(t) subject to the following:
(1) If the velocity v(t) is Gaussian, we have K, =(v(t))=V(t) and K,(t, T) =B(t, 1), K, =
0. In this case, we obtain the parabolic equation with variable coefficients.

OP(x, t) 92 P°(x, 1)

t
oP(x, t) 0
™ —L B(t, 1) dt ol (60)

5 — =+ V) ———=

(2) If the random velocity v(t) is a delta-correlated process, K,,,(t,,T;,-..,T,) =K., (1)3(t—1,)
o(t, —1,)...8(t,_, —T,), then, in the general case, we have the non-local equation

n-~1

dP°(x,1) t) =D

an+lP¢:(x t) 0
T ot (n+ 1)'

a n+l (61)

n+l( )

n
(3) Now let us consider the Poisson process where V(t) = 2 §igi(t- ), Here E; are the stochastic
i=1
independent random values with a probability density function ¢(§) . The points tl are equally dis-
tributed over the interval (0, T), and the number n has a Poisson distribution with n* = vT. The
step function g(t) =1 if t> 0and 0, if T < 0. If the process v(t) is delta-correlated, and ¢(&) is an

exponential distribution with parameter A, we have the hyperbolic equation for P(x, t)

P, 1) | v P, D) | 1Pk, 0) _

& A ox A arax (62)
And finally, consider the averaged stochastic equation with a dispersive term
d, % Po
& Tax lax (63)

15
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where x is non-random. In this case, the equation for u ={c) is
d d ) a’
[at ot n(exp( ox )> ox* ]u( ) (64)
If v is Gaussian, we have

du |, 0u o%u
Vo TR (©)

When the velocity in the averaged equation has a 7y distribution, one has a derivative of third order

du du a u sz azu C2Vm33u

+v&_
a Vw2 F¥ (66)
If x is random and proportional to v, i.e. x = Bv, we have a non-local equation
z I<n+l ( tA)n Au = (67)
at n=0
0, d .. . .
where A = (1%) 35~ For a y-distributed velocity, one has the averaged equation
du du 5. [ *u Fu )
— 4+ V—= - -
ot ox ax2 Vet (at ox B ot Ox2 (68)

The examples presented here characterize the complications of the averaging problem and reveal

the variety of equations involved. In those cases where the random fields depend on the space |

variables, the general situation is not simple because the problem has the additional complication of
depending on the correlation scales for the random fields. However, it should be noted that, for
large values of time, there is a weak dependence of the averaged equations on the detailed behavior
of the random field distributions. In specific situations, the principal effects are those of the first
moments of the random fields.

Based on this analysis of the different aspects of the problem of averaging, it should be noted that
the procedure used by Dagan and Neuman (1991) in comparing approximate solutions is not fully
convincing. They used an approach involving Gaussian velocities, where the Lagrangian approach
and the parabolic equation are exact for all times. In this case, the three first central spatial mo-
ments are identical using either approach, and. differences.only appear-in the fourth moment.
However, it is obvious that computation of the fourth moment (which is proportional to €4) with

16
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the help of an approximate equation of second order (where the error is proportional to €3) is not
correct.

FLOW AND TRANSPORT IN STRATIFIED FORMATIONS

As an example of the process under consideration, we shall examine the relatively simple case of
flow and transport in a stratified formation. Let the random fields for porosity, m, and permeabil-
ity, k, depend on one variable x;

m =m(x3), k=k(x2) (69)
In the stratified formation, we have

v=kh, h=-VP

W =(v) =k h, +khy

hy =(hy), hy = (hy), Ky =ko =(k), k; = (k)"
hl =h||, h2 =klh_1_/k

(70)

The values of v, and h; are non-random, while v; and h, are random. Therefore, the fluctuations
in velocity are ‘

¥, =kh, —koh, =kh ,k =k -k, (71)
V,=kh, -k h, =0

and since z = X - Wmg (t - 1), we have the correlation function of the velocity

B'(x,z) = (E(x)h"fc(z)h") = K(x,2)h?

K(x,z) = (E(x)ﬁ(z))
B2(x,z)=0, B?(x,z)=0

(72)

For the cross-correlation functions of porosity and velocity, we can write

N, (x,2) = (m(0k(2))h, = K,(x,2)h,
N;(x,z)=0 (73)
K, (x,2) = (@(x)¥,(2))

17
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If both porosity and permeability are statistical homogeneous functions of x2, then we have:

K(x, z) = K, fx (_VY%_Q)’ M(x, z) = Myfn, (EVJI(;T‘E)‘) -.(74)
N(x, z) = Nofn (Mr;—o:i))

from which

W2t/mg Wat/mg
=g f k() dy, Om(® =2 J fm(y) dy
0

0
Wat/mg (75)

N1 (1) = wﬁ; fai (y) dy
0

Thus the time 6 is a function of the transverse velocity Wa. Since f(0) = 1, by W3 =0 for all 6(t)
=t

Let us consider this stratified system as a binary system with layers whose parameters are k;, m;
and kp, my. The randomly distributed layers occupy portions 2; and € in the space . We shall
define the random indicator function

| 1, x€ € .
z‘(x)_{O,er/Qi i=1,2 (76)

Then, (zi(x)) = P; is the probability that point x falls within the subspace Q; and P; +P, = 1. For
the random function k(x), we have

k(x)=kyjz; +kozp

- an
k(x) =k,(z, - P,)+ k,(z, - P,)

K(x, x')= Ko ¥lx, x') = K9l - ')

K, = 0k = PiPs(ks - ko, WX, ') = PP (a1 ()21 (") - P3) o

Similarly,

M(x', x") = Mol_u(lx' - x"l), M, = 02 =P Py(m; - mp (79)
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Ny(x, ¥) =N ¥{x - x]), Noy = o OmYhy = P1Pa(k; - ko)Xmy - mp)ly  (80)

¥ = sign[(k; - ko)m; - mp)]

Hence, 01 (t) = Op(t) = On(t) = 6(t)=

w t/mg
0(t) = e W(x)dx (81)
2 [y

and from (34), we can write the equation for mean concentration as

m*%“t- +W'Vu = mg e(t>(m§;?“ + 2Ny ai: “at +Bl gi‘%’ (82)
If the porosity is non-random, M, = 0, N, = 0, m* = m,, W* =W, equation (82) »results in
%%It- + WVu = mgl 6(t)Bl! gi% (83)
- Since B! = Gﬁhf and W =k, hy, then BY! = o4k2W? and we can write
m, 2 wvu= ‘3:);’: w? gi“ (84)

The expression for dispersion from (84) is equivalent to equation (7) in the article by Salandin et.
al. (1991), and if 6(t) has a limit as t — oo, one has the coefficient of dispersion as obtained by
Matheron and de Marsily (1980). If W2 — 0, we have 6(t) — t, and the equation for dispersion is

2 2
2w, 20 _t0f g
ot ox1 mokg axf

(85)

In regularizing (82), we need to eliminate the derivative with respect to time from the right hand
side. Substituting (45) and (46) into (82) and neglecting the small values of fourth order, we ob-
tain

19
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2
m‘"-ai + W'Vu = ogl 6(t) (M"vzvl 2N Wy Bl _82_121
ot mg e e (86)
+2W, (Mow1 _Nm) o*u L MoW3 du
m3 Do /ox;0x; m3 ox3

which can be written in the following form

m"%:- + W'Vu = mgl (1)

82u + %rzn 82u
aXIaxz ax%

2 87
[W%(F,m - FER P gx% + 2Wi W3 EmEm - ¥k }
1

Here,

érzn___gﬁ,_:(ml - m) PPy , & _of _(ki-kP PPy
m (mP; + mP,) K (kP +kPy)?

- (88)

The discriminant on the right hand side of (87) is zero, and it is convenient to transform the coor-
dinate system using

I (Y
y1=x2 Wy E, X1
: (89)
w2 &m
=X + X
TR T
The equation of transport then has the form
2
m 200204 W (y, 0 = miocop L2020
ot 9y (90)

= W2 WL - T2 + WRLR)?

Thus by the interaction of two random fields (porosity and permeability), the dispersion is one-
dimensional along the axis y; while advection is along vector W*. In the general case, these two
directions are not the same.

For large times, W* — W, and we can determine the angle ¢ between vector W and y;, the axis of
dispersion from
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'75‘: tan @, &k :
= arctan 2 A=
omeun| Tt | T o

Here, ¢, is the angle between vector W and the x; axis which is the principal direction along the
layers. The variation of ¢ with ¢, for different values of parameter A is shown for two different
cases on Figure 2. The first case is shown in Figure 2A and 2B where the coefficient of correla-
tion between porosity and permeability is positive, i.e., ¥ = 1.0. The second case is shown in
" Figure 2C where the correlation is negative and ¥ = -1.0. |

It can be seen on Figure 2 that when W is parallel (@, = 0°) or perpendicular (¢, = 90°) to the lay-

ers, the direction of dispersion and advection are identical (¢ = 0°) independent of the values for A
andy. If &, — 0, then A — == and @ = @, i.e. the axis of dispersion is the same as x;, the longi-
tudinal axis of the layered system. This case was studied by Matheron and de Marsily (1980) and
Salandin et. al. (1991).

For the particular case where @ < 45°, Figure 2A shows that the axis of dispersion and vector of
advection are orthogonal (¢ = 90°) for any A<landY =1. On Figure 2B where ¥ =11, the same

orthogonal condition holds, but now at 45° <@ < 90°. The function o = §o Q) is plotted in
Figure 3.

CORRELATION FUNCTIONS FOR RANDOM FIELDS

To obtain a complete description within the framework of correlation theory for the equations of
mean concentration, it is necessary to develop expressions for the cross-correlation random con-
centration field c(x, t) with random fields for porosity m(x) and velocity v(x). It is also necessary
to find the auto-correlation function of the concentration field, in particular the variance of the con-
centration. (This problem has been discussed by Shvidler, 1990.) So, we must compute the func-
tions

Ki(x, t, y) = eXm’(y) ¢’ (x, 1)) 92)

Ka(x, t, y) = €Xv'(y) ¢” (x, D)) (93)

K3(x, t1,y, t2) =€2(c’(x, t1) ¢ (¥, t2)) 9%

To compute the K| in the correlation approximation, we use the explicit expression (21) for ¢’ (x,
t). After multiplying (92), (93), (94) by this expression and averaging, we have

au(z T)

K,(x,t, y)=—-m°"j [M(z, y)——=+ N(z, y) Vu(z, 't)]dt+0(e ) 95)
0

21



6/11/92

K,(x, t,y)= -m;‘j [N(z, )a"(z D +B(z, y)Vu(z, 9)dt+O(E®) (96)
0.
- " ou(z,, T,) du(z,, T
Ki(x, t, ¥, t,) =°mozj J: M(z,, z,) U(az;:, . U(;‘ztz .
4]

+N(z,, z,)Vu(z,, 12)M+ N(z,, z,)Vu(z,, tl)M o7

oty or,

+BU(z,, 2,) 28 W) U T 4o 47 4 O(eY)
0z 0z, :

z, =x—Wm'(t,— 1), z,=y—-Wm'(t,—7,) 9%

It must be understood that (95), (96), and (97) are, like (21), expressions for ¢’ (x, t).

Using equations (17) or (19) we can find equations for the moments K;. After multiplying and
averaging, the expression for the functions corresponding to (92), (93), and (94) are

m, aKl ()a(; L Y) +WV K (X t, y) = _.M( X, )au(x, t) N(x Y)VU(X, t)+0(8 )
X#Y %99)
m, aKz(;t, t,y) + WV K, (x, t, y) =—N(x, )au(t ) - B(x, y) Vu(x, t) + O(e*)
X#Y (100)
m, aK (X tp Yy, tz) +WV1K3(X, tl’ Y, tz)
o,
_ aU(X, tl) 3
=-K,(x, t;, y)-——at———Kz(x, t, Y)Vulx, t))+0(€’) (101)
X#EY t; #t,

The equations for moments K; are similar to those for the transport equation. The right hand side
of (99) and (100) are dependent on the mean concentration u(x, t) and the correlation fields m(x)

and v(x). The right hand side of (101) is depends on mean concentration and the functions K; and
K.

22
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The initial conditions for K are a consequence of the condition ¢’ (x, 0) =0, and

Kix,0,y)=0, Ka(x,0,y)=0
(102)
K3(x,0,y,2)=0, K3(x,11,y,0)=0

Equations (99) and (100) can be used only when x # y, and (101) can be used only when x # y
and t; # t, When x =y, we have other equations

moa—Kia’ﬁ;—‘-'x—)+WVK (x, t, x) =—M(x, )a“(x Y _ N(x, x) Va(x, 1)
-m:’wJ. V. M(x,z )a“(z D 3t —mW, J- N2 =z T) 5 | e (103)

0 o ax 0z,

For the i th component vector Kx(x, t, x), we have

m, K, (x, t, x) +WVK,, (x, t, ) =—N,(x, )au(x , ) ~Bi(x, x) du(z,t)

ot ox;

2 (104

—mIW, ‘| aN, ;(%,2) Ju(x,T) + dB" (z,x) du(z, 1) 31+ O()

R ox; ot ox; dx,

The equation for K3(x, t) differs from equation (101) in that there is a factor of 2 on the right hand
side

K, (x, t)
oo

+WVK,(x, t) = —2[1(l (x, ) a“(a"t’ )

+ K, (x, t) Vu(x, t)] +0(e?) (105)

Thus, in addition to the explicit expressions in (95), (96), and (97), we can compute the moments
K; from (99), (100), and (101) or from (103), (104), and (105) with initial conditions given in
equation (102).

In order to compute the mean concentration, u(x, t), one can use finite differences and a step by
step procedure to compute K; , from which the mean concentration and mean square deviation of
concentration can be obtained.
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Cross-Correlation Function Ky(x, t, y)

Let us consider in more detail the moment K;(x, t, y)

If the expressions in (30) are used, we have from (95)

K (x, t,y)= —mzl[MoéM(x ~y,t )a“(’; D 4 N8 (x—y, ) Vux, t)]+ O(e?), (106)
where 0,(x-y, )= —M;‘Jﬂ M(z, y)dt, By(x—y, t)=N7' J' t N, (z, y)dt (107)
0 0
Whenx =y, § = @ and
K,(x, ) = —m-‘[M 8,,(t) a“(’i’ D 4 N8, (8) Vucx, t)] +O(E%) (108)

If the derivative with respect to time is eliminated in (108), we have another approximation

K, (x, t) = —m3'[N 68, (1) - M,Wm;'8,,(t)] Vu(x, 1) +O(€*) (109)

Cross-Correlation Function Kx(x, t, y)

'Using (30) and following the same procedure for K5 from (96), we have

Ksr(x, t, y) =- mol [N eM(X y, t) aU()i, t)

+B, 0 (x - y, t) Vu(x, t)]+0(£3) C110)

t
Bij(x -y, t) =(BH)" f Bii(z, y) dt
0 (111)

Kai(x, t, x) = - mg! [No GN(t) + B, 0p (t) Vul+O(e3)

If the time derivative in (110) is eliminated, when x =y we have

du(x, t)
5}

Kai(x, 1) = - mg] [ Noi ONO) w7y + BY 05(1)
. Mo XJ

]+O( €3) (112)
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Auto-Correlation Function Kj3(x, t, y, t2)

If we introduce a new variable scale

t
. ("
OMX - ¥, ty, t2) = M f M(z;, z) dT1dT

Joo

3%
~ f t2
BNi(x - ¥, t1, 1) = N} f Ni(z;, zp) dudt, (113)

Jo

ty
t2

= ) -1 .o
0;(x -y, t1, t2) =(sl) f BY(z;, z) dtidte
0
0

where

z, =Xx—-Wm_'(t,— 1), z,=y—Wm;'(t,-1,)

we can write the moment K3 from (97) as

K3(X, t, Y, ty) = Inaz [ MOEM au(a’ia t) au(ayt, )
1 2

au("' W | N8y Vulx, t) aug, ) (114)
l t2

+ B"Gu au(ax’;tl) 8u(g'yjt2) ]+ O(ed)

+ No’é‘N Vu(y, tp) ——=

Ifx=y=xandt) =ty =t, the variance of concentration at point x at time t is obtained from (114)
as

du

Ki(x, ) = m [ MoO ( . ou du_Qu

) + 2N, GN Vu + B} 9

o ”ax a —1+0(e3) (115)

Ks(x, ) =mg2 Vu D Vu + O(e3) (116)



6/11/92
Bij (1) = lwoeM(tzww 2N016N1(t) Bgaij (1)
mg
) t " t _ t (117)
B (t) =2 f 0(t)dt, Bit) =2 I Oni()dT, () =2 f 8;(t)dt
0 0 0

e

In an analysis of the behavior of the functions 8;; for a series of correlation functions of perme-

ability, Dagan (1989) showed that:(a) the longitudinal component of tensor 68ij at large time is pro-
portional to time t, and (b) the transverse components have a finite limit in 3D space and are pro-
portional to In t in 2D space. The unlimited growth of longitudinal and transverse (D = 2) compo-

nents of tensor 8 does not contradict the concept of a limited (finite) variation for concentration
because the decrease in Vu(x, t) at large time is more rapid.

Let us return to (103) and (104) and write them in local form. After introducing (105) for K3 and
(49) for u(x, t), we have a full correlation description for the process of dispersion given by

dJu

m*st— + W*'Vu = mg div DVu

m* =m, - M(t)mg!, W" =W - mgIN()

Di = M, WiW; Om(t) -2 N°‘ I i) + BY J6;;(1) (18

m3

u(x, 0) = f(x)

moaKl a(z(, Y . WVK (X0 =- [M(t) du(x, ) N Vu(x, t)] (119)
Ki(x,0)=0

mo 2D | vk (x,9 = - [N ©BED o 20 ‘)] (120)
sz (x, O) =0

mo———aK3(.§:" 0, WVK;3(x, t) =- [K (x, ) —= au(x dutx.9 , Ka(x, t) Vu(x, t)] azn-

K3(x,0)=0
If we use K and K, from (109) and (110), respectively, then (121) becomes

moaK3 (x, t)

o + WVK;3(x, t) = 2Vu(x, )D(t)Vu(x, t) ‘ (122)
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For example, we shall consider the problem of transport in a 1D field with random porosity. If B

=0 and N = 0 are inserted in (49), we have

d du

u
mE W=

ot Jx

If we assume that

then

M,

m*"=m, - 2
o " o

M(x, z) = M, exp (I—L

6o

e- 19.)

0%u
lDt—
ng ()ax2

D(t) =M0W2 eO (1 -e" (t/eo))

m3

~

If t >> 0, then from (125) and (126), we have

o ot ox

Beo = 2M0V\;29°t

m3

. For example, if we assume an initial concentration given by

ux, 0) =f(x) =

0

m3

x<0
x>0

ﬁ(t) = Mg_gft_ [t.+ 0o (C' (0o) - 1)]

ox2
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(123)

(124)

(125)

(126)

127)

(128)

(129)
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Then the solution to (128) and (129) can be rewritten as

~

z
U(X,t)=%(l-erfz), crfz:{-—sz e-lzdt, z=X-Vt
0

2avt (130)

Ve, -t

o m20

It must be kept in mind that the solution given in (130) is valid when t>> 6,. Using (130) we can
write the variance of concentration as

Ka(x t)——MQ——-Z V2ot =sLe?
T T m, (131)

Since the initial concentration has two values as shown in (129) and the mean concntration u(x, t)
is the probability that local concentration is-1, we can write an exact expression for K3 =u(1-u),

Figure 5 shows the solution for u(x, t) given by (130). The solid line for G, is the mean square
deviation from the exact solution and the dashed line shows the approximate solunon for 6. from
(130). We see that the latter solution is a reasonable approximation.

SUMMARY

A full description of flow dispersion in a correlation approximation of second order perturbation
theory is given. In the field with time and space depended source and random porosity and flow
velocity the functional equations for average concentration are suggested. The approximate non-
local integral-differential equation for mean concentration is asymptotical equivalent another equa-
tions the same order approximation, but differential and local. Correct problems for hyperbolic, el-
liptic and parabolic transport differential equations are set.

Autocorrelation and cross-correlation moments of concentration, in particular the variency of con-
centration, porosity and flow velocity fields are presented.
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Comparison of mean concentration distribution obtained from the hyperbolic

cquation 56 (solid line) with that from the parabolic equation 54 (dashed line)
fory=1,5, 10, 100.
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2A. Angle ¢ between direction of advection vector W and the y,-axis of dispersion

where the coefficient of correlation between porosity and permeability is posi-
tive, y=1, forA < 1.
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Fig. 2C. Angle ¢ between direction of advection vector W and the y,-axis of dispersion

where the coefficient of correlation between porosity and permeability is nega-
tive, y=-1.
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