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Abstract 

The Gibbs-ensemble simulation technique provides a powerful me­
thod to calculate vapor-liquid phase behavior [1]. To evaluate the 
configurational energy of a system of molecules, commonly used ex­
pressions describe the interaction between two molecules. Contribu­
tions from higher-body forces are usually implicitly taken into account 
by adjusting two-body potential parameters to give agreement with 
experimental data. Explicit eA-pressions for higher-body potentials are 
not commonly used in simulations [8]. The work by Smit et al. [9] 
gives the appropriate eA-pressions to eValuate the pressure as well as 
the chemical potential from a density- dependent two-body potential 
in an NVT ensemble. 

In the present work, contributions to the potential from two-body 
interactions are separated from those due to higher-body interactions; 
to take higher-body forces into account, a mean- field term, propor­
tional to (density )0.9, is added to the two-body potential. NPT - simu­
lations oyer a wide range of temperature and density, as well as Gibbs­
ensemble simulations, are used to evaluate phase behavior of argon 
and of methane. The results indicate that a simple mean-field correc­
tion to the "true" two-body Kihara potential provides good agreement 
between e..'\.-periment and simulation. 
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'. 1 Introduction 

In the past decade, Monte-Carlo computer simulation has become accessible 
to predict thermophysical properties for some engineering purposes. Intro­
duction of Gibbs-ensemble simulations has opened a wide field of application; 
the review by Panagiotopoulos [1] shows the potential success of this simu­
lation method. 

:Many authors ( e.g. [2] and [3] ) have given attention toward applica­
tions of computer simulation. Only little attention has been given toward 
finding an efficient method to incorporate effects of higher-body interactions 
which contribute to the potential energy at moderate and high densities. A 
recent study by Luckas [4] concerning the thermophysical properties of :fluid 
methane includes the effects of three-body forces through an Axilrod-Teller 
dispersion term, but this inclusion is cpu-time consuming and requires ac­
cess to large main-frame computers. Although the Axilrod-Teller term for 
three-body intermolecular forces has little theoretical validity at small inter­
molecular distances [5], the results by Luckas [4] and those by Barker [16], 
[17] indicate that three-body forces make a major contribution to the internal 
energy at moderate and high densities. For liquid argon the portion of this 
contribution is estimated to be 10-15% [6]. 

De Pablo et al. [8] reported an attempt to combine the OPLS approach 
[7] using a site-site potential with the Gibbs ensemble; these authors found 
agreement between experimental data and calculations from Monte-Carlo 
simulations for selected binary hydrocarbon mixtures containing methane. 
The Lennard-Jones potential was chosen to represent the interactions be­
tween two sites and a set of effective site-site energy parameters was given; 
these parameters are density dependent. However, it was shown by Smit et 
al. [9], that these energy parameters are limited to the particular application 
shown, especially since they are restricted to the density and temperature 
range in which their density dependence had been adjusted. 

In this work we focus on a less ambitious but more general semi-empirical 
method towards calculation of the fluid-phase diagram, including the two­
phase region. In this method we include multibody contributions to the po­
tential energy; except at low densities, we do not assume pair-wise additivity 
of intermolecular potentials. 
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2 Multibody Effects 

We distinguish between two-body forces and higher-body forces. The com­
ponents under investigation in this work are pure methane and pure argon. 
Bot.h are considered as fluids containing single-site spherical molecules. 

Evidence for two-body interactions between molecules is found in exper­
imental second-yirial-coefficient data. As discussed in numerous references, 
notably Hirschfelder [10]' parameters for the Lennard-Jones potential can 
be fit to e>"l>erimental second-virial-coefficient data; such a fit provides. rea­
sonable but not satisfactory agreement with the e>"l>erimental results over 
a wide temperature range [11]. However, a similar fit to obtain parameters 
for the Kihara potential with a spherical hard core provides good agreement 
for methane and argon over a wide range of temperature. Table 1 presents 
Kihara parameters for methane and argon as given in ref. [11]. 

For syst.ems of simple spherical molecules, the leading term for higher­
body forces is a dispersion contribution of a three-body Axilrod-Teller term 
[12] given by 

(1) 

where v is a characteristic constant, r is the intermolecular distance and 0 
is the angle defined by the vectors of distance between two pairs of molecules. 
The Axilrod-Teller term depends on intermolecular distance to the ninth 
power. The multibody potential energy correction term in this work Umb is 
chosen such that it has an order of dimensions close to those in the Axilrod­
Teller equation. The correction term used here is a field term proportional to 
the 9/10 power of the overall density (pO.9) as well as to the attractive-energy 
contribution from the two-body potential U6. For the multibody ( mb ) 
contribution 

( P )0.9 
Umb = a --'t U6 perl . 

where pcrit. is the density at the vapor-liquid critical point and 

(
u - 2a)6 

U6 = -4€ 
r -2a 

The expression for the potential energy considered here is given by 
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U = UKihara - Umb (4) 

with the two-body Kihara potential given by 

[(U - 2a) 12 (U - 2a)6] 
UK ihara = 4€ r _ 2a - r _ 2a ' r 2:: 2a (5) 

UKihara = 00, r < 2a (6) 

where € is the minimum two-body potential energy, U is the collision 
diameter and 2a is the diameter of the molecular hard core. 

The adjustable constant a is found by comparison between prediction of 
liquid densities at a fixed temperature close to or at saturation and experi­
mental data. E>..-perimental data are taken from the compilation by Vargaftik 
[13] and from Sychev et al. [14]. 

Equation 4 obeys the necessary boundary condition that, as p -+ 0, the 
two-body potential is recovered. 

3 Computation 

Monte-Carlo simulations were pedormed in an NPT ensemble to obtain pre­
dicted densities in the one-phase region. In addition, for methane, Gibbs­
ensemble simulations provide predictions for the two-phase region of satu­
rated liquid and saturated vapor at a given temperature. 

All codes used in this work have been developed previously at Berkeley 
[15]. They were only slightly modified to include changes in the calculation 
of intermolecular energy. The Metropolis scheme is followed for statistical 
averaglllg. 

The number of molecules for all NPT simulations was set equal to 256. 
The length of the simulated box with periodic boundary conditions was al­
ways larger than six times collision diameter u. A spherical pot.ential cut-off 
was taken at an intermolecular distance equivalent to approximately 45% of 
the box length. A volume move was attempted after 500 attempted particle 
moves. All runs were given a minimum of 106 steps for equilibration; an 
additional 106 steps were taken to obtain an average value for energy as well 
as for density. Gibbs-ensemble simulations were performed with a total of 
350 molecules. 
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All calculations were performed on an IBM-3090 main-frame computer. 
For NPT simulations, about. 3000 cpu seconds were required to perform 106 

steps under conditions given above. 

4 Results 

The parameter Q was adjusted to give agreement with experimental data at 
saturation for methane and close to saturation for argon, respectively. In 
table 2 the parameter Q is given as obtained from adjustment. Table 3 gives 
Gibbs-simulation results for methane. Tables 4, 5 and 6 give NPT -simulation 
results for methane and for argon, respectively. The power 9/10 of the density 
dependence was chosen to obtain better agreement with experimental data 
at high densities of methane. 

Tables 4 and 6 as well as figures 1 and 2 show satisfactory agreement 
between e:>...-perimental data and simulation results over the entire range of 
density and temperature under investigation. At low densities, agreement is 
necessarily good due to the fit of the Kihara-potential parameters to second­
virial-coefficient data. At intermediate and high densities, the semi-empirical 
term in equation (4) corrects for the contribution of higher-body forces to 
the configurational energy. However, predictions of high liquid densities are 
less accurate at temperatures below the critical temperature. In addition, as 
shown by results for different field-term parameter Q in table 6, a temperature 
dependence of Q must be included to find agreement with experimental data 
close to and at saturation. 

The contribution of higher-body forces is always positive and hence low­
ers the absolute value of the configutational energy. Table 5 gives simulation 
results without the field term in equation (4). The predicted densities dif­
fer approximately 20% from experimental values. Figure 3 shows that the 
multi-body contribution below the critical temperature of methane shows 
a linear behavior with density which is different from that at supercritical 
temperatures. 
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5 Discussion 

The semi-empirical potential function given in eq. 4 appears to be reason­
ably successful for prediction of density over a wide range of temperature 
and pressure for argon and methane. Equation 4 extends cpu-time require­
ment.s only slightly when compared to simulations with density-independent. 
effective-pair potentials. Pair-potential parameters ( (J', €, a ) are available 
from second-virial-coefflcient-data regression while parameter Q, which cor­
rects for multibody contributions to the internal energy, is obtained by ad­
justment at liquid-like densities close to or at saturation. The results indicate 
that Q is temperature-dependent close to saturation. 

Predicted densities are in good agreement with experimental. The accu­
racy is comparable to those of similar investigations in the literature ref. [4], 
[18]. 

As found from simulation, the multi-body contribution to the energy is 
always positive in energy and contributes up to 20% ( see figure 1 ) at the 
highest density investigated for methane. For methane, the density depen­
dence of the multibody-correction term Umb at supercritical conditions is not 
the same as that at temperatures below critical. 
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Table 1: Kihara-potential parameters for methane and argon as gIVen III 

ref. [11]; a is the radius of the hard core. 

component 

Argon 
Methane 

u a 
A A 

3.317 146.52 0.179 
3.565 227.13 0.393 

10 

Temperature Range 
K 

85-873 
125-623 



t· Table 2: Field-term parameter a 

component a adjusted at 

Methane -0.001320 saturated liquid 
density at 130K 

Methane -0.000914 saturated liquid 
density at 150K 

Argon -0.0003921 liquid density 
at lOOK 

-0.0003136 liquid density 
at 130K 
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Table 3: Gibbs simulation of methane at various temperatures; experimental 
and predicted densities p of saturated vapor and saturated liquid; field-term 
parameter Q and contribution C by multibody forces to the internal energy 
in the liquid phase. 

T Q p, saturated vapor, g/cm3 p, saturated liquid, g/ cm3 

K expo Slm. expo Slm. 
C 
% 

130 -0.001320 0.00595 0.0120 ± 0.00056 0.3977 0.3895 ± 0.0116 15 
150 -0.000914 0.0201 0.0223 ~ 0.00035 0.3610 0.3656 ± 0.0122 10 
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Table 4: NPT simulation of methane at various temperatures and pressures; 
experimental and predicted p in the one-phase region; field-term parameter 
a = -0.001320; contribution C by multibody forces to the internal energy. 

T p p, gjcm3 C 
K MPa experimental simulated % 

130 0.1 0.0015 0.0016 ± 0.00008 0 
130 3.0 0.3998 0.3933 ± 0.0085 15.5 
130 5.0 0.4021 0.4024 ± 0.0068 16 
130 10.0 0.4075 0.4112 ± 0.0076 16 
130 15.0 0.4124 0.418 ± 0.0073 16.5 
130 30.0 0.425 0.4387 ± 0.0059 18 
130 50.0 0.4386 0.4563 ± 0.0041 18.5 

150 0.1 0.0013 0.00112 ± 0.0001 0 
150 3.0 0.3654 0.3103 ± 0.0149 12 
150 5.0 0.3693 0.3522 ± 0.0073 14 
150 10.0 0.3778 0.3602 ± 0.0096 14 
150 15.0 0.3851 0.3791 ± 0.0098 15 
150 50.0 0.4188 0.4307 ± 0.0069 18 
150 100.0 0.4466 0.4675 ± 0.0044 20 

144.53 10.0 0.3846 0.3764 ± 0.0088 15 
155 20.0 0.3846 0.3807 ± 0.0054 15 

300 10.0 0.0751 0.0706 ± 0.0048 3 
300 --20.0 0.1549 0.144 ± 0.0082 6 
300 50.0 0.2715 0.2643 ± 0.0065 11.5 
300 100.0 0.3421 0.3407 ± 0.0074 15 

500 20.0 0.0745 0.0746 ± 0.0054 3.5 
500 50.0 0.161 0.1592 ± 0.0054 7.5 
500 100.0 0.2446 0.2415 ± 0.0067 12 
500 200.0 0.3283 0.3285 ± 0.0057 17 
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Table 5: NPT simulation of methane; field-term parameter 0' = -0.000914 at 
T=150Kj simulation results without field term at T=130K. 

T 0' P density, gjcm3 C 
K MPa experimental simulated % 

130 0.0000 5.0 0.4021 0.4987 ± 0.015 0 
15.0 0.4124 0.5057 ± 0.013 0 
30.0 0.425 0.5173 ± 0.009 0 

150 -0.000914 10.0 0.3778 0.3940 ± 0.0109 10.5 
15.0 0.3851 0.4080 ± 0.0116 11 
50.0 0.4188 0.4512 ± 0.0058 12.5 
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, 
Table 6: NPT simulation of argon at various temperatures and pressures; 
experimental and predicted densities p in the one-phase region; field-term 
parameter a; contribution C by multibody forces to the internal energy. 

p p, gjcm3 C p, gjcm3 C 
MPa experimental simulated % simulated % 

a = -0.0003921 a = -0.0003136 
T=100K 
0.1 0.0049 0.0048 ± 0.0001 0 0.0049 ± 0.0001 0 
1.5 1.315 1.306 ± 0.019 11.5 1.341 ± 0.021 9 
2.5 1.319 1.303 ± 0.018 11.5 1.339 ± 0.018 9 
4.0 1.325 1.326 ± 0.020 11.5 1.351 ± 0.018 9 
10.0 1.347 1.343 ± 0.016 12 1.386 ± 0.017 9.5 
30.0 1.38 1.406 ± 0.011 12.5 1.438 ± 0.012 10 
50.0 1.447 1.462 ± 0.011 13.5 1.486 ± 0.007 11 
T=130K 
0.1 0.0037 0.0038 ± 0.00008 0 0.0041 ± 0.0001 0 
4.0 1.090 1.009 ± 0.044 8.5 1.101 ± 0.034 7.5 
5.0 1.102 0.994 ± 0.026 8.5 1.093 ± 0.033 7.5 
10.0 1.147 1.091 ± 0.031 9.5 1.159 ± 0.025 8 
15.0 1.182 1.159 ± 0.025 10 1.194 ± 0.014 8.5 
30.0 1.255 1.238 ± 0.019 11 1.275 ± 0.020 9.5 
T=85K 
2.5 1.414 1.426 ± 0.012 12.5 1.453 ± 0.010 10 
T=120K 
2.5 1.170 1.116 ± 0.030 9.5 1.154 ± 0.037 8 
4.0 1.182 1.139 ± 0.024 10 1.172 ± 0.027 8 
T=110K 
2.5 1.25 1.204 ± 0.028 10.5 1.245 ± 0.023 8.5 
T=115.59K 
10.0 1.25 1.21 ± 0.022 10.5 1.271 ± 0.025 9 
T=146.29K 
50.0 1.25 1.233 ± 0.018 11.5 1.262 ± 0.017 9 
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Figure captions 

Figure 1 Pressure - density diagram for methane. Predicted results from 

simulation compared to experimental data over wide ranges of pressure 

and temperature; solid symbols are simulations results according to eq. 

(4) and a = -0.001320 while unfilled symbols are simulation results 

without field-term contribution to the potential energy. 

Figure 2 Pressure - density diagram for methane. Predicted results from 

simulation compared to e>..-perimental data close to saturation; solid 

symbols: a = -0.001320, unfilled symbols: a = -0.000914. 

Figure 3 Multibody contribution to the internal energies of methane and 

argon at various temperatures; results according to table 3,4 and 6; 

results for argon at T=100K with a = -0.0.0003921; all other results 

for argon with a = -0.0003136. 
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