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Simulating a Singularity-Free Universe Outside the Proble1n 
Boundary in POISSON 

Klaus Halbach and Ross Schlueter 

January 30, 1992 

Abstract 

An exact analytical solution developed from the Dirichlet problem exterior to a circle is 
employed in the magnetostatics code POISSONill to provide a boundary condition option which 
simulates a singularity-free universe external to the problem domain. Problems with domains 
of large unequal extents in perpendicular directions are treated by first conformally mapping 
the exterior of an ellipse onto the exterior of the unit circle. Problems exhibiting symmetry in 
one or two planes are modeled using a semi-circle or quarter-circle, respectively, in conjunction 
with the singularity-free rest-of-universe boundary condition. 

1 Introduction 

Currently POISSON allows for a fixed potential or a zero normal derivative of the potential 
on problem boundaries. The analysis of many magnetostatics problems would benefit from 
the ability to simulate a singularity-free universe external to the problem domain. Here, the 
analytical development and numerical adaptation for POISSON of a free-floating potential 
boundary condition that simulates a singularity-free rest-of-the-universe is described. An 
approximate technique addressing this general problem has been already been developedl2l 
whereby the harmonic description of the potential function on an arc just interior to the 
problem domain's boundary is used to approximate and update the boundary potentials 
in a relaxation procedure. Herein, a solution is developed from the Dirichlet problem 
exterior to a circle which is analytical and exact (except for the discrete nature of the 
mesh); no approximations are employed. Problems with domains of large unequal extents 
in perpendicular directions may also be handled by first conformally mapping the exterior 
of an ellipse onto the exterior of a circle; the analytical development and implementation 
in POISSON are treated below. Problems exhibiting symmetry in one or two planes may 
be modeled using a semi-circle or quarter-circle, respectively, in conjunction with the 
singularity-free rest-of-universe boundary condition. 

The complete analytical and numerical procedure of the next two sections can be 
summarized as follows, starting with the simulation of a singularity-free universe outside a 
circle, to be followed by a general description of the process for outer boundaries other than 
circles: POISSON is instructed to make a mesh with meshpoints on a circular boundary 
and with a set of mesh points just outside that circle, connected to the points on the circle 
by regular point-to-point meshlines. Subject to the condition that one has only vacuum 
outside that circle, we derive below an exact, and fortunately, linear relationship between 



the vector potentials on the circle and both the scalar and vector potentials at any point 
outside that circle. The matrix that allows the calculation of the vector potential for the 
points just outside the circie from the value of the vectbr potential of the points located 
on the circle is then computed. The program then goes through a modified iteration 
procedure to satisfy the Poisson equation everywhere: first, using current vector potential 
values of the mesh points outside the circle, it calculates 'new' values of the vector potential 
for all points on and inside the circle; then, using the above mentioned matrix, it calculates 
'new' values of the vector potential for the meshpoints outside the circle from those on 
the circle. The program continues this two-step cycle until the solution has converged. 

If an elliptical boundary can better accommodate the geometry under investigation, 
the procedure is identical to that of the case of a ~ircular boundary, with one additional 

. step: After the meshpoints on and just outside the ellipse have been generated, a coordi­
nate transformation is used that maps the ellipse and the points just outside the ellipse 
conformally (without any singular point on or outside the ellipse) onto a circle a.nd points 
just outside the circle, respectively. The matrix relating the veCtor potential at the points 
on the ellipse to the points just outside the ellipse is then calculated as above. If one 
wants to use yet a different boundary, an appropriate conformal map to a circle and points 
outside the circle must be used. So far, the ellipse is the only non-circular boundary that 
has been implemented, but the program is set up to use any user-provided conformal map. 

2 The Dirichlet Problem Outside a Circle 

In this section an expression is derived for the complex magnetic potential F(z) outside a 
circle from the given vector (or alternatively scalar) potential on the circle when there are 
no external singularities. This problem is analogous to that of determining the complex 
potential at locatio'ns in a singularity-free region inside a circle from the values of the 
vector potential on the bounding circle, found in many complex analysis texts. 

Outside a circle the complex potential can be expressed by a Laurent series· expansion: 

-:x· 

. F( z) = A + ill = A= + ill 00 + L ~: ( 1) 
n=l"" 

where z = x + iy and the an are complex constants. 

Taking the real part of Eq. (1) gives for the vector potential on a circle of radius 1·0 : 

Expressing the trigonometric functions in exponential form gives: 

(3) 
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Figure 1. Geometry for Dirichlet problem outside a circle 

The vector potential at infinity A00 and the complex constants CL 71 can be determined 
by multiplying both sides of Eq. (3) by 1·~eimB (=+~~).where 1_n is a nonnegative integer, 
and integrating over (} from 0 to 21r. 

For m = 0 we have: 

1 127. Aoo = - . A( 1·o, O)dO 
. 27T 0 

( 4) 

For m a positive integer we have: 

All terms on the right hand side of Eq. (5) are identically zero except those terms in 
the summation for which n = m: 

(6) 

Substituting the expressions derived for A.x> and a11 into Eq. (1) we have for F(::) 
outside the circle: 

1 la21r 1 
00 la2r. .,..0 F(z) = - A(r0 , O)dO + iVoo +-"' A(ro, 0)=--do, 

?...,. 0 "'"~ 0 .,..n 
. ~ll II n=l -

1=1 > l=ol (7) 

V00 can be set to zero without loss of generality. Using a closed form expression for the 
infinite geometrical series "'L~(z0/z) 11 results in the following expression for the complex 
potential F(z) outside a circle in terms of the known vector potential on the circle: 
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Figure 2. Mesh discretization and indices 
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. 1 l27r zo 1 12,. 1'oei8 
F(z) = A00 +- A(ro, 8) dB = A00 +- A(1·o, 0) . ·e dO 

7r o .z- z0 7r o n:'"'- 1·0e' 
(8) 

where z = 1·e;~ is a point outside the circle, z0 - r 0e10 ts a point on the circle and 

Aoo = 2
1
" Ji,. A(1·o, O)d8. 

3 Numerical Discretization of Analytical Solution to D~rich­
let Problem Outside a Circle 

Here we derive a discretized expression relating the known vector potentials Aint;, 2 ~ 
i :::=; imax + 1 o.f a finite set of points Zint; = roei8; on a[n interior) circle to the vector 
potentials Adirj 2 ~ j ~ imax + 1 of a finite set of [Dirichlet] points Zdir1 = Tjei¢1 

exterior to that circle. This discretized expression takes the form of a i,.n by imaJ: matrix 
M which is independent of the values of the vector potentials (i.e. need be determined 
only once): ~ 

(9) 

We interpolate the vector potential A(r0 , 8) between known vector potentials on the 
interior circle 1 2 : 

. 1 A sim.pler inte1-polation expression A(ro, 8) = A; + (A;±~~~~~~-e, l is uot employed bc<:ause the linear Let·m in 

8, when substituted into the integral of Eq. (8) cannot. be integrated in dosed fonn. This expression would •·equirc 
either numerical integration or an approximation amenable to closed fonn integt·at.ion to be made. An altemati,•e 
. I . . . A( 8) A (A;t,-A,)(sin(ll-11;)) 1 I... d. I . I r E ( ') b ,tnterpo atJon express1on ro, = .-.; +sin(ll;+• II;) w 1en SUO$I.tt.ut.c 111 t. •e uuegra o q. 8 can e 

integrated in closed form. The interpolation expression given in Eq. ( 10) also allows closed form integ1·ation of 
Eq. (8) and is symmetric with respect to (Aint;,8i) .and (Aint;+ 1 ,8;td· Fiuall~· note t.hat the t.lu·ee interpolation 
expressions discussed are equivalent in the limit 68; :: Bi+l - 8; - 0. Enot·s introduced into the solution are of 
exactly the same order as those already present in POISSON where the potent.ial is assumed linear between nodes. 

2 Another attractive intet-polation technique is to recast Eq. (8) in t.he fonn F(~) = ,·1..,., +-':: .1:
2

" A(~o) _dzn wit.h r .. Yo --zo 
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[
sin(B-O;+t)] [ sin(O-Oi) l 

A(1·o,O) = A;nt, . (O () ) + A;nt;+l . (O O) 
5111 i - i+l Sll1 i+l - i 

(10) 

where. B; :::::; 0 :::::; 0;+1 . 

Substituting the interpolated expression for A(r0 ,0) into Eq. (8), expanding the 
trigonometric functions in exponential form, integrating, and simplifying expressions yields: 

1 r2r. 1 imu+l { (D.()·) (6.0~ ) } 
27i' Jo A(ro, B)dO = 

2
7i' t; . Aint; tan 

2
' +tan ~-l (11) 

and 

where 

~ Zdirj - Zint;+l 
D;,i = --=------'-­

zd;,-1 - Zint; 

Zdiz· · 
B;,i = __ J, 

Zint;. 

2 :::::; i :::::; imax + 1, 

·The vector potential Adir. is then: 
. J 

I 

_ _ _ eio, 
"-inl, = 10 , 

·i<. <. 1 --) _ )mcu- + 

A"'' = 2~ Re c~r A;.,, [tan ( ~e~) + tan ( ~~-!) + J( o,_" o,, o,.,, Zd;,')]} 
(1:3) 

and thus the matrix /III of Eq. (9) is given by 

the integration path on the in~eriot· circle. Approximating this integration pa!.h by that. of" pol,\·gon pao;siug through 

all d . 1 . . . 1 d . 1 . A ( ) al 1 li I ' ( ) ' ( .-1 •+ I -A')(=-=') no e pomts on t te 111t.enor cn·c e an Jnt.erpo at1ng z · ong eac 1 ne segmcnt •Y .... z = .... , + . . , 
""•+•--· 

where z lies on the line segment with endpoints .z; and z;+ 1, gives closed cxp•·cssions for all intcg•·als. 

5 



POISSON has been modified[31 to allow for free-floating 'Dirichlet boundary. points' to 
simulate a singularity-free universe outside problem boundaries. Given an initial assumed 
set of potentials on a circular Dirichlet outer boundary, Poisson's equation is [indirectly] 

. solved in the usual manner as given in [1]. yielding vector potential A values at all interior 
points, including the 'interior circle points'. Then the vector potential solution on the set 
of 'interior circle points' is used along with the matrix of Eq. (14) to reset the potentials 
on the outer 'Dirichlet boundary points'. The procedure is iterated until both the relaxed 
solution over the entire problem domain for i:he given current set of Dirichlet potentials 
converges and the iterated Dirichlet potentials themselves converge. 

4 Running POISSON Using Boundary Condition Option 
Simulating a Singularity-Free Universe Outside Problem 
Boundaries 

To run POISSON using the boundary condition option simulating a singularity-free 
universe outside problem boundaries: 

• Make an AUTOMESH file (e.g. jci1·c.dat; see Figure 3) with a circular boundary as 
region 1. Region 2 must be a circular boundary just inside (i.e. a distance ""' OX) 
region 1's boundary. To assure accuracy of the numerically discretized equation, OX 
must be such that angular spacing of nodes on region 2's boundary is "' 10 degrees 
or less. 

• Run AUTOMESH 

• Run LATTICE with *14 1 *58 .001 *108 5 *22 0 etc. (e.g. *49 2) S. Also, user 
may want to set *32 -1 to get mesh coordinates (:~.:,y)=f(l.:,l) in outla/.lis and *45 
LMAX to get vector potential values at all mesh points in oulpoi.li.':'. 

e Run TEKPLOT with M, 0 10 0 S, S, GO to view mesh (See Figure 4). 

• Run POISSON (with e.g. 0 Dump, S, 6 10 1., 6 6 -1., -1 S). Here Dirichlet points 
are free floating. · 

• Run TEKPLOT with M, 1 0 29 S, S, GO to view B-field lines (See Figure 5). 

New CON array variables defined for this new boundary condition case are: 

• CON(14) = IDIRICH = 1 for singularity-free universe outside problem boundaries 

• CON(58) = EPSILD = 0.001 (default)= convergence criterion for Dirichlet points 

• CON(108)= ICYCLED_MAX = 3 (default) = initial number of !VERGE iteration 
cycles between resetting of Dirichlet boundary points 

Also; the rate of convergenc'e ETADIR is set to 1.0 initially, overrelaxation factor 
RHODIR is set·to 1.9 initially, and the spectral norm of the iteration matrix is calculated 
to optimize RHODIR thereafter. 

(j 



001 full circular arc 
SREG NREG•2, DX•.2, XMIN • -1.2, XMAX•l.2, YHIN • -1.2. YMAX-1.2, NPOINT•S, 
IBOUND•OS 
SPO R• L2 , THETA• 0. 
SPO R• 1.2 , THETA• 90. xo-o .• YO•O., NT-2$ 
SPO R• 1.2 , THETA•l80. xo-o., YO•O., NT•2S 
SPO R• 1.2 THETA-270. ' xo-o., YO•O., NT•2S 
SPO R• 1.2 , THETA•360. xo-o., YO•O., NT•2S 
SREG MAT•1, NPOINT•SS 
SPO R• 1.0 THETA• 0. s 
SPO R• 1.0 , THETA• 90. . xo-o., YO•O., NT•2$ 
SPO R• 1.0 , THETA•l80. xo-o .• Y0-0., NT-2$ 
$PO R• 1.0 , THETA•270. . xo-o., YO•O., NT•2$ 
$PO R• 1.0 , THETA•360. ' 

xo-o., YO•O., NT•2$ 

Figure 3. Sample AUT OM ESH file fcirc.dat for a circular domain 

Figure 4. Sample problem mesh for a circular domain 

Figure 5. Sample field line plot for a circular domain problem (two current filaments, 
11 = -/2 ). with a singularity-free external universe 
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:;; plane 
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w plane 

Figure 6. Ellipse in z plane mapped to unit circle in w plane 

Additional input information for POISSON is written to [preexisting] file dirich_in.dat 
when LATTICE is· run with IDIRICH=l. This file lists Dirichlet I.:, land ;r, y values and 
interior circle k, land x, y values. It is a supplemental input file to POISSON. 

Additional output information is written to [preexisting] file di·rich_out.dat when POlS- · 
SON is run. This file lists the matrix relating vector potentials of Dirichlet points to those 
of interior circle points, and the POISSON converged vector potential values of Dirichlet 
and interior circle points. 

. . 

. Appendix A lists the Fortran code additions to LATSO, POISO, and LIBSO to allow 
for the new boundary condition simulating a singularity-free universe outside problem 
boundaries . 

. Appendix B lists a test series to check the accuracy of the newly incorporated POISSON 
boundary condition option. 

5 Mapping the Region Outside an Ellipse to the Region 
Outside a Circle 

An ellipse in the z(x,y) plane can be represented by: 

z = Xrad cos 4> + iYrad sin¢. (15) 

( 4> is not to be confused with the angular location 0 of a. point on the ellipse with 
respect to the x-axis. )' 

Introducing a complex tv plane through the polar representation 

( 16) 

the ellipse and its exterior in the z plane can be conformally mapped onto the unit 
circle and its exterior in the tv pia ne with 

8 



(
w + w- 1

) · .(w- w-l) 
Z = Xrad 

2 
+ Yrad 2 · · ( 17) . 

All singular points of this map (given by dz j dtu = 0 or d·w j d:: = 0) are clearly located 
inside the unit circle in the w plane: 

. 1 J ·) ;I',.,,/ - !/r•J<! 
dzjdw = 0 ==? 0 = Xrad(l- - 2

) +Yrad(l + 2) ==? n·- = . {18) 
W 'LV .r,.,,f + .t/rnd 

Thusthe exterior of an ellipse in the z plane is indeed mapped to the exteriorof the 
unit circle in thew plane. 

POISSON has been modifiedl31 to allow for boundaries of the shape of an ellipse. This 
feature is especially useful for simulating a singularity-free universe outside problem bound­
aries when the problem domain itself is longer in one direction than in a perpendicular 
direction. In such cases an ellipse just interior to the problem's exterior boundary is first 
mapped onto a unit circle in thew plane and the exterior boundary itself is also mapped 
to the w plane (not necessarily onto a circle). Since the map is conformal, the vector 
potentials of the interior circle in w are identical to those of the inter:ior ellipse in :: and 
likewise for the exterior boundaries in wand in z. The matrix ,\1 of Eq. (14) is calculated 
and the iterative procedure described previously for solving Poisson's equation, with the 
free-floating Dirichlet potentials on the exterior boundary simulating the singularity-free 
external universe, is executed. 

6 Running POISSON with an Elliptical Problem Domain 

. To run POISSON with an elliptical problem domain and using the boundary condition 
optior simulating a singularity-free universe outside problem boundaries: 

• Make an AUTOMESH file (e.g. felli.dat; see Figure 7) with an elliptical boundary as 
region 1. Region 2 must be an elliptical boundary just inside (i.e. a distance""' OX) 
region 1's boundary. To assure accuracy of the numerically discretized equation, OX 
must be such that angular spacing of nodes on region 2's boundary is ,...., 10 degrees 
or less. 

• Run AUTOMESH 

• Run LATTICE with *14 1 *58 .001 *108 5 *22 0 etc. (e.g. *49 2) S. Also, user 
may want to set *32 -1 to get mesh coordinates (;r, y )=f(/.-.1) in outlut.li.-. ~nd *45 
LMAX to get vector potential values at all mesh points in oulpni.lis. 

• Run TEKPLOT with M, 0 1 0 0 S, ~. GO to view mesh (See Figure 8). 

• Run POISSON (with e.g. 0 Dump; S, 6 10 1., 6 6 -1., -1 S ). Here Dirichlet points 
are free floating. 

• Run TEKPLOT with M, 1 0 29 S, S, GO to view 8-field lines (See Figure 9). 

9 



001 full ellipse 
$REG NREG-2, DX-.10, XMIN - -2.0, XM!'.X-2.0, YMIN - -1.2, 'tMAX-1.2, NPOINT-s,·· 
IBOUND-0$ 
SPO R- 2.0 THETA- 0. $ 
SPO R- 1.0 THETA- 90. xo-o .. '!0-0., NT-4$ 
SPO R- 2.0 THETA-180. xo-o .• yo-o·., NT-4$ 
SPO R- 1.0 THETA-270. xo-o., Y0-0., NT-4$ 
SPO R- 2.0 , THETA-360. xo-o .• .Y0-0., NT-~$ 
SREG MAT-1, NPOINT-5$ 
SPO R- 1.80 THETA- 0. $ 
SPO R- 0.80 , THETA- 90. xo-o., Y0-0., N"r-4$ 
SPO R- 1. 80 , THETA-180. . xo-o., Y0-0., N"r-4$ 
SPO R- 0.80 THETA-270. xo-o .• Y0-0., ·N"r-4$ 
SPO R- 1.80 , THETA-360. xo-o., Y0-0~, N"r-4$ 

Figure 7. Sample AUTOMESH file felli.dat for an elliptical domain 

C111..!:- D 

Figure 8. Sample problem mesh for an elliptical domain 

cnu:- IIID 

Figure 9. Sample field line plot for an elliptical domain problem (two current filaments, 
h = -12 ) with a singularity-free external universe 
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· ... 

New AUTOMESH input option for NT: 

• NT = 4 for elliptical curve between current point and previous point 

A full ellipse must ~e entered ~of an ellipse per arc segment (see felli.dat). 

Appendix A lists the Fortran code additions to AUTSO and POISO to allow for the 
new boundary curve shape option and associated conformal maps necessary to implement 
the new boundary condition option simulating a singularity-free universe outside problem 
boundaries. 

7 Special Features 

Special case symmetries for the singularity-free external universe boundary condition 
have been incorporatedl3l into POISSON; quarter-circles or half-circles may be employed to 
reduce mesh area size and enhance the accuracy of field harmonic component calculations. 

For a problem with the Neumann midplane symmetry A(x, .:_y) = A(;r, y), a half-circle 
may be ~mployed {see Figure 10). Since current sources below the midplane are identical 
in both magnitude and sign to those above the midplane and the rest of the universe is 
singularity-free, the net current must be zero in the half-circle problem domain with this 
symme~ry type. 

Again, for a problem with the Dirichlet midplane symmetry A(:r, -u) = -A(x,y), a 
half-circle may be employed (see Figure 11-a,b). Since current sources below the midplane 
are identical in magnitude but opposite in sign to those above the midplane and the rest 
of the universe is singularity-free, no restriction is imposed on the net current in the 
half-circle problem domain with this symmetry type (Figure 11-b ). 

For a problem exhibiting symmetry along both the x- andy-axes, a quarter-circle may 
be employed. For H-magnet symmetry as shown in Figure 12, i.e. A( -;r, y) = -A(x, y) 
and A(x,-y) = A(x,y), no restriction is imposed on the net current in the quarter­
circle problem domain. For an elliptical quadrupole symmetry with Neumann boundary 
conditions along both the x- and y-axes, i.e. A( -x, y) = A(;~:, y) and A(:r, -y) = 
A(x,y), the net current must be zero in the quarter-circle problem domain .. ·For the 
quarter-plane symmetry with Dirichlet boundary conditions along both the:~.:- and y-axes, 
i.e. A( -x, y) = -A(x, y) and A(x, -y) = -A(x, y), no restriction is imposed on the 
net current in the quarter-circle problem domain. 

To run POISSON with a quarter-circle or half-circle problem domain using the boundary 
condition option simulating a singularity-free universe outside problem boundaries: 

• Make an AUTOMESH file (e.g. qcirc.dat; see Figure 13) with a quarter (or half) . . 
circle line region as region 1. Region 2 must be a quarter (or half) circle line region 
just .inside (i.e. a distance"' DX) region 1's bo~:~ndary. To assure accuracy of the 
numerically discretized equation, DX must besuch that angular spacing of nodes on 
region 2's boundary is "' 10 degrees or less. 

11 



Figure 10. Sample field line plot for midplane symmetry type-with A(x, -y) = A(x, y) 
and a singularity-free .external universe . -

Figure 11. Sample field line plot for midplane symmetry type with A(x, ...:..y) = -A(x, y) 
and a singularity-free external universe 

Figure 12. Sample field line plot for H-magnet symmetry type with 
A( -x, y) = -A(x, y), A(x, -y) = A(x, y), and a singularity-free external universe 

12 
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qcirc2 QUARTER ellipse nt-~ 
$REG NREG-3, OX•.05, XMIN • 0., XMAX•l.2, YMIN • 0., YMAX•1.2, NPOINT-2, 
IBOOND•O$ 
$PO R• 1.2 , THETA• 0. $ 
$PO R• 1. 2 , THETA• 90. , XO•O., YO•O., NT-4$ 
$REG MAT•1, NPOINT•2$ 
$PO R• 1.0 , THETA• 0. $ 
$PO R• 1. 0 , THETA• 90. , XO•O., YO•O., NT•4$ 
$REG MAT•1, NPOINT•4, IBOOND•O$ 
$PO R• 1.2 , THETA- 0. $ 
$PO R• 1.2 , THETA• 90. , XO•O., Y0-0., NT-~$ 

SPO R• 0.0 , THETA• 90. $ 
$PO R• 1.2 , THETAa 0. S 

Figure 13. Sample AUTOMESH file qci1·c.dat for a quarter-circle domain 

• continue as outlined in the previous sections 
' 

.New CON array variable defined for the singularity-free external universe new boundary 
.condition with the above symmetry conditions: 

• CON(14) = IDIRICH 

= 2 for singularity-free universe outside a half-circle (or half-ellipse) with midplane 
symmetry. If midplane symmetry is Neumann with A(;r, -y) = A(:r, y), then 
CON(22) = 1. If midplane symmetry is Dirichlet with A(:z·, -y) = -A(;r, y), 
then CON(~2) = 0. 

= 4 for singularity-free universe outside a quarter-circle (or quarter ellipse) with 
symmetry with respect to both the x- and y-axes. For H-magnet type symmetry, 
CON(22) = 1 and CON(24) = 0. For Neumann symmetry at both the :t:- and­
y-axes, CON(22) = 1 and CON(24) = 1. For Dirichlet symmetry at both the 
x- and y-axes, CON(22) = 0 and CON(24) = ·o. 

Appendix A lists the Fortran code additions to LATSO, LIBSO, and POISO to allow 
for the special case symmetry types. in conjunction with the boundary condition option 
simulating a singularity-free universe outside problem boundaries. 

8 Nontrivial POISSON Test Case Checks 

Below we check the accuracy of the new singularity-free rest-of-universe boundary condi­
tion in POISSON with two test cases: (a) with current filaments in free-space and (b) with 
current filaments in the presence of infinitely permeable iron, which is computationally 
difficult, but for which an exact closed form solution is known. 

(a) Current filaments in free-space. The complex potential for the current 
filament distribution shown in Figure 14a is 



y y 

-I -I +I +I -I 
X X 

"". d" k • ' 1ron IS , flr = oo · 

Figure 14a,b. POISSON test case geometries, (a) iron-free and (b) iron present 

Figure 15a,b. Field line plots using new singularity-free rest-of-universe boundary 
condition forthe geometries of Figure 14a,b. 
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. 4 I 
"" -p.o i F(z) = L..- --ln(z- z;) 
i=l 271" 

(19) 

where z1 = (-xb,O) = -z4 ,z2 = (-xa,O) = -z3 and 11 = l2 = -1,13 = L~ = +1. 

A POISSON run for the geometry of Figure 14a, using the quarter-circle H-magnet 
symmetry of the previous section and the new singularity-free rest-of-universe boundary 
condition with the singularities input in the first quadrant gives the field line plot shown in 
Figure 15a. Examination of the corresponding POISSON output file shows that the com­
putationally obtai.ned vector potential A agrees everywhere with the closed form solution 
given by the real part of F(z) in Eq. (19). 

(b) Current filaments in the presence of infinitely permeable iron. It is 
shown in Appendix C that the imaginary part of F(z) equals zero when either y = 0 or 
x 2 + y2 = XaXb. Thus in Figure 14a, the magnetic field outside a radius J:ra.Tb will be 
identical to that produced by the geometry of Figure 14b where an infintely permeable 
iron circle of radius r = ..;x;;xb i.s centered at z = 0 and the location and magnitude of 
the outermost current filaments are identical to those of Figure 14a. 

A POISSON run for the geometry of Figure 14b (using the quarter-circle H-magnet 
symmetry of the previous section and the new singularity-free rest-of-universe boundary 
condition) with J.lr = oo in the iron and with the singularity input in the first quadrant 
gives the field line plot shown in Figure 15b, which is identical to that of Figure 15a outside 
the radius r = ..;x;;xi. Examination of the corresponding POISSON output file shows 
that the computationally obtained vector potential A agrees at all locations 1·. 2:. J;ra:~.:b 

with the closed form solution given by the real part of F(z) in Eq. (19). 
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Appendix A: Fortran code additions to AUTSO, 
LATSO, LIBSO, and POISO 
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C*********************************************************************** 

AUTSO MODIFICATIONS 

IN MAIN PROGRAM: 

c n= LOGXeq('AUTOMESH.POI') 

c PRINT *, NPOTS, NSTAR, NNF !DIAGNOSTIC 

c PRINT *,NPOTS, NSTAR, NNB, NNE !DIAGNOSTIC 

IN SUBROUTINE DATUPS: 

c 
c 
c 

c 

c 

c 
c 
c 

IF(NT.EQ.4) GO TO 51 

GO TO 46 

ELLIPSE 

51 IF(LEGVAR(Xl)+LEGVAR(Yl).GT.O) GO TO 52 
Xl=XZ1+Xl 
Y1=YZl+Yl 
THETA1=ANGLE(XZ2,YZ2,Xl,Y1,0) 
GO TO 54 

52 IF(LEGVAR(Rl)+LEGVAR(THETA1) .GT.O} GO TO 65 
IF(THETAl.LT.O.O) THETA1=360.0+THETA1 
THETAl=THETAl*PI/180.0 
Xl=XZ1+Rl*COS(THETA1) 
Yl=YZl+Rl*SIN(THETAl) 

\ 

54 IF(LEGVAR(X2)+LEGVAR(Y2) .GT.O) GO TO 56 
R2=SQRT(X2**2+Y2**2) 
X2=XZ2+X2 
Y2=YZ2+Y2 
THETA2=ANGLE(XZ2,YZ2,X2,Y2,0) 
GO TO 58 

56 IF(LEGVAR(R2)+LEGVAR(THETA2) .GT.O) GO TO 65 
IF(TBETA2.LT.0.0) .THETA2=360.0+THETA2 
THETA2=THETA2*PI/180.0 
X2=XZ2+R2*COS(THETA2) 
Y2=YZ2+R2*SIN(THETA2) 

58 Rl=SQRT((Xl-XZ2)**2+{Yl-YZ2)**2) 
IF(ABS(R2-Rl) .GT.0.001*R2) PRINT 158, IREG !GO T.O 65 

158 FORMAT(' ELLIPSE SEGMENT INPUT FOR BOUNDARY OF REG' ,I3) 

CHECK THAT ARC LENGTH IS LESS THAN OR EQUAL TO PI 

IF(ABS(THETA2-THETA1) .LE.PI) GO TO 46 
IF(THETA1.GT.THETA2) GO TO 59 
THETAl=THETA1+2.0*PI 
GO TO 46 

59 THETA2=THETA2+2.0*PI 17 
GO TO 46 

!RDS 

!RDS 

!RDS 

!RDS 

!RDS 
!RDS 
!RDS 
!RDS 
!RDS 
!RDS 
!RDS 
!RDS 
!RDS 
!RDS 
!RDS 
!RDS 
!RDS 
!RDS 
!RDS 
!RDS 
!RDS 
!RDS 
!RDS 
!RDS 
!RDS 
!RDS 
!RDS 
!RDS 
!RDS 
!RDS 
!RDS 
!RDS 
!RDS 
!RDS 
!RDS 
!RDS 
!RDS 
!RDS 
!RDS 
!RDS 
!RDS 
!RDS 
!RDS 



65 WRITE(6,165) !RDS 
PRINT 165 ! RDS 
GO TO 90 !RDS 

165 FORMAT(/'--ERROR-- DATA FOR ELLIPSE FROM (Xl,Yl)/(Rl,THET !RDS 
XAl)'/' TO (X2,Y2)/(R2,THETA2) IS INCONSISTENT') !RDS 

IN SUBROUTINE DISTAN: 

c 

300 IF(NT.GT.3) GO TO 400 
301 CSQ={X(IROW)-X0)**2-Y(IROW)**2 

400 CONTINUE 
THETA=ANGLE(XO,YO,X(IROW),Y(IROW),!THETA) 
IF(IOVER.EQ.l) GO TO 430 
IF(THETA.LT.THEMIN .OR. THETA.GT.THEMAX) RETURN 

430 CONTINUE 
RAD=45./ATAN(l.) 
XlXO=ABS(Xl-XO) 
YlYO=ABS (Yl-YO) 
X2XO=ABS(X2-X0) 
Y2YO=ABS(Y2-Y0) 
XRAD=AMAXl ( XlXO I X2XO). 
YRAD=AMAXl(YlYO,Y2YO) 

C A FUNCTIONAL, IF NOT VERY ELEGANT WAY TO GET DSQ: 
THINK=2.*RAD 
DSQ MIN=l.ElO 
DO SO KTH=l,4 
DTHET=-5.*1./RAD 
THET=FLOAT(KTH-l)*THINK 
DSQ_OLD=l.ElO 
DSQ=DSQ OLD 
DO 79 JTH=l,S 
DSQ OLD=DSQ 
DTHET=-DTHET/5. 

, DO 77 ITH=l,92. 
THET=THET+DTHET 
DSQ=(SQRT((X(IROW)-X0-XRAD*COS(THET))**2+ 

& (Y(IROW)-YO~YRAD*SIN(THET))**2))**2 

IF(DSQ .GT. DSQ OLD)GOTO 78 
DSQ_OLD=DSQ -

77 CONTINUE 
78 DSQ_SAVE=DSQ_OLD 
79 CONTINUE 

IF(DSQ_SAVE .LT. DSQ_MIN) DSQ_MIN=DSQ_SAVE 
80 CONTINUE 

DSQ=DSQ_MIN 
DSQDSQ=(SQRT((X(IROW)-X0)**2+(Y(IROW)-Y0)**2)-R)**2 

C PRINT *,THETA*360./RAD,XRAD,YRAD,DSQ,X(IROW),Y(IROW),R,DSQDSQ 
NTHET=IFIX((THETA2-THETA)/100.) 
IF(NTHET.EQ.O .. AND. THETA.LT.THETA2)NTHET=l 
IF(NTHET.EQ.O .. AND. THETA.GE.THETA2)NTHET=-1· 
NTHETABS=ABS(NTHET) 
DTHET=(THETA2-THETA)/FLOAT(NTHET) ill 

!RDS 
!RDS 

'!RDS 
!RDS 
!RDS 
RDS 
RDS 
RDS, 
RDS 
RDS 
RDS 
RDS 
RDS 
RDS 
RDS 
RDS 

.RDS 
!RDS 
!RDS 
!RDS 
!RDS 
!RDS 
!RDS 
!RDS 
!RDS 
!RDS 

RDS 
RDS 
RDS 
RDS 
RDS 
RDS 
RDS 
RDS 
RDS 

'RDS 
RDS 
RDS 
RDS 
RDS 
RDS 

.RDS 
!RDS 
!RDS 
IRllC: 



ARCLEN=O. 
THET=THETA-DTHET/2. 
THET OLD=THETA 
DO 435 NTH=l,NTHETABS 
THET=THET+DTHET 
ARCLEN=ARCLEN+ 

&SQRT(XRAD*(COS(THET)-COS(THET OLD))**2+ 
& YRAD*(SIN(THET)-SIN{THET-OLD))**2) 

435 CONTINUE -
ENDSQ=ARCLEN**2 
RETURN 

IN SUBROUTINE INTERX: 

IF(NTS(N) .EQ.4) GOTO 60 

60 NI=4 
XZI=XZ2S{N) 
YZI=YZ2S(N) 
XlXO=ABS(XlS(N)-XZI) 
YlYO=ABS(YlS(N}-YZI) 
X2XO=ABS(X2S(N)-XZI) 
Y2YO=ABS(Y2S(N)-YZI) 
XRAD=AMAXl(XlXO,X2XO) 
YRAD=AMAXl{YlYO,Y2Y0) 
XI=XREG 
PHI=ACOS(XI/XRAD) 
DY=YRAD*SIN(PHI) 
YI=YZI+DY 
THEMIN=AMINl{TlS(N),T2S(N)) 
THEMAX=AMAXl(TlS(N),T2S(N)) 
ITHETA=O 
IF(THEMAX.GT,2.0*PI) ITHETA=l 
THETAI=ANGLE(XZI,YZI,XI,YI,ITHETA) 
IF{THETAI.GE.THEMIN .AND. THETAI.LE.THEMAX) GO TO 200 
YI=YZI-DY 
THETAI=ANGLE(XZI,YZI,XI,YI,ITHETA) 
GO TO 200 

IN SUBROUTINE MINMAX: 

IF(NT.EQ.4) GO TO 400 

400 THEMIN=AMINl(THETAl,THETA2) 
THEMAX=AMAXl (THETAl, THETA2) 
ITHETA=O 
IF(THEMAX.GT.2.0*PI) ITHETA=l 
XlXO=ABS(Xl-XO) 
YlYO=ABS(Yl-YO) 
X2XO=ABS(X2-X0) 
Y2YO=ABS(Y2-Y0) 
XRAD=AMAXl(XlXO,X2X0) 19 
YRAD=AMAXl(YlYO,Y2Y0) 
RXY=(XRAD-YRAD)/(XRAD+YRAD) 

!RDS 
!RDS 
!RDS 
1 RDS 
RDS 
RDS 
RDS 
RDS 
RDS 

.RDS 
!RDS 

!RDS 

!RDS 
!RDS 
!RDS 
!RDS 
!RDS 
!RDS 
!RDS 
!RDS. 
!RDS 
!RDS 
!RDS 
!RDS 
!RDS 
!RDS 
!RDS 
!RDS 
!RDS 
!RDS 
!RDS 
!RDS 
!RDS 
!RDS 

!RDS 

!RDS 
!RDS 
!RDS 
!RDS 
!RDS 
!RDS 
!RDS 
!RDS 
!RDS 
!RDS 
!RDS 



( 

c 

SQSEG= 
&0.25*PI*(XRAD+YRAD)*(1.+RXY**2/4.+RXY**4/64.+RXY**6/256.) 

!GOOD ONLY FOR 1/4 ELLIPSE CURRE~TLY 

IN SUBROUTINE XYPOTS: 

c 
c 
c 

c 
c 
c 
G 
c 
c 
c 
c 

c 

c 

300 IF(NT.GT.3) GO TO 400 
301 DXP=O.S*(X2-X1)/FINTS 

ELLIPSE 

400 PI=4.*ATAN(l.} 
X1XO=ABS(X1-XO) 
Y1YO=ABS(Y1-Y0) 
X2XO=ABS(X2-X0) 
Y2YO=ABS(Y2-YO) 
XRAD=AMAX1(XlXO,X2X0) !GOOD 
YRAD=AMAX1(Y1YO,Y2Y0) !GOOD 
PHI1=THETA1 
PHI2=THETA2 
PHI1=ATAN((XRAD/YRAD)*TAN(THETA1)) 
PRINT *,X1,Y1,PHI1,THETA1 
IF(THETA1.GT.PI/2.)PHI1=PHI1+PI 
IF(THETA1.LT.-PI/2.)PHI1=PHI1-PI 
PHI2=ATAN((XRAD/YRAD)*TAN(THETA2)) 
PRINT *,X2,Y2,PHI2,THETA2 
IF(THETA2.GT.PI/2.}PHI2=PHI2+PI 
IF(THETA2.LT.~PI/2.)PHI2=PHI2-PI 
DPHI=(PHI2-PHil)/FINTS 
PHI=PHil 

FOR 1/4 
FOR 1/4 

PRINT * PHI1,PHI2,DPHI,XRAD,YRAD,N,NPOTS1 , 
DO 410 I=N,NPOTSl, 
PHI=PHI+DPHI 
XR(I)=XO+XRAD*COS(PHI) 
YR(I)=YO+YRAD*SIN(PHI) 
PRINT *,XR(I),YR(I) 

410 CONTINUE 
RETURN 

ELLIPSE ONLY 
ELLIPSE ONLY 

!DIAGNOSTIC 

!DIAGNOSTIC 

!DIAGNOSTIC 

!DIAGNOSTIC 

!RDS 
!RDS 
!RDS 

!RDS 
!RDS 

!RDS 
!RDS 
!RDS 
!RDS 
!RDS 
!RDS 
!RDS 
!RDS 
!RDS 
!RDS 
!RDS 
!RDS 
!RDS 
!RDS 
!RDS 
!RDS 
!RDS 
!RDS 
!RDS 
!RDS 
!RDS 
!RDS 
!RDS 
!RDS 
!RDS 
!RDS 
!RDS 
!RDS 
!RDS 
!RDS 

C*********************************************************************** 

LIBSO MODIFICATIONS 

IN SUBROUTINE POTSET: 

EQUIVLANENCE (IDIRICH,CON(14)) !RDS 

IF(IDIRICH.GE.1)CALL MATDIR !RDS 

C*********************************************************************** 

LATSO MODIFICATIONS 20 

IN t•1.Z\IN PROGRAM: 



c n = logxeq('LATTICE.POI') !RDS 

IN SUBROUTIN PBLOCK: 

c 

c 
c 

CCC 

CCC 

(58)=EPSID -~ SOURCELESS UNIVERSE CONVERGENCE CRIT. 

(108)=ICYCLED_MAX NO. OF IVERGE ITERATION LOOPS 
BETWEEN UNIVERSE B.C ADJUSTMENT 

EQUIVALENCE (CON(1),IC0(1)), (IDIRICH,CON(14)) 

CON( 58) =0. 001 
IC0(108)=3 

IC0(58)=0 

1CON(108)=0. 

!EPSILD DEFAULT VALUE 
!!CYCLED MAX DEFAULT VALUE 

!RDS 

!RDS 
!RDS 

!RDS 

!RDS 

!RDS 

IN SUBROUTINE REREG: 

X I (IDIRICH,CON(14)) !R.bS 

IF (IDIRICH. GE .1) OPEN (UNIT=?, FILE=''DIRICH_IN .OAT', STATUS=' OLD') ! RDS 

IF(IDIRICH.GE.1.AND.IREG.LE.2)WRITE(7,*) NDATA/4 -1 !JMA,IMA !RDS 

IF(IDIRICH.GE.1.AND.IREG.LE.2) !RDS 
& WRITE(7,507)IB(J),IB(J+1),B(J+2),B(J+3) !RDS 

IF (IDIRICH. GE .1) CLOSE .(UNIT=7, STATUS=' KEEP') ! RDS 

C*********************************************************************** 

POISO MODIFICATIONS 
21 



IN MAIN PROGRAM: 

DOUBLE PRECISION A,GTU,GTL,WTl,WT5,WT6,ZMAT,A_INT !FC !DP 
,J 

COMMON /RDS/ZMAT(200,200),IMA,JMA,JDIR(200),IINT(200),RESIDD, !RDS 
& JKDUM(500), JLDUM(500), IKDUM(500), ILDUM(SOO), A_INT(500) !RDS 

CCC & THETA(200), PHI(200), . !RDS 

c 

c 
c 
c 
c 

c 
c 

X 
X 

, (IDIRICH,CON(14}), 
(EPSILD,CON(58)), (ICYCLED_MAX,CON(108)) 

!RDS 
!RDS 

& 

n = logxeq('POISSON.POI') 

IF(IDIRICH.GE.1)THEN 
OPEN (unit=7, FILE='DIRICH IN.DAT', STATUS='OLD') 
OPEN (unit=8, FILE='DIRICH-OUT.DAT', STATUS='OLD') 
EPSILD=O.OOl IS CON(58) DEFAULT VALUE, SET IN LATSO 
!CYCLED MAX=3 IS CON(108) DEFAULT VALUE, SET IN LATSO 
RHODIR=l.9 INITIALLY (SEE SETDIR) 
ETADIR=1.0 INITIALLY (SEE SETDIR) 

END IF 

!RDS 

!RDS 
!RDS 
!RDS 
!RDS 
!RDS 
!RDS 
!RDS 
!RDS 

ICYCLED=O ! RDS 
RESIDD=O. !RDS 

ICYCLED=ICYCLED+1. !RDS 
IF(IDIRICH.GE.l .AND.ICYCLED.EQ.ICYCLED MAX)THEN !RDS 

PRINT 539, ICYCLE,AMIN,AMAX,RESIDA,ETAAIR,RHOAIR,XJFAC~ !RDS 
CALL SETDIR ! RDS 
IF(RESIDD .LT .. 009)ICYCLED_MAX=3 !RDS 
IF(RESIDD .LT .. 003)ICYCLED MAX=4 !RDS 
IF(RESIDD .LT .. 0007)ICYCLED MAX=7 !RDS 
IF (RESIDD .LT. . 0001) ICYCLED-MAX=9 ! RDS 
IF(RESIDD .LT .. OOl)ICYCLED_MAX=lO .001 is low enough !RDS 
ICYCLED=O ! RDS 

END IF !RDS 

IF(RESIDA.LT.EPSILA .AND. REStDD.LT.EPSILD} GO TO 220 !RDS 

.AND. RESIDD.LT.EPSILD) GO TO 230 !RDS 

CONVERGED ON DIRICHLET POINTS !RDS 
!RDS 
!RDS 
!RDS 

IF(IDIRICH.GE.1)THEN 
'WRITE(8,489) 
IQMA=JMA+1 
IF(IDIRICH*IMA.GT.JMA) IQMA=IDIRICH*IMA+l I 

!FC 
IT:'r' 



DO 101 J=2,IQI-1A 
WRITE{8,491) J,JKDUM(J),JLDUM{J),A{JDIR(J)), 

& IKDUM(J),ILDUM(J),A INT{J) 
101 CONTINUE -

CLOSE (UNIT=7, STATUS='KEEP') 
CLOSE {UNI'T=8, STATUS='KEEP') 
END IF 

c 

489 FORMAT(//,' J ',lX,'JLDUM JKDUM ',' A DIRICH ' 
& 'IKDUM ILDUM ',' A INT I,/)-

491 FORMAT(I3,1X,2(1X;I3,2X,I3,2X,Dl0.4,1X)) 

ADDED SUBROUTINES SETDIR, MATDIR, AND ZTOW: 

!RDS 
!RDS 
!RDS 
!RDS 
!RDS. 
!RDS 
!RDS 
!RDS 

!RDS 
!RDS 
!RDS 

C************************************************~********************** 
c 

SUBROUTINE SETDIR !RDS 
c 
C "SETDIR" RESETS THE "DIRICHLET" BOUNDARY POINT POTENTIALS FOR THE 
C CASE OF B.C. SIMULATING REST OF UNIVERSE WITHOUT SOURCES/SINKS AND 
C CALCULATES RESIDUAL FOR DIRICHLET POINT CONVERGENCE 
c 
C LOCALLY USED VARIABLE: 
C DIMENSION A_INT(SOO} 
c 

c 

c 

c 

c 

DOUB~E PRECISION A, ZMAT, ADIR, SUMA, SUMDA, ANORM, !DP 
& A INT, AVG TWO !FC 

COMMON /Al/A(20000) -
COMMON /PROB/CON(l25) 
COMMON /RDS/ZMAT(500,500),IMA,JMA,JDIR{500),IINT(500},RESIDD, 

& JKDUM{500), JLDUM(500}, IKDUM{500), ILDUM{500}, A INT(SOO) !RDS 
REAL LAMBDAD -

EQUIVALENCE (RHOAIR,CON{75}), {ETAAIR,CON{l06)}, 
X (OMEGA,CON{52}}, (ICYCLE,CON{90}), 
& {ICYCLED MAX,CON{l08}}, 
& (IHOR,CON(22)}, {IVER,CON(24)), (IDIRICH,CON(l4}) !FC 

PI=4.*ATAN(1.} 

IF(ETADIR.EQ.O.)ETADIR=l. 
IF(RHODIR.EQ.0.)RHODIR=l.9 

C EXTEND REGION 2'S BOUNDARY VALUES OF A INT TO FULL ELLIPSE (OR CIRCLE} 
C==========================================~=========================!FC 

do 348 i=2,ima+2 · 
A int{i) = A{iint(i}} 

348 continue 
ima fc=ima· 
if(idirich.gt,l}then 

ima fc=ima*idirich, 
if(idirich.eq.4)then 

if{iver.eq.1 .and. ihor.eq.l)then ! (r2s) 
c invariant to rotation by 180 deg (& possibly by 90 deg w/ sign chang• 
c as in an elliptical aperture quadrupole {& possibly symmetrical quad 
c (i~e. reflection in both x-axis and y-axis) 

print 101, A int(2), A int(ima+2) 
101 format(' A_int(2) = ',f9.3,3x, 

& 'A int{ima+2) = '.fq .. 1\ 7l 



CCC 

c 
c 
c 

c 
c 
c 

c 
c 

c 
c 

349 

350 

105 

351 

352 

353 

354 

104 

355 

356 

106 

& 

& 

& 

avg two= A int(2)+A int(ima+2) 
do 349~i=2,ima+1 -

A int(2*(ima+2)-i) A_int{i) 
continue 
do 350 i=3,2*ima+l 

A int(ima fc+4-i) = A_int(i) 
continue~ -

else if(iver.eq.O .and. ihor.eq.O)then (r2s) 
invariant to rotation by 180 deg (& possibly by 90 deg w/ sign chang1 
(i.e. reflection w/ sign change inboth x-axis arid y-axis) 
Check: Is A int(2) =-A int(ima+2) ? (Should be) 
print 105, A int(2), A int{ima+2) 
format(' Is A int(2) =-, ,f9.3,· 

' equal to A int(ima+2) = ',f9.3, ' ?'} 
avg two= A int(2)+A int(ima+2) 
do.3Sl i=2,Ima+1 -

A_int(2*(ima+2)-i) = avg_two- A~int(i) 
continue 
do 352 i=3,2*ima+l 

A_i~t(ima~fc+4-i) = avg_two- A_int(i} 
continue 

else if(iver.eq.O .and. ihor.eq.1)then 
invariant to rotation by 180 deg w/ sign change (r2c) 
as in an H-magnet or elliptical aperture sextupole 
(i.e. reflection in x-axis and reflection w/ sign change in y-axis) 
print 101, A int(2), A int(ima+2) 
avg two= 2.*A int(irna+2) 
do 353 i=2,ima+l · . 

A int {2* {ima+2) -i) avg_two - A_int (i) 
continue 
do 354 i=3,2*ima+1 

A int{ima fc+4-i) = A_int{i) 
continue -

else 
print 104, idirich 
format(' invalid symmetry type for idirich =',i2,/, 

'program abort') 
stop 

end if 
else if(idirich.eq.2)then 

if(ihor.eq.l)then 
! reflection in x-axis (r1s) 
Check: A int(2) should be equal to A_int(ima+2) 
print iOl, A int{2), A_int{ima+2) 
do 355 i=2,ima+l 

A int(ima fc+4-i) A_int(i) 
continue -

else if(ihor.eq.O)then 
! reflection w/ sign ~hange in x-axis (rls} 
Check: A int(2) should be equal to A_int(ima+2} 
print lOS, A int{2), A int(ima+2) 
avg two= A Int(2)+A int(ima+2) 
do 356 i=2,Tma+1 -

A int(ima fc+4-i) = avg_two- A_int(i) 
continue -

else 
print 104, idirich 
stop 

end if 
else 

print 106, idirich 
format(' invalid value for idirich: idirich =',i2,/, 

'program abort' ) 
stop 

end if 
end if 

24 



c 
C RESET "DIRICHLET" BOUNDARY POINT POTENTIALS AND CALCULATE RESIDUALS 
C====================~================================================== 

SUMDA=O. 
SUMA=O. 
DO 372 J=2, JMA+l !FC 
ADIR=O. 
DO 370 I=2,IMA FC+l 
ADIR=ADIR+ZMAT(I,J)*A INT(I) ! A INT(I) A(IINT(I)) IN FIRST QUADRANT 

CCC IF(J.EQ.2)PRINT *,-I, A(IINT(I)) 
370 CONTINUE / 

SUMDA=SUMDA+(ADIR-A(JDIR(J)))**2 
CCC PRINT*, J, ADIR, A(JDIR(J)), SUMDA, A(IINT(J)) 

A(JDIR(J))=A(JDIR(J))+RHODIR*(ADIR-A(JDIR(J))) 
SUMA=SUMA+A(JDIR(J)) 

372 CONTINUE 
ANORM=SUMA/FLOAT(JMA) 

CCC PRINT *, J, J, SUMDA, SUMA, ANORM 
c 

SUMA=O. 
DO 374 J=2,JMA+l 
SUMA=SUMA+(A(JDIR(J))~ANORM)**2 

374 'CONTINUE 
RESIDD;,l.E8 
IF(SUMA .NE. O.)RESIDD=SQRT(SUMDA/SUMA) 

CCC PRINT 381, SUMDA, SUMA, RESIDD 
c 
C ESTIMATE SPECTRAL NORM OF ITERATION MATRIX AND USE TO CALCULATE 
C OPTIMUM OVERRELAXAT!ON FACTOR, 'RHODIR'=======~==================== 
c 

c 

IF(SNOLDD.EQ.O.)GO TO 382 ! FIRST TIME THROUGH 
PRINT *,QWE,ICYCLED MAX 
ROOTD=l.0/(2.0*FLOAT(ICYCLED MAX)) 
ETADIR=(SUMDA/SNOLDD+l.E-20)**ROOTD 

382 SNOLDD=SUMDA . . . 
LAMBDAD={RHODIR+ETADIR~l.O)/(RHODIR*SQRT(ETADIR+l.E-10)) 
IF(LAMBDAD.LT.l,O) GO TO 384 
RHODIR=AMAXl(RHODIR-lO.O*OMEGA,l.O) 
GO TO 386 

384 RHODIR=(2./(l.+SQRT(l.-LAMBDAD**2)))-0MEGA 
386 WRITE(6,388)ICYCLE,RESIDD,ETADIR,RHODIR,LAMBDAD 

PRINT 388,ICYCLE,RESIDD,ETADIR,RHODIR,LAMBDAD 

C TEMPORARY DIAGNOSTIC PRINTOUT ================================== 
c 

CCC 
CCC 
CCC 
CCC 

376 
c 

IQMA=JMA+l 
IF(IDIRICH*IMA.GT.JMA)IQMA=IDIRICH*IMA+l 

DO 376,J=2,IQMA 
AJ=A(JDIR(J) 
AI=A INT(J) 
PRINT 398, J, AJ, AI, RESIDD 

CONTINUE 

!FC 
!FC 
!FC 

!FC 

381 FORMAT(' SUMDA=',D9.3,2X,'SUMA=',D9.3,2X,'RESIDD=',E9.3) !DP 
CCC 388 FORMAT(lHO,I9,26X16HRHODIR OPTIMIZED,2F9.4,11H LAMBDAD , 
CCC X 1PE13.4) 

c 

c 

388 FORMAT(lHO,I9,30H RESIDD,ETADIR,RHODIR,LAMBDAD:, 
&E11.4,1X,2F9.4,1PE11.4) 

398 FORMAT(' J=' ,I3, ' A(JDIR(J))=' ,El0.4,' A(IINT(J) )=' ,El0.4, 
& RESIDD =' ,E8.2) 

RETURN 
END 

C*********************************************************************** 
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c 
c 
c 
c 
c 
c 

c 

c 

c 

SUBROUTINE MATDIR 

"MATDIR" CALCULATES THE MATRIX "ZMAT" USED FOR RESETTING THE 
"DIRICHLET" BOUNDARY POINT POTENTIALS FOR THE CASE 
OF B.C. SI~ULATING REST OF UNIVERSE WITHOUT SOURCES/SINKS 

LOCALLY USED VARIABLES: 
DIMENSION DEL THETA(500), DEL PHI(500), 

& 

& 
DOUBLE 

& 

& 

& 
DOUBLE 
DOUBLE 

& 

XDIR(SOO), YDIR(500),-XINT(500), YINT(500), 
THETA(500), PHI(SOO) 

COMPLEX E ITHETA(500), ZDIR(500), ZINT(500), 
D(500,50~), ZLND(500~500), 
B(500,500), .BINV(500,500), 
z I , p 1, ' p 2, p 3 I p 4, ZMAP 

PRECISION ZMAT, ZM1, XRAD, YRAD, PI, PI2INV 
PRECISION DEL_THETA, DEL PHI, XDIR, YDIR, XINT, YINT, 

THETA, PHI !,-RINT 

COMMON /PROB/CON (125) 
COMM0N /RDS/ZMAT(500,500),IMA,JMA,JDIR(500),IINT(500),RESIDD, 

& JKDUM(500), JLDUM(500), IKDUM(500), ILDUM(500), A_INT(500) 

EQUIVALENCE (IMAX,CON(5)) I (IDIRICH,CON(l4)) 

!RDS 

!DP 

!DP 
!DP 

!FC 

C READ IN DIRICHLET BOUNDARY POINTS ====.============================ 
c 

c 

c 

PI=4.*ATAN(1.) 

READ(7,*)JMA 
DO 301 J=2,JMA+2 
READ (7, *) JKDUM {J), JLDUM (J}, X, Y 
XDIR(J)=X 
YDIR(J)=Y 

301 CONTINUE 

!DP 
!DP 
!DP 

C READ IN INTERIOR.ELLIPSE (CIRCLE) POINTS ========================== 
c 

c 
c 
c 

XRAD=O. 
YRAD=O. 
ACEPT=O .. 
BCEPT=O. 
READ(7,*)IMA 
DO 305 I=2,IMA+~ 
READ (7, *) IKDUM (I), .ILDUM {I), X, Y 
XINT(I) = X 
YINT(I) = Y 
IF(XINT(I) .EQ. 0 .. AND. YINT(I) .GT. 0.) YRAD=YINT(I) 
IF(YINT(I) .EQ. 0 .. AND. XINT(I) .GT. 0.) XRAD=XINT(I) 
ACEPT=AMAX1(ACEPT,X) 
BCEPT=AMAX1(BCEPT,Y) 

305 CONTINUE 
IF(XRAD .NE. O.)THEN 
PRINT 306, XRAD !XRAD EXACT. 
ELSE 
XRAD=ACEPT 
PRINT 307, XRAD !XRAD APPROXIMATE ... CAUTION 
END IF 
IF(YRAD .NE. O.)THEN 
PRINT 308, YRAD !YRAD EXACT 
ELSE 
YRAD=BCEPT 
PRINT 309, YRAD !YRAD APPROXIMATE ... CAUTION 
END'IF 

!DP 
!DP 
!DP 

EXTEND REGION 2'S BOUNDARY TO FORM FULL ELLIPSE (OR CIRCLE) ====!FC 
')h 



c 
c 
c 
c 

irna fc=irna 
if(idirich.gt.1)then 

irna £c=irna*idirich 
if(ictirich.eq.4)then 

do 1 i=2,irna+1 
xint{2*{irna+2)-i) - xint{i) 
yint{2*{irna+2)-i) yint{i} 

1 continue 
do 2 i=2,2*(irna+1)-1 

xint{irna_fc+4~i) = xint{i) 
yint {irna_fc+4-i) = - yirk {i) 

2 continue 
else if(idirich.eq.2)then 

do 3 i=2,2*(irna+1)-1 
xint{irna_fc+4-i) xint(i) 
yint(irna fc+4-i) - yint(i) 

3 continue -
else 

print 106, idirich 
106 format(' invalid value for idirich: idirich =' ,i2,/, 

& 'program abort' ) 
stop 

end if 
end if 

MAP REGION 1 BOUNDARY, EXTERIOR TO ELLIPSE IN Z-PLANE TO 
EXTERIOR OF UNIT CIRCLE IN W-PLANE ================================ 

DO 31.0 J=2, JMA+2 
JDIR(J)=JLDUM(J)*IMAX+JKDUM(J)+l · 
ZMAP=CMPLX(XDIR(J),YDIR(J)) ZMAP ARE Z-PLANE COORDINATES 
CALL ZTOW(XRAD,YRAD,ZMAP,ZDIR(J)) ZDIR ARE W-PLANE COORDINATES 
XDIR(J)=DREAL(ZDIR(J)) 
YDIR{J)=DIMAG(ZDIR{J)) 

C PRINT*, ZDIR{J), ZMAP,·XDIR(J),YDIR(J) DIAGNOSTIC 
RDIR=SQRT(XDIR(J)**2+YDIR(J)**2) 
IF(J.EQ.2)RDIR LAST=RDIR 

C IF{ABS({RDIR-RDIR LAST)/RDIR) .GT.O.OOOl)THEN 
C PRINT 320, J,XDIR(J),YDIR(J),RDIR ! ELLIPSE RATHER THAN CIRCLE 
C END IF 

RDIR LAST=RDIR 
c 
C SET UP DIRICHLET POINT ANGLES FOR ZMAT, BELOW ===================== 
c 

IF(XDIR(J) .NE.O.)THEN 
PHI(J)=ATAN(YDIR(J)/XDIR(J)) 
IF(XDIR{J) .LT.O.)PHI(J)=PHI(J) +PI 

C TYPE *,·J, PHI(J)*l80./PI, XDIR(J), YDIR(J) DIAGNOSTIC 
ELSE IF(YDIR(J) .GE.O.) THEN 

PHI(J)=PI/2. 
ELSE 

PHI(J)=3.*PI/2. 
END IF 
IF(PHI(J) .LT.0.)PHI(J)=PHI(J)+2.*PI 
IF(J.NE.2) DEL PHI(J-1)=PHI(J)-PHI(J-1) 

310 CONTINUE -
IF(IDIRICH .EQ. 1) THEN ! THIS SEC. NOT USED - FOR DIAGNOSTICS ONLY 

PHI (1) =PHI (JMA+1 ).-2. *PI 
DEL_PHI(1)~PHI(2)-PHI(1) 
PHI(JMA+2)=PHI(2)+2.*PI 
DEL_PHI(JMA+1)=PHI(JMA+2)-PHI(JMA+1) 
ZDIR(1)=ZDIR(JMA+l) 
ZDIR(JMA+2)=ZDIR(2) 

END IF 
'DO 313 J=l,JMA+2 

C PRINT 323, J, DREAL{ZDIR(J) ), DIMAG(ZDIR(J)), PHI(J)*180./PI, 
')..7 



C & DEL_PHI(J)*180./PI 
313 CONTINUE 
c 
C MAP REGION 2 BOUNDARY, AN ELLIPSE IN Z-PLANE TO 
C THE UNIT CIRCLE IN W-PLANE ======================================== 
c 

DO 312 I=2,IMA_FC+2 !FC 
IF(! .LE. IMA+2) IINT(I)=ILDUM(I)*IMAX+IKDUM(I)+1 
ZMAP=CMPLX (XINT (I) 1 YINT (I)) ZMAP ARE Z-PLANE COORDINATES· 
CALL ZTOW(XRAD 1 YRAD,ZMAP,ZINT(I)) ' ! ZINT ARE W-PLANE COORDINATES 

ccc PRINT *~xrad 1 yrad,zmap,zint(i) 
XINT(I)=DREAL(ZINT(I)) 
YINT(I)=DIMAG(ZINT(I)) 
RINT=SQRT(XINT(I)**2+YINT(I)**2) 

C! E ITHETA(I)=ZINT(I)/RINT 
IF(i.EQ.2)RINT LAST=RINT 
PRINT *,RINT - ! 1 i, xint(i), yint(i) 
IF(ABS((RINT-RINT LAST)/RINT) .GT.0.0002)THEN 

PRINT 322 -
STOP 

END IF 
RINT LAST=RINT 

c 
C SET UP. INTERIOR POINT (UNIT CIRLCE) ANGLES FOR ZMAT, BELOW ======== 
c 

c 

312 

c 
c 
314 
c 
c 
c 

IF (XINT (I) .NE .0.) THEN 
THETA(I)=ATAN(YINT(!)/XINT(I)) 
IF(XINT(I) .LT.O.)THETA(I)=THETA(I) + PI 
TYPE *,I, THETA(I)*180./PI, XINT(I), YINT(I) 

ELSE IF(YINT(I} .GE.O.) THEN 
THETA(I).,;PI/2. 

ELSE 
THETA(I)=3.*PI/2. 

END IF 
IF(THETA(I).LT.0.)THETA(I)=THETA(I}+2.*PI 
IF (I.NE. 2) DEL THETA(I-1) =THETA (I) -THETA(I-1) 
CONTINUE -
THETA(1)=THETA(IMA FC+1)-2.*PI 
DEL THETA (1) =THETA(2) -THETA(1) 
THETA(IMA FC+2)=THETA(2)+2.*PI 
DEL TBETA(IMA FC+1)=THETA(IMA FC+2)-THETA(lMA FC+l} 
ZINT(1)=ZINT(IMA FC+1} - -
ZINT(IMA FC+2)=ZINT(2) 

!DIAGNOSTIC 

!FC 

!FC 
!FC 
!FC 
!FC 

DO 314 I~1,IMA FC+2 
PRINT 324, I, DREAL(ZINT(I)), DIMAG(ZINT{I)}, 

!FC 
THETA(I)*180./Pii 

& DEL_THETA(I)*180./PI 
CONTINUE 

CALCULATE MATRIX "ZMAT": ADIR(J) ZMAT(I,J)*AINT(I) ============== 

IF(IDIRICH.GT.1)JMA=JMA+1 ! ADD 1 FOR INCOMPLETE CIRCLES !FC 
DO 318 I=1,IMA FC+2 !FC 
DO 316 J=2, JMA+"1 
D(I,J)=(ZDIR(J}-ZINT(I+1)}/(ZDIR(J)-ZINT(I}) 
B(!,J)=ZDIR(J)/ZINT(I) 
BINV(I,J)=l./B(I,J} 
ZLND(I,J}=LOG(D(I,J)) 

C IF(I.EQ.J.OR.I.EQ.l0.0R.J.EQ.10)TYPE * 1 I,J,D(I,J},B(I,J), !DIAGNOSTIC 
C & BINV(I,J) 1 ZLND(I,J) 
316 CONTINUE 
318 CONTINUE 
c 

ZI=CMPLX ( 0. I 1.) 
DO 332 I=2~IMA FC+1 
ZM1=TAN(DEL_THETA(I-1)/2.) - TAN(-DEL_THETA(I)/2.) 
P3=1.-EXP(ZI*DEL_THETA(I-l)) ~p 

!FC 



c 
c 

P2=-DEL THETA(I)*ZI*ZINT{I+1) 
P1~1.-EiPt-ZI*DEL THETA{I)) 
P4=+DEL_THETA(I-1)*ZI*ZINT{I-1) 
TYPE *, I,J,P1,P2,P3,P4 

PI2INV=l./(2.*PI) 
DO 330 J=2,JMA+l 
ZMAT(I,J)=PI2INV*DREAL( ZM1+ 

&(1./SIN(-DEL THETA(I)))* 
&(P1-(P2/ZDIR(J))+{B(I+1,J)-BINV(I+l,J))*ZLND(I,J))+ 
&(-1./SIN(DEL THETA(I-1)))* . 
&(P3-(P4/ZDIR(J))+(BINV(I-l,J)-B(I-1,J))*ZLND(I-1,J)) 

330 CONTINUE 
332 CONTINUE 
c 

!DIAGNOSTIC 

C OUTPUT ZDIR,ZINT,ZMAT TO FILE DIRICH OUT.DAT ====================== 
c 

342 
c 

343 

344 
c 

c 

WRITE(8,326)IMA, JMA, (I,I=2,9) 
IQMA = JMA+l . 
IF(IMA FC.GT.JMA)IQMA=IMA FC+1 
DO 342; J=1,IQMA -
WRITE(8,327)J, DREAL(ZDIR(J)}, DIMAG(ZDIR(J)), 

& DREAL(ZINT(J)), DIMAG(ZINT(J)}, 
& (ZMAT(I,J),I=1,9) 

CONTINUE 
' 

ILO=lO 
DO 344, ITER=l,15 
IHI=ILO+l2 
IF(ILO.LT.IMA FC+l)THEN 

WRITE(8,32S) (I,I=ILO,IHI) 
DO 343 J=l,JMA+l 
WRITE(8,329) J, (ZMAT(I,J),I=ILO,IHI) 
CONTINUE 
ILO=IHI+l 

~ND IF 
CONTINUE 

PRINT 325 

306 FORMAT(' XRAD =',F7.2,' IS EXACT') 
307 FORMAT(' XRAD =',F7.2,' IS APPROXIMATE ... CAUTION') 
308 FORMAT(' YRAD =',F7.2,' IS EXACT') 
309 FORMAT(' YRAD =; ,F7.2,' IS APPROXIMATE ... CAUTION') 
320 FORMAT(' DIR CIRCLE PTS DO NOT ALL HAVE SAME RADIUS; ', 

!FC 
!FC 

!FC 

& 'J=' ,I3,2X,'XDIR=',F7.3,2X,'YDIR=',F7.3,2X,'RDIR=',F7.3,/, 

c 

c 

& ' INT CIRCLE MUST BE ELLIPSE RATHER THAN CIRCLE') 
322 FORMAT(' INT CIRCLE PTS DO NOT ALL HAVE SAME RADIUS, CHECK INPUT') 
323 FORMAT(' J=',I3,' ZDIR.(J)=',F5.2,' +i ',F5.2,' PHI(J)=',F8.2, 

& ' DEL PHI(I)=' ,F8.2) 
324 FORMAT(' I=;,I3;' ZINT(I}=',F5.2,' +i ',F5.2,' THETA(I)=',F8.2, 

& DEL THETA(!)~' ,F8.2) 
325 FORMAT(' MATDIR COMPLETED WITHOUT ERRORS,', 

& ' ZDIR, ZINT, ZMAT WRITTEN TO DIRICH OUT.DAT') 
326 FORMAT('PROGRAM DIRICH:' ,//,'IMA=' ,I3,1X,'JMA=' ,I3,//, 

& ' J ', lX,' R&I ZDIR ',' R&I ZINT ', 
& ' ZMAT ',8(' I=' ,I2,1X),/) 

327 FORMAT(I3,1X,4(F5.2,1X),9(F6.2)) 
328 FORMAT(/, 4X, 13 (' I=', I3)) 
329 FORMAT(I3,1X,l3(F6.2)) 

RETURN 
END 

C*********************************************************************** 
c ?Q 



SUBROUTINE ZTOW(A,B,ZMAP,WBACK) !RDS 
c 
C "ZTOW" DOES THE CONFORMAL TRANSFORMATION FOR THE EXTERIOR 
C OF AN ELLIPSE TO THE EXTERIOR OF A UNIT CIRCLE 
c 

c 

c 

DOUBLE PRECISION A, B 
DOUBLE COMPLEX ZMAP,WBACK 

!DP 
!DP 

IF(DREAL(ZMAP) .GT.O .. OR.DREAL(ZMAP) .EQ.O .. AND.DIMAG(ZMAP) .GT.O.) 
&THEN 

WBACK={ZMAP + (ZMAP*ZMAP + B*B -A*A)**O.S )/(A+B) !-PI/2<ANGLE<=PI/2 
ELSE 
WBACK={ZMAP - (ZMAP*ZMAP + B*B -A*A)**O.S )/(A+~) 
END IF 

·RETURN 
END 

C****************************************************************~****** ., 

• 
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Boundary Condition Option ' 



10 Appendix B: Example and Test Series Check of Accu­
racy of the Newly Incorporated POISSON Boundary 
Condition Option 

To test the POISSON program modification allowing for singularity-free universe outside 
problem boundaries the following example solves analytically (Program DIRAN) and with 
POISSON the case of two current filaments (+/ at z91 and -1 at z9J in air. The 
analytical solution to this problem is F = ~ 11-

2
°1 /n( z-zq1 ). 
1r z-z'n 

• Make an AUTO MESH file (e.g. fcirc.dat; see Figure 3 above) with a circ,ular bound­
ary as region 1. Region 2 must be a circular boundary just inside (i.e. a distance 
"'V DX) region 1's boundary. To assure accuracy of the numerically discretized equa-, 
tion, DX must be such that angular spacing of nodes on region 2's boundary is ,.._, 
10 degrees or less. 

• Run AUTOMESH 

• Run [.mods]LATTICE with *14 1 *58 .001 *108 5 *22 0 *32 -1 *45 15 *20 42 *49 
2 S to get: (1) mesh coordinates (x,y)-f(k,l) in outlat.lis, (see Figure 16) and (2) 
k, l,x, y lists for Dirichlet circle points and inner circle points in dirich_in.dat suitable 
for input to programs POISSON, OJ RICH, & (with the addition of one line) DIRAN. 
Notes: (a) from tape73.dat we know that ·LMAX=15 and there are 42 Dirichlet 
boundary points on the outer circle and (b) the lower boundary condition must be 
set for the Dirichlet condition. 

• Run TEKPLOT with M, 0 1 0 0 S, S, GO to view mesh (See Figure 4, above). 

• Make (in [.mods]) a diran_in.dat file (see Figure 17) f~om [ross.pois}dirich..in.dat 
(created when LATTICE is run with IDIRICH CON(14)-1) and 2 current filament 
strengths with suitable locations obtained from grid points in outlaUis. 

• Run [.mods]diran to {1) verify that Matrix is accurate by comparing analytical solu­

tion Ad_c with solution Ajdir = (Matrix]* Aiint• where Aiint is analytical, and (2) 
get a listing of fixed Dirichlet potentials for POISSON. (See diran_out.dat in Figure 
18.) 

• Run [.mods) POISSON with *14 0 and fixec;l potential inputs from diran_out.dat and 
2 current filaments from diran_in.dat or outlat.lis in pfcirc.dat (see Figure 19) to 
compare POISSON's relaxed inner circle vector potential values in outpoi.lis (see 
Figure 20) with those of analytical values, Aiint;• in diran_out.dat. 

• Run TEKPLOT with M, 1 0 29 S, S, GO to view B-field lines (identical to Fig. 5). 

• Run [.mods)LATTICE with *14 1 *58 .001 *108 5 *22 0 *32 -1 *45 15 *49 2 S 

• Run [.mods]POISSON with Dirichlet circle point potentials free floating and 2 current 
filaments from diran_in.dat or outlat.lis in pfcirc.dat (see Fig. 21) to compare (1) 
POISSON's converged solution on Dirichlet circle and on inner circle in dirich_out.dat 
(see Fig. 22) '('lith those of analytical values, Aiint; and Ad_ci in diran_out.dat and 
(2) POISSON's converged solution everywhere in outpoi.lis (see Fig. 23) with those 
from the previous POISSON run with Dirichlet point potentials fixed. 
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..• 

• Run TEKPLOT with M, 1 0 29 S, S, GO to view B-field lines (identical to Fig. 5). 

Figure 18 verifies that the matrix relating Dirichlet circle points and interior circle 
points is correct. 

A comparison of Figures 20 and 18 verifies additionally that POISSON relaxes to the 
correct solution for a singularity-free universe outside problem boundaries when the vector 
potential of boundary points are fixed at the appropriate values (i.e. if we somehow know 
beforehand the correct vector potentials on the boundary]: 

A comparison of Figures 22 (or 23) and 18 verifies· additionally that POISSON con­
verges to the correct solution for a singularity-free universe outside problem boundaries 
when the vector potential of boundary points are allowed to float . 
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7EE rc:.::;· . .;rNG zs -~ ~--\? OF .;?.AA'!S :< .. 't .. CYCLE. 0 

L. 

;< 

s 6 B 9 10 11 

15 X -0.338 -0. 171 0.000 0.188 0.371 0.000 0.000 
~ l. 151 1.188 1.200 1.185 1.141 0.000 ·0 .000 

l4 X -0.498 -0.195 0.000 0.174 0.342 0. 545 0. 705 
y 1.092 0.981 1.000 0.985 0.940 1.069 0. 971 

l3 X -0.383 -0.136 0.070 0.270 0.500 0. 643 0.849 
y 0 .. 924 0.854 0.837 0.829 0.866 0.766 0.849 

12 X -0.481 -0.264 -0.046 0.162 0.370 0.567 0.766 
y 0.705 0.702 0.683 0.672 0.671 0.657 0. 643 

11 X -0.377 -0.161 0.050 0.258 0.461 0. 662 0.866 
y 0.528 0.520 0.510 0.505 0.499 0.494 0.500 

10 X -0.485 -0.271 -0.059 0.149 0.355 0.557 0.755 
y 0.357 0.350 0.344 0.339 0.335 0.333 0.334 

9 X -0.371 -0.166 0.043 0.250 0.454 0.655 0.349 
y 0.177 0.174 0.171 O.H9 0.167 0.167 0.170 

8 X -0.481 -0.272 -0.062 0.146 0.351 0.555 0.761 
y 0.000 0.000 0.000 0.000 0.000 0.000 0.000 

7 X -0.377 -0.166 0.043 0.250 0.454 0.655 0.849 
y -0.177 -0.174 -0.171 -0.169 -0.167 -0.167 -0.170 

6 X -0.485 -0.271 -0.059 0.149" 0.355 0.557 0. 755 
y -0.357 -0.350 -0.344 -0.339 -0.335 -0.333 -0.334 

5 X -0.377 -0.161 0.050 0.258 0.461 0.662 0.866 
y -0.528 -0.520 -0.510 -o.505 -0.499 -0.494 -o .5oo 

Figure 16. Partial outlat:lis file listing 

-o.zn .35o 1. -o.zn -o.JSO -1. 
42 

13 8 1.20000 0.00000 
13 9 1.11520 0.11"7"70 34 13 10 1.14130 0.37080 u 8 1.00000 0.00000 u 11 1.06920 0..54480 u 9 0.98410 0.11'360 12 u 0.97080 0.70530 u 10 0.9H70 0.34200 u 13 0.14150 o.8caso 11 11 0.16500 0.50000 11 14 0.70530 0.97010 11 u 0.76600 0~&4280 10 14 0.54480 1.06920 10 13 O.'U80 ~-7'000 9 15 0.37080 1.14130 9 13 0.50000 0.86""' 8 15 0.11770 1.11520 9 u 0.34200 ~.93970 7 15 0.00000 1.20000 8 u 0.11'360 0.98480 ., . 15 -o.17080 1.187110 7 u o.ooooo 1.00000 5 15 ·-o.3l810 1.13140 ' u -o.U510 0.98080 5 lC -o.49150 1.09160 5 13 -o.l8270 0.92390 4 14 -o.54880 1.00950 4 13 -o.55560 o.anso J 13 -o.ns1o 0.90,90 4 12 -o.70710 0.70710 2 13 -o.90690 0.78580 
2 u -1.00950 0.~180 

3 11 -o.1nso 0.55560 
1 u -1.09160 O.U850 

l 10 -o.92390 0.31270 
1 10 -1.15140 0.33110 

2 9 -o.98080 0.19510 
1 9 -1.1.1780 0.17080 

2 8 -1.00000 0.00000 
1 8 -1.20000 o.o- 2 7 -o.9aoao --4.19510 
1 7 -1.18'780 --4.17010 

] ' -o.92390 --4.31270 
2 ' -1.15140 --4.33110 3 5 -o.1nso -G.55560 
1 5 -1.0t160 -o.c9850 4 -o.7ono -o.70710 
2 4 -1.00950 -o.~aeo 4 3 -G.55560 -o.83150 
2 .3 -o.90,90 -o.ns80 5 3 -o • .»270 -o.92390 
3 3 ~ .. 71510 -o.90,90 ' 2 -o.19510 -o.91080 
4 2 ~ .. '-4180 •1.00950 7 2 0.00000 -1.00000 
5 2 ~ .. 49150 ·1.09160 8 2 0.17360 -o.98410 
5 1 -o.JJno -l.l.5l40 ' 2 0.34200 -o.9l970 

' 1 -o.17010 -1.UI780 9 3 0.50000 -o.a"oo 
7 1 0 .. 00000 •1..20000 10 l 0.&4210 ~ .. 7'AO 
a 1 0·.11770 -1.UI52D 11 • o. 76600 -o.,4280 
9 1 0.37080 -1.14130 11 5 0.8fi600 -o.soooo 

10 2 0 .. $4480 -1 .. 015920 12 ' I 0.93970 -o.3<200 
u 2 0.7~30 -<1.97080 . 12 7 0 .. 91480 -G.1T.I60 
11 3 0 .. 84850 -<1.84150 12 a 1.00000 0.00000 
12 • 0 .. 97080 -o.70530 
12 5 1.0~920 -o .. s....ao 
13 5 l .. lt130 -<1.37010 
lJ 7 1 .. 1&520 ~.15770 
13 8 1.20000 a.ooooo 

Figure 17. File diran_in.dat 
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0 Dump 
J7 0.01 0.01 0.02 0.03. 0.04 0.09 0.21 0.26 0.13 0.06 0.03 0.02 0.01 •14 0 s 
38 0.01 0.01 0.01 0.02 0.03 0.05 0.10 0.23 0.25 0.:2 0.05 0.03 0.02 

13 8 0.00000£+00 39 0.01 0.01 0.01 0.01 0.02 0.03 0.05 o.:1 0.24 0.24 ~-ll 0.05 0.03 
40 0.00 0.01 0.01 0.01 0.01 0.02 0.03 0.05 0.12 0.25 ~.23 0.10 0.05 13 9 0.11547£-01 
4l o.oo 0.01 0.01 0.01 0.01 0.01 0.02 0.03 0.06. 0 .. !.3 / I) .26 0.21 0.09 13 10 0. 23128£-01 
42 0.00 0.00 0.01 0.01 0.01 0.01 0.01 0.02 0 .OJ 0.06 :>.14 0.27 0.20 12 11 0.34774£-01 43 o.oo 0.00 0.00 0.01 0.01 0.01 0.01 0.01 0.02 0.03 0.07 0.16 0.27 

12 12 0.46491£-01 
~<11-.2348£-QJ ~121-D .3006£+00 ~«li-<1.2348£-Q3 .&.bC4»-.247fi£+00 11 13 0.58277£-01 
~151-.2853£+00 ... 161-D .2672£+00 al>(71-<1.93UE-D9 a.b_t.o1:-o. 3487£ ... 01 11 14 0.70080£-01 

.an&J.tyJ.c:al check t:or cU..rich.l.et. macrix~ !%1 10 14 0.81782£-01 
9 15 0.93186£-01 

1tapu1:: zl-.2710£+00 •i 0.3500£+00 =<1- 1.00 8 15 0.10394£+00 
z2-.2710£+00 ·~ •.3500&+00 cw::2-1.00 

7 15 0.11349£+00 
OUC.P"Qt.: """""'-o .3055£+00 St.:N.....O.JOSS£+00 &A0...0.3237E-Q7 :-esidd-Q .. lOOOE+Ol. 6 15 0 .12047E+OO 

!<£I %1lD< R<I tiNT &(1..1A~(jll Ujc!Uilll ac1_c(j) 5 15 0.12506£+00 
5 14 0.12641£+00 

2 1.20 0.00 1.00 0.00 0.00000+00 O.Jl501Hl7 0. 0000£+(10 4 14 0.12374£+00 
3 1.19 0.19 0.98 0.17 0.14071l-<11 0 .1158C>-o1 0.1l.SSE-D1 3 13 0 .11655£+00 
4 1.1.4 0.37 0.94 0.34 0.28261)-<11 0.23191>-Q1 0 • 2313£-'ll 

2 13 0.10477£+00 s 1.07 0.54 0.87 0.50 0 .42671l-<11 0.34871>-Q1 0 .3477£-Q1 
6 0.97 o. 71. 0. ':7 .0.64 0.57380-<11 0.4662D-<11 0.4649E-D1 2 12 0.88838£-01 
7 o.ss 0.85 0.6< 0. 71 o. 7245~1 0 • .584lll-V1 O.SB28E-D1 1 11 0.69492£-01 
8 0.11 0.97 o.so 0.87 0.879l.D-<11 0. 70251>-ol1 J. 7008E-D1 1 10 0. 47659£-01 
9 0 • .54 1.07 0.34 0.94 0 • 103 60+00 . 0.81961>-<l1 J .8178t-ol 

10 0.37 1.14 0.17 0.98 0.11931>-00 0.933.50-<11 0 .9319£-D1 1 9 0.24218£-01 
11 0.:1.9 1.19 o.oo 1.00 O.l34l.D+OO 0 .1041.!>+00 0.1039£+00 1 8 0.00000£+00 
l2 o.oo 1.20 -o.20 0.98 O.l482D+OO 0.11361>+00 J.UJS£+00 1 7 -.24218£-01 
lJ -o.17 1.19 -o.38 0.92 0.15650+00 0.120.50+00 ;).l20SE+OO 
l4 -o.34 1.!.5 -o.s6 0.83 O.l.SS20-<IO 0.1.2490+00 J .12.51£+(10 2 6 -. 47659£-01 
l.S -o .sa 1.09 -o.n o. 7l 0.~4150+00 0.1262:1+00 J.l26<£+00 1 5 -. 694 92£-01 
:& -o.6.5 1.01. -o.a3 0.56 o .115 si>-o o 0.::.2341>+00 ~ .1237£+00 2 4 -.88838£-01 
17-Q.79 0.91 -o.92 0.38 0.8126D-.l1 O.Uii2l:>+OO J.U6SE+OO 

2 3 -.10477E:+OO lB -o.91 0.79 -o.98 0.20 0 .. 4171J>-Ol O.lOC~O J .1048£+(10 
l.9 -1.01 0.6.5 -1.00 0.00 0 .00000-<10 :J.88SBD.....Yl J.S884E-D1 3 3 - .ll655E:+OO 
20 -1.09 o.so -o.98 -o.20 -. 417l.O-D1 0.693l.tl-il~ : .. 15949£-o:. 4 2 - .12374'£+00 
2:1 -1.15 0.3~ -o.92 -il.38 -.81261)-<11 ~ .. 4 7561>-\l l J.4766£-D1 

5 2 -.12641<:+00 22 -1.19 o.n -o.aJ -o.S6 -. 1!SSI>o()0 ~-2417:>-'l: :l.2422!.-o! 
23 -1.20 0.00 -v.n -o.n -.141~0 o.J46sa-o' ~-0000£..00 5 1 -.12506:::+00 
24 -1 .. :09 -o.t7 ..., .56 -o .83 •.l552D+OO -.241~-~;. -.2422£-o: 6 l -. 1204 7£+00 
25 -l.!.S -o .34 -'l.38 -'l.i2 •.l.565t>o<IO ·.47560-\):. -. 4766£-'l~ 7 1 - .11349£+00 26 -1.09 --o.so -'l.20 -il.98 -.!4820+00 -.693Uhl1 -. 6949£--Q! 
27 -1.01 -o.65 0.00 -1.00 -. :.J4l.tl+OO -.98581l-l: -.3884£-Q~ 8 1 - .10394£+00 
28 -o.9l -il. 79 0.!7 -o.98 -.1193D+OO -.4.0440..00 -.l048E..cl0 9 1 -. 93186E-01 
29 -o. 79 --o.n 0.34 -o.94 -.10360-<10 ·.!1620-iiO - • .:.!65£+00 10 2 -.81782£-01 
30 -o .6.5 -1.01 0.50 -.).87 -.879l.:>-Q1 •.:2340-'lO -. :237E+'l: 

11 2 -. 70080E-01 31 -o.5o -1.09 0.04 -1). '77 -. 724.5~1 -.!2620""'.:0 -. :264£+00 
32 -o.J4 -1.~5 0." -o.64 ·.57381)~! -.:2490-'lO -.l2Sl.Z..OO 11 3 -.58277E-Ol 
33 -o.l7 -1,:9 o.a1 -o.so -.4267D-D1 -.:20.50-.lO -. :205£+<10 12 4 ·-. 46491E-'01 
34 0.00 -1.20 O.H -o.J4 -.28261)-'l: ·.ll36i>-<JO -. :135£+<10 12 5 -.34774E-01 35 0.19 -1.19 0. 98 -o .17 -.l407ll-Q1 -.!041..1)-J]Q - .:039E+OC 
36 0.37 -1.14 1.:o o.co 0.00000+00 -.·i33SO-l: -.9319£-Q! 13 6 -.23128£-01 
37 0.54 -1.07 0.00 0.00 O.OOOOD+OO -.31960-ll -.U78&-D1 13 7 -.1154 7£-01 
38 -0. 7l -<1.97 0.00 0.00 o.ooooo-oo -. 702~0-l:. -. 7008£-Q! 6 10 1. 
39 o.a5 --o.as o.oo 0.00 0. 00000-<10 -.5843D~l -. 5828£--o: 

6 6 -1. 40 0.97 -'l.71 0.00 0.00 O.OOO~D-10 - . .e&&2D-Jl - ... 649£-Ql 
41 L::J7 -o.S4 0 -~0 0.00 0. ~OOOD•·l) -.3487::-.J: -.3477£-o: -1 s 
42 1.:4 -o.n o.;o 0.00 0. 00000-YO •.lll:lD-ll -.2313£--o: 
43 1.1.9 -o.!9 o.:o 0.00 o. ooooo--oo -.!lSSD-\):. -.l!SS£-Gl 

Figure 18. Partial file diran_out. dat Figure·l9. File pfcirc.dat (boundary 
points with· fixed potential) 

THE FOI.LOWI NC IS A MAP Or TME: POTENTIA!.. ARRAY A~ CYCLE 160 

L 

K ....... 

1 5 6 9 10 ll 12 13 
15 0. 00£+00 0. 00£•00 0. 00£+00 0. 00£+00 1.25£-01 1.20£-01 1.13£-01 1.04£~01 9. 32£-02 0.00£.+00 0. 00£+00 o. 00£+00 0. 00£+00 
H O.OOE+OO 0.00£+00 O.C0£+00 1.24£-01 1.26&-01 1.48£·01 i -. 34£-01 1.19&·01 1.04£-01 s .18£-02 7.01£·02 0. 00£+00 0. 00£+00 
13 0. 00£+00 . l. OSE-01 1.11£-01 L 56£-01 l. S6£-01 1. 69£-01 1.<.1£-01 t.17t~·ol 8. 76£-02 '.28£-02 s·. eJE-02 0. 00£•00. 0 .00£+00 
12 c.oOt•DO 8. 88E•01 1.12£-01 1.42r.-Ol 1. 93£-01 2 .t"/£-01 1. 95£-01 1 . .;u:-01 1.041E-OI 1.10£-02 S. 7!)f.-C;> II. 6~£-02 O.OOE•OO 
ll 6. 95£-02 8. 'HE-02 1.16£-01 l."B•U.:-01 2.92£-01 2. 96£-01 1.8"/t:-01 1. 20£-01 S.lH:-01 ). 'IU.:-07 < .2te-c;; 3. 4l8i::-02 0.00£•00 
10 4.17£-02 5. 91£-02 8.11£·02 I. 32£-01 2.41£·01 6. 07£-01 2.H£·01 1.30£·01 7. 86£·02 5.18£-02 ). 68£-02 2. 82£-02 2 .ll£-02 

9 2. <2£-02 4.10£-02 6. 32£-02 1. 08£-01 l. 97£-01 1. 93£-01 1.03£-01 s. 73£·02 3.49£-02 2.33£-02 1. 68£·02 1."1£-02 1.15£-02 
8 0. 00£+00 -1.HE-04 -a. 9Se-os ·3. 31£-05 -6.34£-06 2.23£-06 4.01£-06 3. 67£-06 2.82£-06 1. 99£·06 I. 30£-06 5.32£-07 0. 00.£+00 
7 -2. 42£-02 -4. H£-02 ·6. 33£·02 ·1.08£-01 -1.97£-01 -l. 93£-01 -L03t-o1 -5. 73£·02 ·3.49£-02 -2.33£-02 ·I. 68£•02 -!.. 41£-02 -h 15£-02 
6 o.oot+OO -.c.n£-02 -a. 07£-02 -1.32£-01 -2.<7£-01 •6. 07£-01 ·2. HE-01 -1.30£·01 ·7.86£-02 -5 .• 18£-02 -3. 68!:·02 -2.82£-02 -2.3!£·02 
5 ·G. 95£-02 -8.'61£·02 ·1.16£-01 •1. 84£-01 -2.92£-01 -2.96£-01 -1.87£-01 ·1.20£·01 ·8.10£·02 -5. H£-02 ·<.26E·C2 -L 48£-02 0 .ODE:• DC 

• o. 00£+00 -8.88£-02 ·1.12E·01 -1.42£-01 -1.93£-01 -2.17£-01 -1.95£-01 -1.44&·01 -1.04£·01 -1.10~-02 -5.15£-:12 ·<. 6S£·02 0. :l0£+00 
3 0.00£+00 -1.05£-01 ·1.17£-01 ·1. 56£-01 -1.56£-01 -1. 69£·01 -1.47£-01 -1.17£-0! ·8. 76£-02 -7.28&-02 -s.e3F.·C' :::;, 00~•0:1 O.OOE.+OC 
2 0.00£+:)0 0.00£.+00 0. OOE+OO -1.24£-01 -1.26£•01 -1.48£-01 ·1.34£-01 •1.19£-01· -1.04£-01 -8~ 18£-01 -7.0H;-~L 0. 00£• ou 0. OO!:::•OC 
1 o.ooe ... oo :'J. 00£•00 0. OOS:+OO 0.00£•00 -1.25£-01 -1.20£-01 -1.13£-01 •l.C4£-01 ·9. 32£-02 0.00£+00 O.OCE•OC :l. OOt:+OO ~ .. 00£+00 

Figure 20.Partial file outpoi.lis (boundary points with fixed potential) 
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37 0.01 0.01 0.02 0.03 0.04 0.09 0.21 0.26 0.13 0.06 0.03 0.02 ?.01 
39 0.01 0.01 0.01 0.02 0.03 o.os 0 .!0 0.23 o.zs 0.12 o.os 0.03 ? .02 
39 0.01 0.01 0.01 0.01 0.02 0.03 o.os 1.11 0.24 0.24 O.ll 0.05 ?.OJ 
co o.oo 0.01 0.01 0.01 0.01 0.02 0.03 0 .OS 0.12 o.zs 0.23 0.10 ? .OS 
Cl 0.00 0.01 0.01 ll.Ol 0.01 0.01 0.02 0.03 0.06 0.13 0.26 o,z1 ?.09 
<2 o.oo 0.00 0.01 0.01 0.01 0.01 0.01 0.02 0.03 0.06 0.14 0.27 ?.20 
43 0.00 o.oo 0.00 0.01 0.01 0.01 0.01 0.01 0.02 0.03 0.07 0.16 :.27 

J .n.DOH J'IX)C.C A_OOliCS Ilmatt Il.Dat: A_n<T 

2 13 8 0.21360-<ll 12 8 0.2167D-o3 
3 13 9 0.11820-01 12 9 0 .. ~433'0-01 

• 13 10 0.23<9D-<l1 12 10 0 .28531>-01 
s 12 11 0.3S22D-o1 11 u 0.4303~1 
6 12 12 0.47000-Ql " 12 o.S790D-o1 
7 11 lJ 0.5887n-ol 10 lJ 0. 7324D-o1 
8 11 1< o. 70671)-01 9 lJ o.aaoliH11 
9 ~0 u 0.823JD-<l1 9 14 0.104SD..OO 

10 9 lS 0.9372D-<l1 8 14 0.119SD..o0 
11 8 1S 0.1043D+OO 7 u o:lJ4DD+<lO 
12 7 1S O.U36D..oO 6 u O.H80D..OO 
13 6 15 O.l203D..o0 s 13 O.l553D..OO 
14 s 15 0.1247D..o0 lJ 0.155SD..o0 
!S s u 0.!258D..o0 12 0 .141SI:>+OO 
!6 H O.lll3D..o0 11 O.l157D+OO 
!7 lJ 0.!162D..o0 !0 0.8100D-<l1 
~8 13 0.1044D..OO 9 0.40911Hl1 
19 !2 0.88S~1 8 O.S949D-04 
20 !1 0.692l..D-O! 7 -.4104D-o1 
21 10 0.4738D-o1 6 -.1014D-<l1 
22 9 0.240SO-<l1 s •.llSl.IHJO 
2J 8 0 .12091)-,)J 4 -.14091:>+<)0 
H 7 -.2J79D-<l1 • 3 -.lSSOD..oO 
25 6 -.<697D-<l1 s 3 -.lS48I>+<iO 
26 s -.686~1 6 2 -.l475D..o0 
21 4 -.8195D-~1 7 2 -.lJJSD..oO 
28 3 - .1039Do00 9 2 -- !191l>+<JO 
29 3 -.:6.!.5"7'0+00 ) 2 -.104()1)+00 

0 Dump 30 • 2 -.l228D..o0 ; 3 -.37S81>-01 
31 s 2 -.l25<D-.10 :: 3 -. 7280t>-l)l s 32 5 1 -.124~0 -- 4 -.57470-·i!. 

6 10 1. 33 6 -.1:.99~0 -- 5 -.<26D-ll 

6 6 -1. 34 7 -; !!3l..D.cl0 . , 
6 -.2810,...)! 

35 9 -.10380..00 . :2 1 -.!3900-ll -1 s 36 ·g 1 -.932SD-o! :2 8 0.2161ll-'l3 
37 :o 2 -.8181~>-<:: J 0 -.!,521>-2! 
38 -- 2 •. 7023D'-<3: ? ? -.!752:>-2! 
39 ., l -.58Ho-;: 1 0 •. !752D-2! 
40 :2 4 -.44i56D-·~! 0 -. :.752D-2! 
(1 12 5 -.341SD-ll J 0 -.:.752!)•2:. 
42 !3 6 -.2304D-V! 1 0 -.!752!)-21 
43 !3 1 -.lll9D~: ,? 0 -.1752:)...2! 

Figure 21.File pfcirc.dat Figure 22.. Partial file dirich_out.dat 

(boundary points with floating potential) 

':SE FOLlOWING IS o\ MAP OF ':!!£ PO'TE:NTIAL ARMY A~ CYC!Z sso 

L 

·" 
.. 2 3 • 5 6 7 9 

is O.OOE+OO 0. 00£•00 O.D0£•00 0.00£+00 1.25£-01 1. 20£-01 ! . :.4£-Ql 1. 04£-
l4 0.00£+00 0.00£+00 0.00£+00 1.23£-01 1.26£-01 l. <8£-01 :.34£-01 :..20£~ 
13 0.00£+00 ~. 04£-01 1.!6£-01 1. 5SE-01 1.55£-01 1.69£-<11 1.47t:-Ol :..:.7t:-
u 0.00£+00 8. 85£-02 1.12£-01 1. 41£-01 ~- 93£-01 2.17£-01 1. 95£..1)1 l.Ht-
11 6.92£-<12 8. 89£-02 '1.16£-01 1.84£-01 2. 92£-01 2. 96E-<!1 1.87E-Q1 :.ZOE· 
10 ·c. 7c&-o2 5. 89£-02 8.10£-02 1.32£-01 2.C7E-01 ~. 07£-01 2. 46£-01 !.JOE• 

9 2.41£-02 4.10£-02 6.32£-02 1. 08£-01 :.91£-01 1. 93£-<11 l.OJE-o1 5. 75£~ 
8 1.18E-Q4 5 .69£..,)5 1.00E-04 1. 72!:-oC 2.08£-04 2.UE-04 2.22£-04 2.21E-
1 -2.38£-<12 -<.10£-02 -6.29E-<l2 -1.08£-01 -1.91E-D1 -1.93£-01 -1.03£-D1 -s. 70E-
6 o .oot.oo -4.70£-02 -a .01£-02 -1.32£-01 -2.41£-01 -6 .07£-<>1 -2. 46E-D1 -1.30E· 
s -6. 87£-<12 -a. 54£-<12 -1.!5£-<11 -1.83£-01 -2.91£-01 -2.115£-01 -1. a1t-o1 -1,20£-
4 O.OOEt-00 -8.80£·02 -1.11£-Q1 -1.<1£-<11 -1.92E-D1 -2.17£-<11 -1.94£-<11 -1.44~-
3 0.00£.00 -1.04£•01 -1.16£-<11 •1.5SE-<l1 -1.55£-01 -1.69E-Q1 -1.46E-<l1 -1.17£-
2 O.OOE.OO 0.00£.00 0.00£+00 -1.23£-<11 -1.2SE-D1 -1.48£-<11 -1.34£-<11 -!.. ~9£-
1 O.OOt:t-00 0.00£+00 0.00£.00 0.00£.00 -1.24E-D1 -1.20£-<11 -1.!3E-D1 -l.Q4E-

6 7 8 9 10 n !2 13 
15 1.20£-<11 l.HE-<11 l...04£-Gl 9.37E-<l2 0.00£.00 0.00£.00 O.OOEt-00 0.00£.00 
14 1.48£-01 l.JC£-Ql 1.20£-<11 !.04E-D1 8.2JE-D2 7 .07£-Q2 0.00£+00 0.00£.00 
:.J 1.69£-<11 1. 41£-<11 L:.7t.-Gl 9.80£-02 7.32£-<12 5.89£-<12 O.OOEt-00 0.00£+00 
12 2.17£-01 :.. 35£-ol !.44£-<11 1.04£-01 7 .73£-<12 5.711£-<12 4.70E-D2 0.00£+00 
ll 2.96£-<11 ·1.87£-<11 !.20£-<11 8.1.3£-<12 5.78£-Q2 <.30£-<12 3.S2E-D2 ~.00£+00 

10 6.071:-<11 2.46£-<11 1.30£-<11 7.88£-Q2 S.2U:-D2 3. 71£-<12 2.85E..V2 2.35£-<12 
9 1.93£-<11 !..03£-Gl 5. 75£-<12 3.52E-<12 2.36£-<12 l. i:..E-o2 !.43E..V2 l.18£-()2 
·a 2.19£-Q4 2.221:-<14 2.21£-<14 2.19£-<14 2.!6£-QC 2.14£-<14 2.!CE:.....;)4 2.11£-04 
1 -1.93£-<11 -1.03£-Gl -s. 70£-<12 -3.47l:-Q2 -2.31E-<12 -1. &7£-<12 -1.39E-D2 -1.14£-<12 
6 -6.07'£-<11 -2. 46E-Q1 -1.30£-Ql -7. 84£-<12 ·5.16E-D2 -J. 67£-<12 -2.81.!:-<12 -Z.J0£•02 
5 -2.95£-<11 -1.87'£-o1 -1.2ct:-o1 -9.on-o2 -s. 74E-D2 -<.25£-<12 -3.48£-<12 0.00£+00 
4 -2.17'£-<11 -1.34£-01 -1.44£-<11 -1.04£-<ll -7 .69E-D2 -5. 7SE-<l2 -4. 66E-D2 ~.00£+00 

3 ·-1.69£-Ql -1.46£-01 -1.!7£-<11 -9.76£-<12 -7.28E-D2 -5.84£-02 :.~0£+00 ~.00£+00 

2 -1.48£-<11 •1.34E-il1 -l.lll£-<11 -1.04£-Q1 -~ .19£-D2 -7 .02£-<l<. ~ .. :0£+00 ? .00£+00 
1 -1.20£-<11 •1.:.3£-<1! -l.~<E-01 -9.32E-<l2 ~.00£+00 J.00£+00 ~.00£+00 ~ .. 00£•00 

Figure 23. Partial file outz,oi.lis (boundary points with floating potential) 
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Appendix C: Proof of Field Equivalence in 
Figures 15a and 15b 
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11 Appendix C: Proof of Field Equivalence 1n Figures 15a 
and 15b 

The complex potential F(z) = A+ iV for the current filament distribution shown m 
Figure 14a is given by Eq. (19). We have3 when the scalar potential V = 0: 

(20) 

Now defining the scalar p = ,;x;;xb. we have 

(z ±xa)(z ±xb) _ XaXb ( . ) _ (z p :r" +:~:b) 
...;.._---'--'-----'- - Z + -- ± Xa + Xb - p - + - ± ---'--

z z p = p 
(21) 

which, along the circle defined by z = pei<l>, reduces to 2pcosd>± (;ra +·:rb). The log 
of this expression, being pure real, implies that along the circle ;~· 2 + :t/ = :t:u:r& we have ', 
v = 0. 

Thus for the current filament distribution in Fig. 14a (or 15a). the circle defin~d by 
r = y'X;Xb is a constant scalar potential surface; outside this radius the field is identical 
to that of Fig. 14b (or 15b) where an infinitely permeable iron disk of radius r = ~ 
likewise maintai'ns the scalar potential at this radius constant. 

3 Altema.tively,for V = 0, ~{ln[(z- x0 )(z..:.. xb)]-ln[(z + xa)(:: +x0 )]} := ;J {luh.~' 11 •·] -lu[."yf.'"·•J} = 0, where 

Tp = J[(x- Xa)(x- xb)- y2j2 + [(2x- Xa- xb)YF •. rq = J[(x + Xa)(x + l't.)- y~J2 + [{2;: + :t:., + 2't.)YJ2, Op = 
(2r-ra-Z11 )y d 0 {2z+r.+rh)Y S 1 · 1 f \' 0 0 f 1 · 1 0 arctan (.:z:-.:z:a )(r-.:z:~)-y2 , an q =arctan (r+.ra )(.r+.ro)-yZ. o \'lllg. we taw~ or = U: 1• = 4 rom w uc 1 y = 

or x 2 + y 2 = x 0 x 0 , as. above. 
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