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On Null Tests of Time-Reversal Invariance

in Scattering and Reactions in Nuclear and Particle Physics

H. E. Conzett
Nuclear Science Division, Lawrence Berkeley Laboratory

University of California, Berkeley, CA 94720

ABSTRACT

There have been suggestions in the literature, both recently and in the more distant past,
that, in the lowest-order Born approximation, time-reversal(T)-odd experimental

observables in certain reactions are required to vanish by T-symmetry. These observables

are the final-state spin-correlation coefficient Cyxy in the reaction e*e-— 7#7" and the
target analyzing-power Apy in the inclusive process ep — eX. These assertions are in
direct conflict with a theorem that states that there can be no null-test of T-symmetry in
such processes; that is, T-symmetry does not require any single observable to vanish. This

paper addresses the resolution of that conflict.



I. INTRODUCTION

There has been a recent suggestion [1,2] that a nonzero value of a particular (T-odd)
spin-correlation coefficient in the e*e  — t*r~ reaction would either signal the demise of
time-reversal invariance (TRI) in that process or be due to a "T-odd (but TRI) effect"
associated with the absorptive part of the transition amplitude. Although the obvious question
of how one might distinguish between these two possible contributions to a nonzero value of
the experimental observable was not really addressed, the first possibility is particularly
interesting. The existence of such a T-test observable, which would constitute a null test of
TRI, would have important consequences. Since null tests of parity conservation exist, it has
been possible to attain the remarkable precision of 2 X 108 in such tests [3,4], so a
comparable null test of TRl would permit an improvement in experimental precision of
several orders of magnitude over that achieved in past tests of T-symmetry (5].

There are two immediate questions which must be addressed with respect to this aspect
of the e*e" result in the absence of the T-odd effect. First, it is in direct conflict with a.
theorem [6] which states that in a reaction with two paﬁicles in and two out, there can be no
null test of TRI. That is, in such a reaction there can be no single experimental observable
that is required to vanish by T-symmetry; thus, the finding of a nonzero value of any
observable cannot be taken as a proof of time-reversal violation (TRV). Second, the belief
that T-symmetry requires a so-called T-odd observable to vanish [1], a view that seems to be
somewhat more widespread in the literature [7,8], appears to be incorrect since that would
clearly constitute a null test of TRI. Thus, the definition of a T-odd observable must be
examined.

Since the importance of the "no null test" (of TRI) theorem seems not to have been
widely appreciated, it is developéd in Section |l from a more experimentally oriented
perspective than that of the formal theoretical approach of reference 6, and th.e

characterization of T-odd amplitudes and observables is discussed. The theorem is also



extended to encompass the accessible observables of the inclusive reactions a+b— c+X. A
“parallel discussion of P-odd amplitudes and observables is presented, mainly for purposes of
comparison and contrast, but the principal focus is on tests of TRI. Then, in Section Il various
proposed and purported null tests of TRl are examined, and the correct explanation of the

results is provided. Section IV provides a summary of the discussion and conclusions.
ll. NONEXISTENCE OF A NULL TEST OF TIME-REVERSAL INVARIANCE -

For a reaction or scattering with two particles in and two out, the underlying reason for
the lack of a null test of TRI can be clearly stated by comparison, for example, with a null test
of parity conservation (PC). In the latter case, one compares a transition amplitude or an
experimental observable with the corresponding amplitude or observabie for the same, but
parity-transformed, process. Then, since PC requires that the corresponding amplitudes and
observables be the same, any P-odd amplitude or observable vanishes [9]. The fundamental
difference in a test of TR is that one compares an observable in a reaction with a different
observable in the inverse, i.e., time reversed, reaction, so that the difference (or sum) of the
two observables is required by TRI to be zero. Thus, there is no single-observable null test of

TRI in these reactions.
A. Reaction a+b - c+d

For a more formal illustration of these remarks, consider a reaction with the simple

spin-structure -;— +0- é+ 0. The matrix of amplitudes in the 2 X 2 spin-space can be

expanded in terms of the Pauli spin matrices [10],

M) = X a;(6) oj, f=oxy.z, Oo=1. (1)
7 "



Choosing the center of mass helicity frame.[11,12], in which the conditions imposed by TRI
on the scattering/reaction amplitudes are most naturally expressed, unit vectors along the

coordinate axes are
zy(z1) = ki (k) y=k X k¢ xy (xf)=y X z1 (21) , (2)

where kj(kf) is the c.m. momentum of particle a (c). Then with the P and T
transformations kit > -kijf , 0 5 0O and kj & -kf,0—> -0, respectively,

and noting that oy = 0 -x etc., one has the following transformations under the P, T

symmetry operations:

P:  Ox, Oy, 6z = -Ox, Oy, -0z (3)

T: Oy, Gy, Oz — -Oy, Gy, Oz

Thus, the corresponding M-matrix amplitudes a; in (1) can be classified according to their

P and/for T symmetries. Thatis, an amplitude a; is
P-odd (T -odd) if ny + ny (ny) is odd, (4)

where ny (nz) is the number of x (z) subscripts [13]. PC requires the P-odd (P-even)
amplitudes to vanish when the product of the particles' intrinsic parities is even (odd), but
TRI imposes no such condition on the T-odd amplitudes. Consider the M!-matrix for the
time-reversed reaction, .with amplitudes atj, as in Eq. (1). Then TRI requires that the T-
odd amplitudes satisfy the condition  afy = -ax [14]. Only in the case of elastic scattering,
which is its own inverse reaction, does this condition force the amplitude to vanish.
Consider, now, the experimental observables for reactions with this particular spin-

structure,



where j labels the polarization component of the initial-state particle, k labels the
observed final-state polarization component, and j (k) =0 for unpolarized incident
particles (unobserved final polarization). Since, by definition, the P transformation of the
M-matrix is M — M, the combination M,MT contributes no change of sign in the P
transformation of an observable, so its P-symmetry is determined by the explicit spin-
operators, Oj and Ok . in (5). Its T-symmetry is determined in the same manner. Thus,
with (3), it follows from (5) that these observables can be classified according to their P

and T symmetries [15], in exactly the same way as was found for the amplitudes in (4):

P: X(ik) = (-1)(Mx*+Nz) X(jK) (6a)
T: X(ik) = (-1)7x  Xi(k,j) ~ (8b)

So, now, PC requires a P-odd observable to be zero, but the T-symmetry condition is that an
observable is equal to .(+/-) a different observable in the inverse process (k,j), which
proves the "no null test" theorem . Thus, there can be no single vanishing T-odd observable,
not even in the case of elastic scattering where the T-odd amplitude ayx vanishes. This
latter circumstance can be understood from the specific expressions for appropriate pairs of

observables in terms of the amplitudes; for example, analyzing powers and polarizing powers.
From (1) and (5), with I = éTr MMT, one obtains

IAj =1X(j,0) = 2(Re aoaj'+ Im axay’), (7a)

Ipj = IX(0,j) = 2(Re aoa; - Im axa’), ikl cyclicin xy,z . (7b)



It is clear from (7), with the T-odd amplitude ax =0, that none of these observables goes
to zero [16] and that

Ax=-Px, Ay=pPy, Az=pz, (8)

all in accord with (6b). Since there are two either P-odd or P-even amplitudes which
vanish when parity is conserved, the P-odd observables vanish, now in accord with (6a).

In the more general case of a reaction, consider (7b) for the inverse reaction,
I'pl; = 2(Re alpalj” - Im alkaly’). , (9)
Then, with the T-odd amplitude alx = -ax, from (7a) and (9) one finds [17]
Ax=-plx, Ay=pl, Az=ply, - (10)

just as required by (6b).

The entire foregoing discussion is easily generalized to reactions/scattering of more
complex spin-structures. Consider, for example, the case of particular interest in particle
physics, a+b—-c+d, with four spin-é particles. The required 4 X 4 M-matrix can
now be expanded in terms of direct products of the 2 X2 (a,c) and (b,d) matrices oj and

Ok . respectively [18],

M(6) = 3 ajk(6) 0j® Ok , jk=oxyz, Op =1. (11)
J. Kk

In a more compact form, with the 4 X 4 matrix 0Ojk = 0j® Ok,

M= 3 ak ojk , - (12)
j k



and the 16 M-matrix amplitudes,

aOO: ﬁox: aoy: .aOZt ﬂxo. axx, .axy; aXZ

ayo: .ayX: ayy, .ayz: dzo, azx, ﬁzy, azz, ' (13)

can then be classified, from (4), according to their P and/or T symmetries. For example,
the eight underlined amplitudes are P-odd (with aox, axo. axy, ayx also T-odd) and axz

and ayx are T-odd. Also, again from (3), the experimental observables,

X(jkIm) = Tr M Gjk MToim / Tr MMT,  jkim = o,xy.z , (14)

have the symmetries given by (6a) and (6b). Here, jk designate the polarization
components of particles a,b ,and /,m the observed polarization components of c¢,d.

Finally, since the components, S; , of the spin operator for any spin § transform
just as the o) in (3), the symmetries (6a) and (6b) apply to reactions of particles with
arbitrary spins. This includes the second (and higher) rank tensor observables, since the
corresponding spin operators are constructed from combinations of the rank-one operators
Sj [15].  The equivalent symmetries imposed on the observables in their spherical-tensor

form, rather than the cartesian form used here, are given in reference 19.

B. inclusive reactions a+boc+X

In view of the fact that many inclusive experiments are pursued, especially in particle
physics, it is of obvious interest to know whether or not there are P and/or T imposed
symmetries on the available experimental observables in such reactions, a + b » ¢+ X,

where only particle c¢ is detected in the final state. From energy and momentum



conservation, X can be treated as a composite “particle® of known mass and momentum,
with, however, unobservable spin.  This latter fact has no effect on the observables involving
particles a, b, and ¢, and it will be seen that these observables retain the same symmetries
as inthe 2 — 2 exclusive reactions, namely (6a) and (6b).

Consider a reaction in which a, b, and ¢ are spin-;- particles, i. e., fermions. Then
from baryon and lepton conservation, "particle” X is also a "fermion™ and , for the purpose of

itlustration, is taken to be spin-;— . Then the available observables are given as in Eq. (14)

with m = o, corresponding to the fact that the "polarization” of X is not observed [20],

X(jk,lo) = Tr M ojx Mtojo / Tr MMT, (15)

Then, just as before, these observables have the symmetries given in (6a) and (6b). In
order to better understand the specific details of these results, we consider again, for
example, the expressions for the analyzing power Ayo and the inverse-reaction polarizing

power p’y , even though the latter cannot be determined experimentally. These are

1
IAyo = IX(yo,00) = ; Tr M Gyo Mmt, (16a)
Iplyo = Xtoo,y0) = + Tr MM Gg | (16b)
y 4 y

and with (12), Eq. (16a) becomes

1 .
IAyo = 4 Tr [ (] Zk ajk Gjk) Oyo (j 2}:( gk oK)l - (17)

Then, noting that

Tr ojk 0im = Tr [(0jo1 ) ® (6kom)] = Tr ojoy Tr OkOm- (18)



we have : :
1 .
“o=-3 2 I, a3k 3k TrojoyojTr okok . (19)
]’ j:’ ]

Here one sees that the matrix operations factor, as they must, into operations in the separate
(a.c) and (b,X) spin-spaces. Then using the properties OjCk = i0], 6 = 0o , Tr Gjo} =
2 §jj, one finds

Tr gjoycj = 2i (-2i) for (jj') = (x,.2) ((z,x)),

=2 for (ij)=(oy) or (yo0), (20)
=0 otherwise ,
and (19) becomes
IAyo =Iz(: 2(F?e aok ayk. +Im azk axk ), ] (21 )
and, similarly,
Iplyo = % 2(Re alok alyk” - Im alzk alxk’) (22)

for the inverse reaction. Comparing these two equations with (7a) and (9), one seee that
they have identical forms, with the additienal summation over k coming from taking the trace
over the (b,X) part of the spin-space, which performs the sums over the spin projections of
particles b and X. One tnen recovers the symmetries (10), and more generally (6a) and
(6b), among these inclusive observables, and these are independent of the "spin” of
"particle” X . The parity-imposed symmetries on the (spherical-tensor) observables in a
reaction with a three particle final-state have been discussed in a detailed treatment which
uses the P-symmetries of the amplitudes to deduce those of the observables [21]. The

corresponding inclusive observables are also included.



Il. PROPOSED NULL TESTS OF TIME-REVERSAL INVARIANCE
A. Reaction a+b-> c+d

In view of the conditions imposed by T-symmetry, as given by Eq. (6b) for the

. . . .1 . "
observables (14) in a reaction with four spin-3 particles, the statement of reference 1, "it

follows that, if T is an exact symmetry, the expectation value of a 7- odd observable
vanishes", must be in error. The observable that is designated T-odd in this e*te” — 1+t~
reaction is the final-state spin-correlation coefficient [22], which is Cxy = X(oo,xy) in the

notation of Eq. (14). From (6b), then,
-Cxy = Alxy = X¥(xy,00), (23)

which is the T-imposed relationship between these two spin-correlation coefficients in the
reaction and its inverse, respectively. Note, also, from (6a) that Cxy is P-odd. Even though
the quoted statement from reference.1 was qualified therein as applying only in the lowest-
order Born. approximation to the M-matrix, which is then hermitian and the “T-odd effect” is
absent, the argument against its validity is independent of any dynamical content of the
theoretical description of the reaction. Thus, any observable that vanishes when M = Mt
does so because of the dynamics of the interaction and not from TRI.

It is further asserted [1] that the higher-order, non-hermitian absorptive,

contribution (“unitary correction") to the M-matrix can generate non-zero values of a "T-

odd" observable, which is defined as corresponding to the condition where "the probabilities
for a transition and for the transition between the time-reversed states are no longer equal”.
Although this condition appears to be exactly the same as a defining requirement of TRV, in its

precise definition [7] there is a subtle, but all-important, difference that is detailed by RKR

10



- in their treatment -of elastic scattering of electrons from polarized protons. In order to be .

specific on this point, it is necessary to express the M-matrix for the transition i— f in

its equivalent form, M =[Mjf] = [Mgg,y5], where the ordering of the subscripts is that of
RKR, and af,y5 are the helicities of particles ab,cd. It is clear that these M-matrix
amplitudes are simple linear combinations of the amplitudes ajk of Eq. (11) and vice versa.
Since the T-matrix of RKR is equal, within a normalization constant, to the M-matrix [12],
the following discussion uses the M-matrix exclusively. RKR presents the TRI imposed

conditionson M as
IMje]2 = [M]2 e, [Mgpys/2 = [Mlys agl2 (24)

which is in accord with the T transformations listed after Eq. (2) above. This is in

agreement with the conditions on the amplitudes themselves [12] that
Mog,ys = (-1)%B-18 Mlys op (25)

but it masks the classification of (25) into T-even and T-odd amplitudes. In (25) the k
factors [14] have been absorbed. The T-odd effect is then defined as any observable that is

proportional to the difference of probabilities
IMif(ki, ks, p) |2 - |Mif(-ki,-kf,-p) [ 2, (26)

where the momenta and spin polarizations of the initial and final states have been reversed in
the second term, but the states have not been interchanged. The result of this curious
condition is immediately apparent with respect to their identification of the (target)

analyzing-power component Agy as a T-odd effect. RKR uses the transversity frame, with

11



the quantization (z) axis taken along the normal (my y) to the reaction plane, so if one takes

I+ (1) to be the cross-section with the proton spin along +z (-z), the analyzing power (my

Aoy) is

Ao el IMit(+) [2 - [Mif(-) |2
2%y + 0o T S M) 12+ M) 12

' (27)

where the summation is taken over the spin projections of the other particles. The k
arguments in >(26) are redundant since (-kj, -kf) — (kj, kf) and (-Px, -Py) = (Px.
py) in a rotation of the second term by = around the z-axis. Thus, the net result (26) is
the difference in probabilities for opposite transverse (z) spin states, which is just the
numerator in (27). Thus, Apz is a T-odd effect by definition. And, since it is clear that the
condition (26) does not correspond to a T transformation, there is no reason to imply that its

consequences have anything to do with T-symmetry. In fact, RKR remarks that Apz

vanishes in the one-photon.exchange approximation, and their calculations show that Apz #0 -

when the two-photon exchange contribution is included, and there is no reason to bring T-
symmetry into the discussion [25].

Now, as was stated in reference 1, for the e*e” — 7+7" reaction only four of the

possible sixteen helicity amplitudes survive the requirement that the initial and final (total)
helicities can take on only the values * 1. It is straightforward to see that the equality of the
two terms of condition (26) in the transversity amplitudes is guaranteed by this reduction to
four helicity amplitudes. Thus, by definition, there can be no T-odd effect in this reaction.
Having noted above that ny is P-odd, the summary statement of reference 1, that the
nonzero value of the spin-correlation coefficient Cxy stems from the T-odd effect, can be
amended to say that, since Cxy vanishes when PC rules, the value of 1% for it seems to be
quite large relative to previous experimental values of PNC observables [3,4,26]. This is

achieved in the calculation, of course, by selecting the maximum in the PNC Z-exchange

12



contribution at the Z9 mass, and an experimental check of this PNC prediction of the standard

model would seem to be very useful. From an experimental perspective, however, the P-odd

observable pz , of either final-state 7, is more easily accessible and has already been
measured [27]. Since pz and Cyy are just different bilinear combinations of the same four
helicity amplitudes, the value of py should be available in the calculation of reference 1 for

comparison with the more precise measurement of the ALEPH group,
Pz = -0.152 + 0.045,

averaged over all T production angles. Unless py is an order of magnitude more sensitive
than ny to the PNC ratio of the vector and axial-vector coupling constants of the T to the Z,

it is doubtful that the calculation will reproduce this (seemingly enormous) result.

B. Inclusive reaction e +p - e+ X

There is an inclusive experiment that searched for a nonvanishing analyzing power, -

Aoy, in the reaction ep — eX with a polarized proton target, at energies up to 18 GeV [28].
This, also, was purported to be a null test of TRI [8). However, as has been detailed in Section
I1.B, even in this reaction there can be no null test of T-symmetry. With that in mind it is
straightforward to identify the error of CL. Their proposal was to measure the (presumably

T-odd) correlation function

S - (ki X kg), (28)

where § is the polarization of the target proton. This, however, is my Oy which from (3)

is a T-even correlation, so it could be a simple error of sign. On the other hand, the decay

process A — B+ e*+ e was also discussed in CL, and the decay correlation-function

13



O- (ks XK.) (29)
was examined. Here B is aspin% particle and k4 (k.) is the e* (e’) momentum.
Although (29) ha§ the same form as (28), it is, indeed, a T-odd correlation. The difference
resides in the different T transformations: kj e« -kf, interchanging initial and final states,

and k., k. - -k,, -k., so that

(ki X kf) - (kf X kj) = -(ki X kf) ,
but (ke X k) = (ke X k), (30)

and this difference may have gone unnoticed. In any event, the T-odd observable
corresponding to (29) is the polarization py of particle B and is required by T-symmetry
to vanish in this decay process. The conditions imposed on decay processes by T-symmetry
are not discussed here because the "no null test" theorem does not apply [29].

Then in a discussion somewhat parallel (but prior) to that of RKR for elastic ep
scattering, CL attributes a nonvanishing Aoy, in the one-photon exchange approximation, to
a violation of TRI (versus the T-odd effect of RKR), whereas Agy # 0 when the two-photon
exchange contribution is included. So, again, as remarked with respect to the RKR' treatment
of ep elastic scattering, there is no reason to bring T-symmetry into the discussion of the
inelastic scattering ep — eX. It is now known that, in the one-photon exchange approximation
of the latter process, Aoy = 0 [30], so this result also stems from the dynamical content of
that approximation and it cannot be undone by a violation of T-symmetry.

It is of obvious interest to know if the misconception has been corrected in the literature
‘at some point during the past twenty-six years. That it has hot is suggested by continuing
" references to the CL result. The same presumed T-odd correlation was investigated in pion

photoproduction [31], and a connection was made to a test of charge-conjugation (C)

14



invariance [32]. - Somewhat later, a review article [33] included the CL result. Finally,
references made in recent articles [34-37] show that the misconception still exists.
Reference 35 does not quote the CL result directly, but, in its treatment of Ay in the deep-
inelastic scattering of transversely polarized electrons from protons, it similarly arrives at
the conclusion that a nonzero value of Ayp signals T violation. Reference 36, on the other

hand, argues that in the e*e- — 7*7T- reaction the first-order Born-approximation M-

matrix can be rendered non-hermitian by a violation of T-symmetry.
Iv. SUMMARY

It has been established that in reactions of the type a+b—-»c+d and a+b—-c+ X
there can be no nulll test of TRI. That is, there is no single experimental observable that is
required to vanish by TRI. In contrast to the P-symmetry requirements that P-odd
amplitudes and observables vanish [8], the requirements imposed by T-symmetry are:

i). T-symmetry connects the amplitudes for a reaction and its time-reversed process ,
and the T-odd (T-even) amplitudes satisfy the condition that aj = -aljk (aljk) according to
(4). For elastic scattering, which is its own inverse process, the T-odd amplitudes vanish.

ii). T-symmetry requires that the experimental observables (14) of the two processes
satisfy the condition that

X(jk,Im) = (-1)7x Xt(Im,jk). (31)

Thus, a T-odd observable is one that is equal, but of opposite sign, to its partner in the
inverse reaction.

Finally, the point should be made that experimentally there is no connection between the
CP and T symmetries. This should be clear from the discussion. For example, just as for P,
there can be a CP-odd observable for which a nonzero value is proof of CP nonconservation,

but that cannot be an experimental proof of T-symmetry violation. The connection is purely

15



theoretical, via the CPT theorem. Hence, the tendency to describe proposals as experimental
tests of CP/T symmetry should be discouraged. In most, if not all, cases it is an experimental

test of CP conservation.
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