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" ABSTRACT
Plasma confined in the Tormac configuration can be made to rbtaté
about thé minor axis so that guiding-center drifts_dd not carry the
particles‘tb'the boundary layer even in a purely téroidal field B(R).
In this way the anisotropy in velocity space éaused by losses at the
cusps will not be rapidly communicated fo the interior. Rotation can
be enhanced and controlled, ip principle, by neutral'injection‘with
angular mdmentum about the minor axis. The properties and stability
charaéteristics of such a state ére_theoretically_investigated in the
'preéent bapér.‘ The conditions for a stationmary state are shown to
require that the number of particles on a flux tubé-remains.constant,
yielding the relation n(R)R/B(R) ~ constant. The equilibrium propefties
of the plasma are observed with the use of two‘different models:
(1) The plasma is treated as consisting of two fluids with negligible
centrifugél effécﬁs and-interspecies ihteractiOns, where electrons are
considered as isotropic with.the equation of\state'd/dt(Pén_7)'= 0,
while the ibns are anisotropic and obey the CGL equations. (2) The
plasma is treated as a éingle fluid with ﬁegligibie centrifugal effects
and scalar pfessure, i.e., obeys'd/dt(fn-y) - 0. TIn éach'case the

equilibrium solutions n(R) are found to be marginally interchange-stable.
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I. TINTRODUCTION

Levine and coworkers have described the confinement of high-beta
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plasma in the Tormac device.

plasma is contained within a toroidal volume of closed magnetic flux

tubes (see Fig. 1). A thin boundary layer separafeé this space from
an outer region, the so-called outer "sheath," which is chéracterized
by strong poloidal field comédnenfs produced bylexternal goils in an
annular cusp arrangement. Particies with guidingvcenters in the outer
sheath ére only mirror cohfined'on the open field lines. The boundary
layer can not measure more than a mean ion-cyclotron-orbit in thick-
ness, becauée it is the region in which many ions with guiding centers
on both open and closed flux surfaces coexist. While the structure
and detailed properties of such a boundary layer and outer sheath have
not yet been.fully analyzed, it is certain that fﬁé major pressure
gradients have to be concentrated there. 1In the following wé shall
assume that such thin layers exist and are stable.
iI. GUIDING-CENTER CIRCULATIONT

In_fhe basic Tormac concept, the intérnal.field lines are con-
centricvcircles, i.e., no toroidal current is présent-éo that there
ié no magnetic rotational transform. Tt followé'ﬁhat, unless intermal
electric fields modify the mofion, guiding-centéi drifts parallel to
the torus méjor axis carry all particles to the plésma'edge where they
have to be deflected and recirculated promptly along the boundary if
toroidal equilibrium is to be maintained. Obviously, this require-

ment must be‘incorporated in the prescription for the cusp confinemeht

~

In this configuration the bulk of the -
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of plasma:in Tormac. Unqutunately, the losses through the cusps proF
duce an anisotropy in the velocity distribution of the ions in a part
of the bpundary layer which then is propagatedvthrbughout the interior
by the particle circulation mentioned above. 1Tﬁis leads to the un;
avoidabie éonclusién that éitper a magnetic rotational t:énsform or a
net mass rbtation is required in Tormac if the confinement is to Ee
better thaﬁ that expecfed in a minimum-B stabiliied mirror configura-
tion. T@e function of the rotation here is simply to force most
particle.guiding centers to circulate well inside the boundary and

thereby to reduce drasticaliy thé communication_as regards the velocity

" distribution between the interior and the sheath fegion. Assuming

such rotation is maintained, interior particles with velocity vectors
in the cusp loss-cones can reéch the open fieldvlines only by cross-

field diffusion, so that the expected confinement time is much improved

,over that of ordinary open-ended magnetic configu'rations.2 . Although the

."sheath mayvremove angular momentum from the internal region, it should

be possible, as described bélow,'to control andiméintain the internal
rotation. |

Some internal rotation around the minor:torﬁé axls by E x B drifts
may be expecfed to arise spontaneously becaqée of‘iﬁitial preferential
loss of particles of one sign or the other. 'Ordinéry open systems
acquire s positive potential because of the shorter electron collision
time. In fact, most electrons are confined maihly by the electrostatic
potential creéted by the magnetically trapped'ioﬁs in such aévices,
In the Tormac arrangement, on the other hand; excess positive charge

in the interior would give rise to electric fields along the minor
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radiﬁs, which here, instéad of fofcing'ions out élong field linés,

would enhance'confinement by causing infernal circulation_of guiding
cenfers.. If such spontaneous motion is insufficienﬁtfor our purpose,
rotation about the minor axis can also be driven by»application of a
forque from the outside, sqch as'for instance by neﬁtral-beam injec-

"tion with net angular momentum about the minor sxis. In fact, if

" neutral-beam injection is used to feed or heat a Torme.c-confined plasma,

it may be difficult to avoid adding any angular momentum. . In short,
we conclude that the plaSma in Tormac is likelyf%o be ih a state of
rotation, and the description of the equilibrium'must take this mass
motion into account, i.e., we are dealing with»é dynamic rather than
a static equilibrium.
III. CONDITION FOR THE STATIONARY STATE

In the basic Térmac the internal plasma is assumed to be uniform
in temperature and density so that the internal magﬁetic field would
have to bé force-free. The_simplest case is the one with Vx B =0
so that the field lines are circles, as mentioned above, and
- BR = const, if R denotes the distance from the majof axis.: This would
be the sfate-of magnetostatic equilibrium with minimal ffee energy.
However, such an ideal uniform-pressure cénditién'éannot be maintéined
in the presence of even the élightest guiding-cehter rotation around
the minortaxis‘because this would lead to a finite divergence in the
mass flow. The condition that must be satisfied in the presence of
any rotationvis readily4derived using a purely ﬁacroscopic two-fluid
descripfion. |

In the stationary state we must have Venu = 0 for both ions and



o
):r';:‘

G
Bl
Lo

s
Lo
Lo

electrons, as well as Vx E = O. 1In this paper we restrict ourselves
to the simple case without toroidal current, i.e., with purely cir-

cular field lines:

B = B(R,z)6, ‘ » A , (3.1)
80 that'the parallel flow, nu”, does not enter the problem. The mean
perpendicular flow velocities, LIp in the steady state follow from the

equation of motion for each species (particle mass m, chérge Ze, and

stress tensor P) and can be written in the form

u = +Ec'+1_11_,n+2v, | '(5.2)
where
Ex B
Sup = 32 ,
c (V-pP) xB |
— 7 Zen 32 ’

u, =-— ’
In 7e B2
c E X §
= Ze B

The lastvterm, Uy represents‘cfoss—field diffusion; which is caused
either.by.the pressure and temperature gradients”in the presence of
electron-ién’friction F, or by anomalous dissipatién. The term'gv is
assumed negiigible here as compared to the firsﬁ‘two; Yp and U, be-
cause we are mostly concerned with the conditions'in the collisionless

limit, and gradients in the interior are too small to drive turbulent
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transport. The inertial drift, BIn’ is primarily caused by centrifugal
effects and is also negligible as long as the bulk rotation frequenéy
is small compared to the ion gyrofrequency. The diamagnetic flow (or

"net gyration"), nu ., may of course be large, but by its nature it is

always free of divergence under conditions of hydromagnetic equilibrium.

We, therefore, are only concerned with the E x B guiding-center drift

4. The'redﬁirement V-nBE = 0 and ¥ x E=0 1éads to

ExB ExB B | |
5 e Vinn = =V . 5 =E'VX—2-, _ | (3.3)

B ‘ B ' B
which is satisfied for all E it
L2 B B
Vx3B=3BxVliln (n/5). o (3.4)

If the field B is purely toroidal, i.e., if (3.1) holds, Eq. (3.4)

can be solved immediately: The R component of Eq. (3.l4) yields
n(R,z)/B(R,z) = £(R), ' -~ (3.9)

while the z component of (3.4) has the solution

so that we must have g(z) = const, and f(R) = const/R. The condition
fdr'stationary flow can thus be expressed simply as
~ nR B

I — ,v . (3'6)
18 Bo
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where nd = n(RO,zo) and By = B(Ro,zo) at an arbiﬁrary point (RO,ZO)
inside the ﬁlésma. Relation (3.6) merely states formally the obvious
fact_thaf the number of particles in a flux tube must remain constant
during the motion under our conditions when cross;field'diffusion is
negligible. :This means, of cdurse, that n(R,z) = const is not an
acceptablé solution if ExB % 0 anywheré in this #orus. To find the
specific required dependence of n (or B) on R and z we must use the
equations for the dynamic equilibrium to obtain a second and inde-
pendent reléfion between these variables.
IV. DYNAMIC EQUILIERIUM

Further progress towards determining the eQuiliErium requires
adoption‘of a modei.' In any physically reasonéble'model, which must
be valid for fimes < Ty (the'ionéion’coliisiOn time), the electrons
are isotrgpic'due to their fast collision fate.éﬁd‘the collisiohless
whistler instability.5 The latter takes place on a’ very fést time
-1

« The ions. are subject to a simi-

R ' ~1/2
scale, i.e., T =~ (Bel/2) / lmce]

lar instability, the electromagnetic ion-cyclotron instability,6 which
is capable of rendering the ions isotropic Within.a few time constanté,
Ti' For this instability the time constanf Ti méy br may not bé‘small_
compared to Tii' Two limiting caées are treated here:

(1) A two-fluid plasma with isotropic electrons obeying

a/at (Pen77) - 0 and anisotropic ions obeying the CGL equations;'

(2) A single-fluid plasma with a scalar pressure obeying
d/at (Pn~7) = 0, where P = P, +P.
We shall first treat the two fluids since the one-fluid result

will then follow as a special case. The equilibrium equations for the
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rotatihg piasma,are (neglecting interspecies COllisions):v
(rm, +.nme)3172 + VQEi-+ VP, = (Vv x B) x B/4,

E-V(Pen'7) = 0,

e
u-v _1%_1[[ =0,

n 4

E-V(Pil/nB) = 0,

E’u - |
il R , | (k1)
P,
1

]
e

Quasi;ﬁeutrality has also been assumed (niré-ne = n). Under
éonditions of slow (very subsonic) rotation, nmiiﬂ'VE,v<< |[VP|, the
‘inertial term may be dropped. The dynamic character of the equili-
brium is,.of'course, still'preserved by the addifional cohstraints
-E'V(Pen—y) = 0, etc. Using the cohditionsig =fB(R,z)5&and.nR/B = const,
the above set reduces to all quantities,being functions of R only (z-

independent), and:

) ]32 32 Pi.L - Pi”
—|— + Py, +P )= = 5 + 1], (k.2)
OR| 8 LR B" /b
P. R P, R P, (R P, R
il 10170 ill i0fl"o
2 - T2
B B, B B,
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Defining B, = 8WPil/B,’ etc., we find

- 3B 5 O : B° , :
(1+8; +8) SE_ + B ig; (Bil +B,) = ;_‘(Bi”.f By = 2), (k.3)

and hence

(1 +8;) +B,)2B — + B |- =B, + (7 - 2) = — |

3B ,[ , o 5 3 | |

OR R - B ORj
| 32 . .
= (Bi” - 2)f’ : (ko)
R

Hence, in'equilibrium,‘B satisfies

dInR By + 1 +B,7/2

The equilibrium relation between dénsity and radius may be ob-

]

tained explicitly. ILetting b B/BO, N = n/no, and r = R/RO, Eq. (L4.3)

3

becomes
. : 7 ob b (B, 4 : :
(1+sil+-se)_=-—-’-ﬂ+1+-‘s}. (4.6)
_ .2 “dr. rie 2 €/ T
From Eq. (%.2),
’ B
1
B, - 10l
. ’ r
6. - P10l
il =Ty
nr
y=2
BeO
Be =
_ T

'j’b = r, I (k. 7)
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and hencé”(h.6) becomes

2 -2 e o)
on S T 5 1 } _0 Pl Pror (5.8)
av gl . eO_Tl . !_—E . 1. -»
r | r 2 r ; rianr r o

b i ¢

Multiplying through by r2 yields a perfect differential, iﬂe.,'Eq.
(4.8) 1s equivalent to . |
0 7

' B _ _ A
7-1 2 1ol _
Booh + T+ By TN+ el i 0, (4.9)

or 2(y - 1)

and hence. we obtain:

y n 3 n [R n {R\ B,y /R
SN L L PR LA T
2(y - 1) noj ng RO} no| Ry | b _\R /
4 B :
- 6 +14p . + 9, (4.10)
el 101 -
2(y - 1) b

The B fiéld corresponding to this n is plottedlfor severalycases,’

ineluding high.B, in Fig. 2. The fact that, fof,high B, B is mono-
tonically incréasing should make Tormac confinéﬁent easier in that the
curvature and gradiént-B drifts of the particle guiding cgnters tend
to cancel rather than add (as is the case in current;ffeé fields).

In the opposite limit Beo’ BiOl’ BiO”

<< 1, Eq. (4.10) gives n « 1/R2,
or B « l/R as expected for the current-free case..

Proceeding to the one-fluid MHD approach, we see that the equa-

- 0, and

tions follow from the two-fluid equations if we let B,

P, P +P, =P; L.,




N/

'_.(,nmi + nme)E-VE + VP = (V x'§) x B/,

wy@E?) =0, (k1)

Making the same approximations of slow rotation and quasi-
neutrality, but dropping thelassumption of negligible interspecies

interactions,'we arrive at Eq. (4.10) with BiOl.e BiOH = 0, BeO - Bo:

¥ /n L 4 IR §2 y
— ol=] +—l—=l s +1. (k1)

of special ‘interest is the high-B situation, when B, >>
2(y - 1)R2/7302, so that the tenan1R2'in Eq. (4.12) can also be
neglected as a first approximation. In that case we see thatvn = nb

everywhere, which means that,ybecausé of (3.6),
B A ‘ ‘
B(R) ~ (BOR/RO)G. , (%.13)

In other words, in the high-f 1limit, the field is'ﬁoaified'so that the
%olume of a toroidal flux tube remains cbnstant as'if changés its
major radius R. It should be noted, .also, that n.é-gonst does not
mean that the»plasma is current-free. On the contréry,_the equili-
brium-heré‘requires a uniform internal cufrent densiﬁy iarge enough
to balance ‘the finite résidual‘pressure gradient'that is consistent
with the coﬁtinuity requirement, Eq. (3.6). 'Again we see that the
curvature and gfad-B drifts aré in oppoéitién,“dge,to.the lineérly in-

creasing nature of the field. Also, as B - 0, we again find that

B < 1/R.
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The applicability bf each model depends on.the degree of iso-

tropization of the ion pressure over the time- scales of interest (1.e.,_

for At = IR = R l/u ). On time scales shorter than the ion-ion colli-
‘sion time,‘the primary agent for achieving isotr0py.is the previously
mentioned 1on-cyclotron 1nstability.

The growth rate for the instability increases rapidly with mag- -

nitude of Bii and B, l/BiH 6 Typical values are given in Table I. For.

judicious choice of Bior? Biol]? Peor @04 R/R such that [(BIL/BIH) ] |

is fairly small throughout the inner Tormac region, it is possible that
the time constant for the instability, Ty is of the same order as T
and much longer than |R - R l/u so that the two-fluid theory is velid.
For lerge initial perpendicular and parallel pressure diffe;ences
By l/fsi” >> 1, the instability Willf, 'in linear approximation_, start to.
isotropige the ions oh a fast time scale 7, . >> lwci,' Presumably
‘once this process is initiated it will continue'tO‘completion and tﬁe
MHD thebry will be appropriate. Of course, therevis an intermediate
region where neither theory is valid. -
V. HYDROMAGNETIC STABILITY

v To investigate the hydromagnetic stability Ofﬂthe eystem, we use
a method*de§eioped by Newcomb.8 ‘We consider a"einéle flux tﬁbe”dis-'
placed radially by an amount g; the change in_perpendicular pressure
in the tube, APy, + P+ B2/87}), must balance the change in the am-
bient value of the perpendicular pressure, §d/dR(P + P+ B2/8W).
The adiabatic and double adiabatic equations of state, as well as

n(R)R/B(’R), const, llnk AP, AP APi” to ¢ and AB. The equilibri_um

il’
equation (L.2) yields d/d.R(Pi IR A 132/87r)'. Equating the change in

per@endieular pressure in the tube to the change in the ambient per-
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pendicular pressure we find, eliminating APil,‘APi”,'APe:

AB Ok (fi”+ 7P, - B?/kn) :
- 5 . S (5.1)
B R (2P, + 7P + B/km) .

Next We’consider the effective tension aldﬁg the field lines,
which is given by (-Pi” - Pe + B2/8W). If the change in tension of a
flux tube éxceeds the change in tension of* the aﬁbient medium, the
tube will expefience a net restoring force, i.e.,ﬂthe plasma will be
stable. If the'change in tension of thé tube is less than that of
the surrbﬁnding medium, the tube will continue to ekpahd or contract
radially resulting in instability. To obtain the marginally stabie

case we equate A(-Pi” - P+ B2/8#) to gd/dR(-Pi” <P + B2/8W). This,

~in combination with the equations of state and Eq. (5.1), yields

'd 1n B _ Bi“/z -1+ Be7/2 (5.2)
d1nR By +1+B/e

for marginal stability. Note that the marginal Stab;lity condition
(5.2) is just the éxpression earlier obtained aé tﬁe'equilibrium con-
dition for (d 1n B)/(d 1n R). The result is not surprising in view

of the fact that the slow rétation about the minor axis, which we have
proscribed for oﬁr‘hydromagnetic equilibriuﬁ state, is simply a pure
interchange process. |

The cehtrifugal effecfs, which we neglected in‘going fraﬁ Eqg.

(4.1) to.Eq. (4.2) must then be expected to‘rendér the system unstable.
However, any dissipative process, e.g., as caused by heat flow, vis-

cosity, or elebtfical resistivity, will undoubtedly have a stabilizing

[

i
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effect. ‘We éonclude that slow mass rotation about the minor axis is
probably_péfmissible in Tﬁrmac without causing difficulties.

Fortunately, not muchhrotétion is needed to dominate the guiding- ‘ -
center drifts when the particles' mean gyroradius T is smgll'COmpareq . 'LI
fo R. The conditions that the mass velocity u muStrsatisfy for this ’
purpose,_énd at the same time must introduceé oﬁly riegligible centrifu-

gal effects, are

| 1/2 S _ .
T u T, :
S K — K (=], SRR (5.3)
R vth R. »

Here Vin isAthg mean thermal speed, and rc den§tes>the radius‘of curva-
ture of the rotating flow, i.e., T, is of the order'the plasma minor
radius; so that the centrifugal écceleration ié-](E-V)EI ~ u2/rc. For
conditions appropriate for a thermonuclear reactﬁrgthis requirement |
should bé'easily accommodated. If we wish to fésfrict the displace=-

ment of a drift orbit to the order of a few gyrorddii, the left in-

equality in (5.3) must be more specific, i.e., it must be replaced by
‘rc/R < u/vth. o : g | | (5.4)

In other words, as is easily uﬁderstood, the prbbleﬁs associated with
the toroidal geometry are more readily dealt withYWhen the aspect
ratio R/rc is large. |
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FIGURE CAPTIONS

The Tormac configuration, showing a typical ion-guiding

center drift in.the interior.

Normalized B [BO'= B(RO)] for two-fluid and one-fluid equi-.

~ libria and various B's. In both cases y = 5/3.

Nofmalized pressures, Pil/PiOl’ Pi“/PiO”,:Pe/Peo for the case

7 =5/3and B, = Bio| = Peo = 1/2. |
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Growth rates for the electromagnetic ion-cyclotron instability.
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