LBL-33868
UC-410

Lawrence Berkeley Laboratory

UNIVERSITY OF CALIFORNIA

Accelerator & Fusion
Research Division

Presented at the Computational Accelerator Physics
Conference, Pleasanton, CA, February 22-23, 1992,
and to be published in the Proceedings

Simulating a Singularity-Free Universe Outside
the Problem Boundary in Poisson

K. Halbach and R. Schlueter

January 1992

|

| X400 HEONTHIIFY |

97eTNOIT)
10N Ss30d

hp1d
I
|

Prepared for the U.S. Department of Energy under Contract Number DE-AC03-76SF00098

*Kxeaqil @S
898¢c¢c-149d1

Q
(=]

o
=

=




DISCLAIMER

This document was prepared as an account of work sponsored by the
United States Government. Neither the United States Government
nor any agency thereof, nor The Regents of the University of Califor-
nia, nor any of their employees, makes any warranty, express or im-
plied, or assumes any legal liability or responsibility for the accuracy,
completeness, or usefulness of any information, apparatus, product,
or process disclosed, or represents that its use would not infringe pri-
vately owned rights. Reference herein to any specific commercial
product, process, or service by its trade name, trademark, manufac-
turer, or otherwise, does not necessarily constitute or imply its en-
dorsement, recommendation, or favoring by the United States Gov-
ernment or any agency thereof, or The Regents of the University of
California. The views and opinions of authors expressed herein do
not necessarily state or reflect those of the United States Government
or any agency thereof or The Regents of the University of California
and shall not be used for advertising or product endorsement pur-

poses.

Lawrence Berkeley Laboratory is an equal opportunity employer.

This publication has been reproduced from the best available copy



DISCLAIMER

This document was prepared as an account of work sponsored by the United States
Government. While this document is believed to contain correct information, neither the
United States Government nor any agency thereof, nor the Regents of the University of
California, nor any of their employees, makes any warranty, express or implied, or
assumes any legal responsibility for the accuracy, completeness, or usefulness of any
information, apparatus, product, or process disclosed, or represents that its use would not
infringe privately owned rights. Reference herein to any specific commercial product,
process, or service by its trade name, trademark, manufacturer, or otherwise, does not
necessarily constitute or imply its endorsement, recommendation, or favoring by the
United States Government or any agency thereof, or the Regents of the University of
California. The views and opinions of authors expressed herein do not necessarily state or
reflect those of the United States Government or any agency thereof or the Regents of the
University of California.



-

LLBL-33868
UC-410
LSGN-138

SIMULATING A SINGULARITY-FREE UNIVERSE
OUTSIDE THE PROBLEM BOUNDARY IN POISSON

KLAUS HALBACH AND ROSS SCHLUETER

ACCELERATOR and FUSION RESEARCH DIVISION
' Lawrence Berkeley: Laboratory
University of California
Berkeley, CA 94720

JANUARY 1992

This work was’ supported by the Dlrector Office of Energy Research Office of Basic Energy Sciences, Matenals
‘Sciences Division, of the U.S. Department of Energy under Contract No. DE-ACO3—76SFOOO98



o



S1mu1at1ng a Singularity-Free Universe Outside the Problem

Boundary in POISSON

Klaus Halbach and Ross Schlueter
January 30, 1992

Abstract

An exact analytical solution developed from the Dirichlet problem exterior to ‘a circle is
employed in the magnetostatics code POISSONU! to provide 2 boundary condition option which
simulates a singularity-free universe external to the problem domain. Problems with domains
of large unequal extents in perpendicular directions. are treated by first conformally mapping
the exterior of an ellipse onto the exterior of the unit circle. Problems exhibiting symmetry in -
one or two planes are modeled using 2 semi-circle or quarter-circle, respect.xvel\' in conjunction
with the singularity-free rest-of-universe boundary condmon :

1 Intfo’duction

Currently POISSON ailows for a fixed potential or a zero normal derivative of the potential
on problem boundaries. The analysis of many magnetostatics problems would benefit from
the ability to simulate a singularity-free universe external to the problem domain. Here, the
analytical development and numerical adaptation for POISSON of a free-floating potential
boundary condition that simulates a singularity-free rest-of-the-universe is described. An
approximate technique addressing this general problem has been already been developed!?
whereby the harmonic description of the potential function on an arc just interior to the
problem domain's boundary is used to approximate and update the boundary potentials
in a relaxation procedure. Herein, a solution is developed from the Dirichlet problem
exterior to a circle which is analytical and exact (except for the discrete nature of the
mesh); no approximations are employed. Problems with domains of large unequal extents
~in perpendicular directions may also be handled by first conformally mapping the exterior
of an ellipse onto the exterior of a circle; the analytical development and implementation
in POISSON are treated below. Problems exhibiting symmetry in one or two planes may
be modeled using a semi-circle or quarter-circle, respectlvely in conjunction with the
singularity-free rest-of-universe boundary condition.-

The complete analytical and numerical procedure of the next two sections can be
summarized as follows, starting with the simulation of a singularity-free universe outside a
circle, to be followed by a general description of the process for outer boundaries other than
circles: POISSON is instructed to make a mesh with meshpoints on a circular boundary
and with a set of meshpoints just outside that circle, connected to the points on the circle
by regular point-to-point meshlines. Subject to the condition that one has only vacuum
‘outside that circle, we derive below an exact, and fortunately, linear relationship between



the vector potentials on the circle and both the scalar and vector potentials at any point
.outside that circle. The matrix that allows the calculation of the vector potential for the |
points just outside the circle from the value of the vector potential of the points located
on the circle is then computed. The program then goes through a modified iteration
procedure to satisfy the Poisson equation everywhere: first, using current vector potential
values of the meshpoints outside the circle, it calculates ‘new’ values of the vector potential
for all points on and inside the circle; then, using the above mentioned matrix, 1t calculates
‘new" values of the vector potential for the meshpoints outside the circle from those on
the circle. The program continues this two-step cycle until the solution has converged.

if an elliptical boundary can better accommodate the geometry under investigation,
the procedure is identical to that of the case of a circular boundary, with one additional
- step: After the meshpoints on and just outside the ellipse have been generated, a coordi-
nate transformation is used that maps the ellipse and the points just-outside the ellipse
conformally (without any singular point on or outside the ellipse) onto a circle and points
Just outside the circle, respectively. The matrix relating the vector potential at the points
-on the ellipse to the points just outside the ellipse is then calculated as above. If one
wants to use yet a different boundary, an appropriate conformal map to a circle and points
outside the circle must be used. So far, the ellipse is the only non-circular boundary that
has been implemented, but the program is set up to use any user-provided conformal map.

2 The Dirichlet Problem Outside a Circle

In this section'an expression is derived for the complex magnetic potential F(z) outside 2
circle from the given vector (or alternatively scalar) potential on the circle when there are
no external singularities. This problem is analogous to that of determining the complex
potential at locations in a singularity-free region inside a circle from the values of the
vector potential on the bounding circle, found in many complex analysis texts.

Outside a circle the complex potential can be expressed by a Laurent series expansion:

F2)=A+iV = Ag +iVe + 5 2 Q)
o n=1 ) .

-~

where z = z + 1y and the a,, are complex constants.

Taking the real part of Eq. (1) gives for the vector potential on a circle of radius 7q:

Alro, 8) = Aoq + i {Re(anj cos(—nf) - 1772(an)si11(—116)}

n n .
n=1 To To

Expressing the trigonometric functions in exponential form gives:

e (- —inb | _ind —inf _ _ind
Alro,0) = Agy + {Re(an)(e ’ +e ) +i1m(an)(c . € )} - (3)
. 25 5 Y
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Figure 1. Geometry for Dirichlet problem outside a circle

The vector potential at infinity A, and the complex constants «,, can be determined
by multiplying both sides of Eq. (3) by rite™? (= z'), where m is a nonnegative integer,
and integrating over § from 0 to 2.

For m = 0 we have:

1 2w ,
Ao = 5= [ Alro, 0)d8 | Y

For m a positive integer we have:
27 \. ¢ 27 0
’ / Alro, 0)rme™ dg = / Awore™0 0+
0 : 0

1 hnd | 2 R n 2 I n 1 |
1 Z {/ i(.‘am)( iH{(m~n)6 +e i(m+n)é d9 + 7 / _.nz__(fn_l(e’(m—n)o —_ c‘("‘+")0)<10}
2 n=1 0 To
: | - (5)

All terms on the nght hand side of Eq. (5) are identically zero except those terms in
 the summation for Wthh n=m:

27 . .
/ ’ A(ro,O)r{)"e‘medG = =2r{Re(an) + iIm(ay)} = 7a,, (6)
o

1
2

Substituting the expressions derived for Ay and a, into Eq. (1) we have for ['(z)
outside the circle:

27

(z)-———/ A(ror8 )40 +iVao + = Z/ Alro,0) )2 as, 2> lzol  (7)

Ve can be set to zero without loss of generality. Using a closed form expression for the
infinite geometrical series Y7°(zo/2)" results in the following expression for the complex
potential F(z) outside a circle in terms of the known vector potential on the circle:

3



interior circle points Dirichlet points

- Figure 2. Mesh discretization and indices

’ -27 . 1 27 . 10
F(2) = At~ [ Alre,0)db = Ao+ = [ A0, 00—
T Jo

z— 24 wJo - - rei? — roett

do  (8)

where 2= = re*® is a point outside the circle, zo = roe'? is a point on the circle and

Ao = L 27 A(ro, 8)d0.

3 Numerical Dlscretlzatlon of Analytlcal Solution to D1r1ch-
let Problem Outside a Clrcle

Here we derive a discretized expression relating the known vector potentials A;,,,, 2 <
? < Tmaz + 1 of a finite set of points Zint, = T0€% on ‘a[n interior] circle to the vector
potentials Agir; 2 < 7 < jmaer + 1 of a finite set of [Dirichlet] points z4ir, = 7;¢'%
exterior to that circle. This discretized expression takes the form of a 2,,,, by Jme matrix
M which is independent of the values of the vector potentials (i.e. need be determined

only once):

A‘dir = [Al]fi'nt ) 1 (9)

We interpolate the vector potential A(rg,§) between known vector potentials on the
interior circle ! 2 ‘

. . . . —A; ¥(8-6,) . . .
1A simpler interpolation expression A{rg,8) = A + (A ’ T )‘(9 is not employed biccause the linear term in
Biv1~

8, when substituted into the integral of Eq. (8) cannot be integrated in closed form. This expression would require
either numerical integration or an approximation amenable to closed form integration to be made. An alternative
(Aig1—A,)(sin(6-6))
sin(€i41-6;)

integrated in closed form. The interpolation expression given in Eq. (10) also allows closed form integration of
Eq. (8) and is symmetric with respect to (Ain:,,8;) and (A"'“-+x' 6i41). Finally note that the three interpolation
expressions discussed are equivalent in the limit Af; = 6;4y — 6; — 0. Errors introduced into the solution are of
exactly the same order as those already present in POISSON where the potential is assumed linear between nodes.

.interpolation expression A(rg,8) = A; + when substituted in the integral of Eq. (8) can be

. . . . . . 2= =z .
2 Another attractive interpolation technique is to recast Eq. {(8) in the form F{z) = A + ;’: A .-1(:0);1:’0 with



| sin(8 — 0i41) sin(0 — 0;)
o 0 = nt;, \—Y—/—F————T Ain ; Yy il
Alro, 0) = Aum, [sxn(ﬁ; — 9,-.*.1)] + At [5111(0,-“ —0;) (10)

whereOi <0< O

Substituting the interpolated expression for A(rg,8) into Eq. (8), expanding the
trigonometric functions in exponential form, integrating, and simplifying expressions yields:

1 o 1 tmaz+1 Ag v AO;__I
| 5—7_‘—/ A(ro, 0)df = o > vAm.t, {tan (f) + t-a-n. (——2———>} (11)

i=2

and

2-— . 106!6 1 lma.t+1 .
—/ 70’ Clé I 70616d0 = f( i— 1701, 01'*'1 "(117‘]) - I Z:) 4iut,

{( : .)(1_'@%9.-_1.(_%_) By, +n[D; pre Eaal e (12)

-1 EYAN: PR ' [B.’—_ll '_B;—i.l]
() (1 - 20 = i000sB D700

/

—_ Zdir; = Zing; Zdir; ' i
_ f) i+1 — b - == .t ~. = g 10
Dij = —, B,"j = K <dir, = rje - Zint, = Ty "y

Aoi = 0i+1 - 0i1 2 § : S.imar + ls -2 _<_] S .jmu;r +1

-The vector potential Ay, is then:

lma.z:’f‘l ’ Ae . Ae . »
{ Z Amt, [tan ( 5 ) -+ tan ( 5 1) + .[(Oi—150i7 0i+l-. zdir, )] }
=2 -
! ' : v _ . (13)
and thus the matrix M of Eq. (9) is given by A

! N ANV |
M( )]) = 'Z_Re {ta'n (T) + ta'n( Y ) + f( 111 (}1701+h~du )} (14)

-

Adirj =

< <

where Af;, f(0;1,0:,0:41, 24ir;), and zg;,, are defined above.

the integration path on the interior circle. Approximating this integration path by that of a polygon passing through

~ all node points on the interior circle and interpolating A(z) along each line segment by A(z) = 4, + ——*1—4%_’—('——-

where 2 lies on the line segment with endpoints z; and z;41, gives closed expressions for all integrals.



POISSON has been modified® to allow for free-floating ‘Dirichlet boundary. points’ to
simulate a singularity-free universe outside problem boundaries. Given an initial assumed
set of potentials on a circular Dirichlet outer boundary, Poisson’s equation is [indirectly]
. solved in the usual manner as given in [1], yielding vector potential A values at all interior
points, including the ‘interior circle points’. Then the vector potential solution on the set
of ‘interior circle points’ is used along with the matrix of Eq. (14) to reset the potentials
on the outer ‘Dirichlet boundary points’. The procedure is iterated until both the relaxed
solution over the entire problem domain for the given current set of Dirichlet potentials
converges and the iterated Dirichlet potentials themselves converge.

| 4 Running POISSON Using Boundary Condition Option.
Simulating a Singularity-Free Universe Outside Problem
Boundaries '

To run POISSON using the boundary condition option simulating a smgulanty free
universe outside problem boundaries:

e Make an AUTOMESH file (e.g. feirc.dat; see Figure 3) with a circular boundary as
region 1. Region 2 must be a circular boundary just inside (i.e. a distance ~ DX)
region 1's boundary. To assure accuracy of the numerically discretized equation, DX
must be such that angular spacing of nodes on region 2's boundary is ~ 10 degrees
or less.

o Run AUTOMESH

) Runv_ LATTICE with *14 1 *58 .001 *108 5 *22 0 etc. (e.g. *49 2) S. Also, user
may want to set *32 -1 to get mesh coordinates (a,y)=f(k,!{) in oullal.lis and *45
LMAX to get vector potential values at all mesh points in outpoi.lis.

@ Run TEKPLOT with M, 01005, S, GO to view mesh (See Figure 4).

e Run POISSON (with e.g. 0 Dump, S, 6101.,66-1., -1 S) Here Dirichlet points
are free floating.

. o Run TEKPLOT with M 1 O 295, S, GO to view B- f|e|d lines (See Flgure 5).

New CON array variables defined for»this new boundary condition case are:_

e CON(14) = IDIRICH = 1 for singuilarity-free universe outside problem boundaries
e CON(58) = EPSILD = 0.001 (default) = convergence criterion for Dirichlet points

‘e CON(108)= ICYCLED_MAX = 3 (default) = initial number of IVERGE iteration
- cycles between resetting of Dirichlet-boundary points

Also, the rate of convergence ETADIR is set to 1.0 initially, ovérrelaxation factor
RHODIR is set-to 1.9 initially, and the spectral norm of the iteration matrix is calculated
to optimize RHODIR thereafter. ‘
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Q01 full circular arc :
SREG NREG=2, DX=.2, XMIN = -1.2, XMAX=1.2, YMIN = ~1.2, YMAX=1.2, NPOINT=S,
IBOUND=QS

$PO R= 1.2 . THETA= 0. $

SPO R~ 1.2 . TRETA= 90. . X0=0., Y0=0., NT=2S .
$SPO R~ 1.2 , THETA=180. , X0=0., YO=0., NT=2S
SPC R= 1.2 . THRETA=270. , X0=0., YO0=0., NT=2$
$SPO Re= 1.2 . THETA=360. ©, X0=Q0., ¥0=0., NT=2§
SREG MAT~l, NPOINT=5$5

$SPO R= 1.0 . THETA~ 0. $ : .

$PO R= 1.0 . THETA=~ 90. ., X0=0., Y0=0., NT=2§
$SPO R= 1.0 . THETA=180. , X0=0., Y0=0., NT=2$
S$SPO R~ 1.0 , TRETA=270. . X0=0., YO=0., NT=23
$PO R= 1.0 . THETA=360. . X0=0., Y0=0., NT=2$

Figure 3. Sample AUTOMESH file fcirc.dat for a circular domain

RS, =0 il circslor ec 0L « %S0

Figure 5. Sample field line plot for a circular domain problem (two current filaments,
Ty = —1I,) with a singularity-free external universe

~3



z plane w plane

y | v

1Yrad

- \_‘/xrad

U

Figure 6. Ellipse in z plane mapped to unit circle in w plane

Additional input information for POISSON is written to [preexisting] file dirich_in.dat
when LATTICE is run with IDIRICH=1. This file lists Dirichlet &,{ and 2,y values and
interior circle k,l and z,y values. It is a supplemental input file to POISSON.

Additional output information is written to [preexisting] file dirich_out.dat when POIS- -
SON is run. This file lists the matrix relating vector potentials of Dirichlet points to those
of interior circle points, and the POISSON converged vector potential values of Dirichlet
and interior circle points.

Appendix A lists the Fortran code additions to LATSO, POISO, and LIBSO to allow
for the new boundary condition simulating a singularity-free universe outside problem
boundanes :

. Appendix B lists a test series to check the accuracy of the newly mcorporated POISSON
boundary condition option. .

5 Mapping the Region Outside an Elhpse to the Reglon
Out31de a Circle

An ellipse in the z(2,y) plane can be represented by:

T= Xpad COS P + 1YregSING. - 0<o < 2r (15)

(¢ is not to be confused wnth the angular location 0 of a_point on the ellipse with
respect to the z-axis.)

Introducing a complex w plane through the polar representation

w = pe’, | (16)

the ellipse and its exterior in the z plane can be conformally mapped onto the unit
circle and its exterior in the w plane with



| w4+ w! Cfw— et - -
() en(25)
All singular points of this map‘(given by dz/dw = 0 or dw/d= = 0} are clearly located
inside the unit circle in the w plane:

. 1 1 9 g = .I/rutl.
dz/dw = = T, — =)+ Yra — W = —— S
Z/ w 0 = 0 - z d(l ) 1!’2) y d(l + 102) = X pd -+ Yrad (16)

Thus the exterior of an ellipse in the z plane is indeed mapped to the exterior “of the
unit circle in the w plane.

POISSON has been modified® to allow for boundaries of the shape of an ellipse. This -
feature is especially useful for simulating a singularity-free universe outside problem bound-
aries when the problem domain itself is longer in one direction than in a perpendicular
direction. In such cases an ellipse just interior to the problem’s exterior boundary is first
mapped onto a unit circle in the w plane and the exterior boundary itself is also mapped
to the w plane (not necessarily onto a circle). Since the map is conformal, the vector
‘potentials of the interior circle in w are identical to those of the interior ellipse in = and
likewise for the exterior boundaries in w and in z. The matrix \/ of Eq. (14) is calculated
and the iterative procedure described previously for solving Poisson's equation, with the .
free- ﬂoatmg Dirichlet potentials on the exterior boundary simulating the singularity-free
external universe, is executed.

6 Running POISSON with an Elliptical Problem Domain

. To run POISSON with an elliptical problem domain and using the boundary condition
option simulating a singularity-free universe outside problem boundaries:

e Make an AUTOMESH file (e.g. felli.dat; see Figure 7) with an elliptical boundary as
region 1. Region 2 must be an elliptical boundary just inside (i.e. a distance ~ DX}
region 1's boundary. To assure accuracy of the numerically discretized equation, DX
must be such that angular spacing of nodes on reg:on 2's boundary is ~ 10 degrees
or Iess

e Run AUTOMESH

e Run LATTICE with *14 1 *58 .001 *108 5 *22 0 etc. (e.g. *49 2) S. Also, user
may want to set *32 -1 to get mesh coordinates (x,y)=f(k./) in vullal.lis and *45
LMAX to get vector potential values at all mesh points in oulpoi.lis.

e Run TEKPLOT with M, 01005, 3. GO to view mesh (See Figure 8).

« Run POISSON (with eg. 0 Dump, S, 6 10 1,66-1, -1 S). Here Dirichlet points
are free floating. A

e Run TEKPLOT with M, 10295, S, GO to view B-field lines (See Figure 9).

9



001 full ellipse

SREG NREG=2,

IBOUND=0S

DX=.10,

$P0 R- 2.0 ., THETA=- 0.
$PO R= 1.0 . THETA=~ S0.
SPO R= 2.0 , THETA=180.
SPO Rw 1.0 . THETA=270.
SPO Re- 2.0 . THETA=360.
SREG MAT=1, NPOINT=5$ .
SPO R= 1.80 THETA= 0.

SPO R= 0.80°

SPO R= 0.80
$PO R= 1.80

$PO R= 1.80 .

¢

Figure 7. Sample AUTOMESH file felli.dat for an elliptical domain

A/

7
KISY
A2 VAVAVA

THETA= 90.

THETA=180.
THETA=270.
THETA~360.

FRO8. =03 full slllpes -

Figure 9. Sample field line plot for an elliptical domain problem (two current filamen
I5) with a singularity-free external universe

I]n:Z _

XMIN =« -2.0,

AV 95#;?:%1#}7
WAVAVA
N :;IQAVAVAVAVAVA““AV‘ge
VAVAVAVAVAVAVAVAVAVAVAV 1720

10

VAVAV s

A».’é—‘

XMAX=2.0, YMIN =~

. Y0=0Q.
. YO=O.
X0=0., YO=0.
. YO=0.

Y0=0
Y0-0
Y0-0
Y0~0

=
(=3
]
[=]
s oA

, NT=4$%
. NT=4%
. NT=4$
¢+ NT=4$

, NT=4$
.. NT=4$
.. NT=4%

. NT=4§

A,
SN VAVAVAVAVAVAVAVAVAVAVAVAVAVAY S Ly, 74}
‘—:,-iuuuuv‘v‘v‘v‘uv‘uw"% Y
: -~ WAV ‘P‘(‘V

S A VAVAVAVAV,AVAVAVAVAVAYA

. TAVAVAY, VAVAYZ
DRI

-1.2,

is,



New AUTOMESH input option for NT:
e NT = 4 for elliptical curve between current point and previous point

A full ellipse must be entered 1 of an ellipse per arc segment (see felli.dat).

Appendix A lists the Fortran code additions to AUTSO and POISO to allow for the
new boundary curve shape option and associated conformal maps necessary to implement
the new boundary condition option simulating a singularity-free universe outside problem
boundaries. :

7 Special Features

~ Special case symmetries for the singularity-free external universe boundary condition
have been incorporated®® into POISSON; quarter-circles or half-circles may be employed to
reduce mesh area size and enhance the accuracy of field harmonic component calculations.

For a problem with the Neumann midplane symmetry A(z, —y) = A(x,y), a half-circle
may be employed (see Figure 10). Since current sources below the midplane are identical .
in both magnitude and sign to those above the midplane and the rest of the universe is
singularity-free, the net current must be zero in the half-circle problem domain with this
© symmetry type. : - :

Again, for a problem with the Dirichlet midplane symmetry A(z,—y) = —A(2,y), a
half-circle may be employed (see Figure 11-a,b). Since current sources below the midplane
are identical in magnitude but opposite in sign to those above the midplane and the rest
of the universe is singularity-free, no restriction is imposed on the net current in the
half-circle problem domain with this symmetry type (Flgure 11-b). '

For a problem exhibiting symmetry along both the z- and y-axes, a quarter-circle may
be employed. For H-magnet symmetry as shown in Figure 12, i.e. A(—x,y) = —A(2,y)
and A(z,—y) = A(z,y), no restriction is imposed on the net current in the quarter-
circle problem domain. For an elliptical quadrupole symmetry with Neumann boundary
conditions along both the z- and y-axes, t.e. A(—z,y) = A(x,y) and A(z,—y) =
A(z,y), the net current must be zero in the quarter-circle problem domain. . For the
quarter-plane symmetry with Dirichlet boundary conditions along both the 2- and y-axes,
ie. A(~z y) = —A(z,y) and A(z,—y) = —A(z, y) no restriction is imposed on the
net current in the quarter-cnrcle problem domain: ' ~ '

To run POISSON with a quarter-curcle or half-circle problem’ domain using the boundaryb
condition option simulating a smgulanty-free universe outside problem boundaries:

e Make an AUTOMESH file (e.g. gcirc.dat; see F:gure 13) with a quarter (or half)
cnrcle line region as region 1. Region 2 must be a quarter (or half) circle line region
just inside (i.e. a distance ~ DX) region 1's boundary. To assure accuracy of the
numerlcally discretized equation, DX must be such that angular spacmg of nodes on
region 2's boundary is ~ 10 degrees or less. .

11



RO, =071 HLS sllipes re=t Mmar- ™M

Figure 10. Sample field line plot for midplane symmetry type with A(z, —y) = A(z,y)
‘ and a singularity-free external universe :

MO8, ~a) RS elllpes re=& our - ©n i . PROS. =X HUS elllpss et foc - =0

Figure 11. Sample field line plot for mtdplane symmetry type with A(z ~y) = —A(z,y)
and a smgulanty-free external universe '

PRI, X8 QFRITR alllpes re=t fyor - xo

Figure 12. Sample field line plot for H-magnet symmetry type with
A(-z,y) = —A(z,y). A(z, —y) = A(z,y), and a singularity-free external universe

12



qecire2 QUARTER ellipse nt=4§ .
$REG NREG=3, DX=.05, XMIN = 0., XMAX=1.2, YMIN = 0., YMAX=1.2, NPQINT=2,

IBOUND=0$

$PO R= 1.2 , THETA= 0. $

$SPO R= 1.2 , THETA= 90. . X0=0., YO=0., NT=4S
~ SREG MAT=1, NPOINT=2$ o

$SPO R= 1.0 , THETA= 0. S

$PO R= 1.0 ., THETA= 90. . X0=0., Y0=0., NT=4$

SREG MAT=1, NPOINT=4, IBOUND=0S$S :

$PO R= 1.2 . THETA= O. $

SPO R= 1.2 . THETA=~ 90. , X0=0., Y0=0., NT=4$

SPO R= 0.0 , THETA= S0. s

$PO R= 1.2

. THETA=« 0. S

" Figure 13. Sample AUTOMESH file gcirc.dat for a quarter-circle domain

e continue as outlined in the previous sections

New CON array variable defined for the singularity-free external universe new boundary
.condition with the above symmetry conditions:

« CON(14) = IDIRICH

= 2 for singularity-free universe outside a half-circle (or half-ellipse) with midplane
symmetry. If midplane symmetry is Neumann with A(x, —y) = A(a,y), then
CON(22) = 1. If midplane symmetry is Dirichlet with A(x, —y) = —A(z,y).
then CON(22) = 0.

= 4 for singularity-free universe outside a quarter-circle (or quarter ellipse) with
‘symmetry with respect to both the z- and y-axes. For H-magnet type symmetry,
CON(22) = 1 and CON(24) = 0. For Neumann symmetry at both the z- and .
y-axes, CON(22) = 1 and CON(24) = 1. For Dirichlet symmetry at both the
- and y-axes, CON(22) = 0 and CON(24) =0. |

Appendix A lists the Fortran code additions to LATSO, LIBSO, and POISO to allow
for the special case symmetry types in conjunction with the boundary. condmon option
simulating a singularity-free universe outside problem boundaries.

8 Nontrivial POISSON Test Case Checks

Below we check the accuracy of the new singularity-free rest-of-universe boundary condi-
tion in POISSON with two test cases: (a) with current filaments in free-space and (b) with
current filaments in the presence of infinitely permeable iron, which is computatlonally
difficult, but for which an exact closed form solution is known.

(a) Current filaments in free -space. The complex potential for the current
filament distribution shown in Figure 14a is '

13



1 I +1  +1 -1 | +1

—Tp —I, T, Iy —Iy . Tp

iron disk, p, = 0o

Figufe 14a,b. POISSON test case geometries, (a) iron-free and (b) iron present

PHIJ!. -3 OIR EIRCLE rect—of-urlweress LYQE - 730 R . rRo8. =003 OIR CLIROLE reat~wfurlwres (YOL ~ 70

Figure 15a,b. Field line plots using new singularity-free rest-of-universe boundary
o condition for the geometries of Figure 14a,b.
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. 4 _ Ii :
F(z)=% é—‘%— In(z — ) (19)

1=1
where 2 = (—24,0) = —24,29 = (—2,,0) = —2z3 and [} = 12 =-1,L=I0L= = +1

A POISSON run for the geometry of Figure 14a, using the quarter-circle H-magnet
symmetry of the previous section and the new singularity-free rest-of-universe boundary
condition with the singularities input in the first quadrant gives the field line plot shown in
Figure 15a. Examination of the corresponding POISSON output file shows that the com-
putationally obtained vector potentlal A agrees everywhere with the closed form solution
given by the real part of F(z) in Eq. (19).

(b) Current filaments in the presence of infinitely permeable iron. It is
shown in Appendix C that the imaginary part of F(z) equals zero when either 4y = 0 or
z? + y? = z,zp. Thus in Figure 14a, the magnetic field outside a radius /T, x, will be
identical to that produced by the geometry of Figure 14b where an infintely permeable
iron circle of radius r = \/Z,7p is centered at z = 0 and the location and magmtude of
the outermost current filaments are identical to those of Frgure 14a.

A POISSON run for the geometry of Figure 14b (using the quarter-circle H-magnet
symmetry of the previous section and the new singularity-free rest-of-universe boundary
condition) with g, = oo in the iron and with the singularity input in the first quadrant
gives the field line plot shown in Figure 15b, which is identical to that of Figure 15a outside
the radius r = ,/7,Z,. Examination of the corresponding POISSON output file shows
that the computationally obtained vector potential A agrees at all locations » > /2,7
with the closed form solution given by the real part of ['(z) in Eq. (19).

9 . Literature Cited
1. Reference Manual for the Pozss‘on/Superﬁsh Group of Codes, LA UR-87-126, Los
~ Alamos National Laboratory, Los Alamos, NM, 1987.

2. Caspi S., et.al., Incorporation of Boundary Condition into the Program POIS-
SON, LBL 19172, Aug. 1985.

3. Schlueter, R.D., POISSON version _DSA123: [ROSS. POIS. MODS]POISSON Lawrence
Berkeley Laboratory, 1990.
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C***********************************************************************

AUTSO MODIFICATIONS

IN MAIN PROGRAM:

o n= LOGXeq (‘' AUTOMESH.POI’)
o PRINT *, NPOTS, NSTAR, NNF ' 'DIAGNOSTIC
c PRINT *,NPOTS, NSTAR, NNB, NNB IDIAGNOSTIC

IN SUBROUTINE DATUPS:
IF(NT.EQ.4) GC TO 51

GO TO 46
C ELLIPSE

51 IF(LEGVAR (X1)+LEGVAR(Y1).GT.0) GO TO 52
X1=XZ1+X1
Y1=YZ1+Y1
THETA1=ANGLE (X22, YZ2,X1,Y1,0)
GO TO 54
52 IF(LEGVAR (R1)+LEGVAR(THETAl) .GT.0) GO TO 65
IF (THETA1.LT.0.0) THETA1=360.0+THETAl
THETA1=THETA1*PI/180.0
X1=X2Z1+R1*COS (THETAL)
Y1=YZ1+R1*SIN (THETAL)
. AN

54 IF(LEGVAR(X2)+LEGVAR(Y2).GT.0) GO TO 56
R2=SQRT (X2**2+Y2%**2} ‘
X2=X22+X2 -
Y2=YZ2+Y2
THETA2=ANGLE (X22,Y22,%X2,Y2,0)
. GO TO 58
56 IF(LEGVAR(R2)+LEGVAR(THETA2).GT.0) GO TO 65
IF(THETAZ.LT.0.0).THETA2=360,0+THETA2
THETA2=THETA2*PI/180.0
X2=X22+R2*COS (THETAZ2)
Y2=YZ2+R2*SIN (THETA2)
c .
58 R1=SQRT ((X1-XZ2)**2+(Y1-YZ2) **2)
‘ IF(ABS(R2-R1) .GT.0.001*R2) PRINT 158, IREG !GO TO 65
158 FORMAT (' ELLIPSE SEGMENT INPUT FOR BOUNDARY OF REG‘,I3)
C .
C CHECK THAT ARC LENGTH IS LESS THAN OR EQUAL TO PI
C .
IF (ABS (THETA2-THETAl) .LE.PI) GO TO 46
IF (THETAL1.GT.THETA2) GO TO 59
THETAl1=THETA1+2 .0*PI
GO TO 46
59 THETA2=THETA2+2.0*PI 17
GO TO 46

'RDS
'RDS

{RDS

IRDS
IRDS
IRDS
IRDS
'RDS
IRDS
IRDS
IRDS
I'RDS
'RDS
'RDS
!RDS
IRDS
IRDS
IRDS
IRDS
IRDS
!RDS
IRDS
'RDS
'RDS
{RDS
IRDS
IRDS
IRDS
IRDS
IRDS
'RDS
'RDS
IRDS
'RDS

{RDS

{RDS

'RDS

'RDS

!RDS

{RDS

!RDS
'RDS



65 WRITE (6,165)

PRINT 165
GO TO 90

165 FORMAT (/‘--ERROR-- DATA FOR ELLIPSE FROM (X1,Y1)/(R1,THET

XAl) /' : TO (X2,Y2)/(R2,THETA2) IS INCONSISTENT')

IN SUBROUTINE DISTAN:

300
301

400
430
.
77
78
79
80
C.

IF(NT.GT.3) GO TO 400
CSQ=(X (IROW) =X0) **2~Y (TROW) **2

‘CONTINUE

THETA=ANGLE (X0, Y0, X (IROW), Y (IROW), ITHETA)
IF(IOVER.EQ.1) GO TO 430

IF (THETA.LT.THEMIN .OR. THETA. GT . THEMAX) RETURN
CONTINUE

RAD=45. /ATAN(1.)

" X1X0=ABS (X1-X0)

Y1YQ0=ABS (Y1-YO)

X2X0=ABS (X2-X0)

Y2Y0=ABS (Y2-YO0)

XRAD=AMAX1 (X1X0,X2X0)
YRAD=AMAX1(Y1YO0, Y2YO0)

v

A FUNCTIONAL, IF NOT VERY ELEGANT WAY TO GET DSQ:

THINK=2.*RAD
DSQ_MIN=1.E10

‘DO 80 KTH=1,4
DTHET=-5.*1./RAD _
THET=FLOAT (KTH~1) *THINK
DSQ_OLD=1.E10
DSQ=DSQ_OLD

DO 79 JTH=1,5
DSQ_OLD=DSQ
DTHET=-DTHET/S.

DO 77 ITH=1,92.
THET=THET+DTHET

DSQ= (SQRT ( (X (IROW) ~X0-XRAD*COS (THET) ) ¥*2+

& {Y (IROW) ~YO=YRAD*SIN (THET) ) **2) ) **2

IF(DSQ .GT. DSQ_OLD)GOTO 78
DSQ_OLD=DSQ

CONTINUE

DSQ_SAVE=DSQ_OLD

CONTINUE

IF(DSQ_SAVE .LT. DSQ MIN) DSQ_MIN=DSQ_SAVE
CONTINUE

DSQ=DSQ_MIN
DSQDSQ=(SQRT ( (X (IROW) —X0) **2+ (Y (IROW) =YQ) **2) =R) **2

PRINT *,THETA*360./RAD, XRAD, YRAD,DSQ, X(IROW) Y(IROW) R, DSQDSQ

NTHET= IFIX((THETAZ -THETA) /100.)

IF (NTHET.EQ.O. .AND. THETA.LT.THETA2)NTHET=1
IF (NTHET.EQ.0. .AND. THETA.GE.THETA2)NTHET=-1-
NTHETABS=ABS (NTHET)

DTHET=(THETA2-THETA) /FLOAT (NTHET) 18

!'RDS
'RDS
'RDS

!RDS
'RDS

fRDS
!RDS

. 1RDS
!RDS

'RDS
!'RDS
'RDS
t{RDS-
'RDS
'RDS
!RDS
'RDS
'RDS
!RDS

IRDS

IRDS
IRDS
IRDS
{RDS
1RDS
IRDS
IRDS
IRDS
IRDS
'RDS
'RDS

RDS

'RDS

fRDS
"IRDS

{RDS
IRDS
IRDS
IRDS
IRDS
IRDS
IRDS
{RDS
IRDS
{RDS
IRDS
'RDS
IRDS
tRDS
1tRNC



ARCLEN=0.
THET=THETA-DTHET/2.
THET_OLD=THETA

‘DO 435 NTH=1, NTHETABS

&
&

THET=THET+DTHET

ARCLEN=ARCLEN+ .

SORT (XRAD* (COS (THET) —~COS (THET_OLD) ) **2+
YRAD* (SIN(THET) - SIN(THET “OLD) ) **2)

435 CONTINUE

ENDSQ=ARCLEN**2
RETURN

IN SUBROUTINE INTERX:

60

IF (NTS(N) .EQ.4) GOTO 60

NI=4

X2I=XZ2S(N)

YZI=Y22S (N)
X1X0=ABS (X1S (N) -X2I)
Y1Y0=ABS (Y1S (N) -YZI)
X2X0=ABS (X2§ (N) ~X2I)
Y2Y0=ABS (Y2S (N) ~Y2I)
XRAD=AMAX1 (X1X0, X2X0)
YRAD=AMAX1 (Y1Y0, Y2Y0)
XI=XREG

PHI=ACOS (XI/XRAD)
DY=YRAD*SIN (PHI)

YI=YZI+DY _
THEMIN=AMIN1 (T1S (N) ,T2S (N))
THEMAX=AMAX1 (T1S (N) , T2S (N))
ITHETA=0

IF (THEMAX.GT.2.0*PI) ITHETA=1

" THETAI=ANGLE(XZY, YZI,XI,YI, ITHETA)

IF (THETAI.GE.THEMIN .AND. THETAI.IE. THEMAX) GO TO 200
YI=YZI-DY

THETAI=ANGLE (XZI, YZTI, XI YI,ITHETA)

GO TO 200 :

IN SUBROUTINE MINMAX:

400

IF(NT.EQ.4) GO TO 400 T e

THEMIN=AMIN1 (THETAl, THETAZ)
THEMAX=AMAX1 (THETAl, THETAZ2)
ITHETA=0

IF(THEMAX.GT.2.0*PI) ITHETA=1
X1X0=ABS (X1-X0) :
Y1Y0O=ABS (Y1-YO)

X2X0=ABS (X2-X0)

Y2YO0=ABS (Y2-Y0) :
XRAD=AMAX1 (X1X0,X2X0) 19
YRAD=AMAX1 (Y1Y0, Y2Y0)
RXY=(XRAD-YRAD) / (XRAD+YRAD)

!RDS
!RDS
!'RDS
tRDS
'RDS
!RDS
!RDS
'RDS
!'RDS
'RDS
'RDS

IRDS
IRDS
IRDS

"IRDS

IRDS
IRDS
IRDS
IRDS
I RDS
IRDS
IRDS
!RDS
IRDS
IRDS
'RDS
!RDS
IRDS
IRDS
IRDS
'RDS
'RDS
IRDS

~ IRDS

IRDS
'RDS
IRDS
'RDS
IRDS
'RDS
{RDS
1RDS
'RDS
IRDS
1RDS



SQSEG= :

&0. 25*PI*(XRAD+YRAD)*(1 +RXY**2/4 +RXY**4/64 . +RXY**6/256.)

!GOOD ONLY FOR 1/4 ELLIPSE CURRENTLY

IN SUBROUTINE XYPOTS:

Cc
C
C

a0QON00O

300 IF(NT.GT.3) GO TO 400
301 DXP=0.5*(X2-X1)/FINTS

ELLIPSE

400 PI=4.*ATAN(1l.)

410

X1X0=ABS (X1-X0)
Y1YO=ABS (Y1-YO0)
X2X0=ABS (X2-X0)
Y2Y0=ABS (Y2-YO0)
XRAD=AMAX] (X1X0, X2X0)

!GOOD FOR 1/4 ELLIPSE ONLY

YRAD=AMAX1 (Y1Y0, ¥Y2Y0) v !GOOD FOR 1/4 ELLIPSE ONLY

PHI1=THETAl

PHI2=THETA2
PHI1=ATAN ( (XRAD/YRAD) *TAN (THETAL))
PRINT *,X1,Y1,PHI1,THETAl

IF (THETALl.GT.PI1/2.)PHI1=PHI1+PI
IF(THETAl .LT.-PI/2.)PHI1=PHI1-PI
PHI2=ATAN ( (XRAD/YRAD) *TAN (THETAZ2))
PRINT *,X2,Y2,PHI2,THETA2

IF (THETA2.GT.PI/2.)PHI2=PHI2+PI
IF (THETA2 .LT.-PI/2.)PHI2=PHI2-PI

 DPHI=(PHI2-PHI1l) /FINTS

PHI=PHI1

PRINT *, PHI1,PHI2,DPHI,XRAD,YRAD,N,NPOTS1

DO 410 I=N,NPOTS1,
PHI=PHI+DPHI ’ /
XR({I)=X0+XRAD*COS(PHI)
YR(I)=YO+YRAD*SIN(PHT)
PRINT *,XR(I),YR(I)
CONTINUE

RETURN

! DIAGNOSTIC

{DIAGNOSTIC

!DIAGNOSTIC

I DIAGNOSTIC

'RDS
{RDS
RDS

!RDS
tRDS

I!RDS
. !RDS

IRDS
!RDS
!RDS
!RDS
!RDS
fRDS
!RDS

- 'RDS

!RDS
!'RDS
'RDS
!RDS
!RDS
'RDS

" IRDS

IRDS
IRDS
IRDS
IRDS-
!RDS

..!RDS

!RDS
{RDS
'RDS
!RDS
'RDS
'RDS
'RDS

C********************‘k******************************k********,******** * %

LIBSO MODIFICATIONS

IN SUBROUTINE POTSET:

EQUIVLANENCE (IDIRICH,CON(14))

IF (IDIRICH.GE.1)CALL MATDIR

'RDS

IRDS

C***********************************************************************

LATSO MODIFICATIONS : © 20

IN MAIN PROGRAM:



C n = logxeq(’LATTICE.POI’) ' , !RDS

~

IN SUBROUTIN PBLOCK:

c (58)=EPSID -- SOURCELESS UNIVERSE CONVERGENCE CRIT. 'RDS
c © (108)=TCYCLED_MAX -- NO. OF IVERGE ITERATION LOOPS 'RDS
C , BETWEEN UNIVERSE B.C ADJUSTMENT 'RDS

EQUIVALENCE (CON(1),ICO(1)), (IDIRICH,CON(14)) tRDS

CON(58)=0.001 !EPSILD DEFAULT VALUE ' 'RDS
) ICO(108)=3 !ICYCLED MAX DEFAULT VALUE " IRDS
cce ICO (58)=0 !RDS
cce 'CON (108)=0. ' : IRDS

IN SUBROUTINE REREG:
X , (IDIRICH, CON(14)) ' RDS
IF(IDIRICH.GE.1)OPEN<UNIT=7,fILE=’DIRICH_IN;D§T’,SfATUS='OLD;)!RDS

IF (IDIRICH.GE.1.AND. IREG.LE.2) WRITE (7, %) NDATA/4 -1 IJMA, TMA 1RDS

IF(IDIRICH.GE.l.AND.iREG.LE.2) _ . !'RDS

&  WRITE(7,507)IB(J), IB(J+1),B(J+2),B(J+3) 'RDS
. IF(IDIRICH.GE.1)CLOSE (UNIT=7, STATUS='KEEP’) 'RDS

- * N
C***********.********************************************k*************‘k*

POISO MODIFICATIONS
v 21



IN MAIN PROGRAM:

DOUBLE PRECISION A,GTU,GTL,WTl,WTS;WTG,ZMAT,A_INT : 'FC,

COMMON /RDS/ZMAT(ZOO,ZOO),IMA,JMA,JDIR(2CO),IINT(ZOO),RESIDD,
& JKDUM(500), JLDUM(500), IKDUM(500), ILDUM(500), A_INT(SOO)

cce & THETA(200), PHI(200),

X , (IDIRICH, CON(14)), -

X (EPSILD,CON(58)), (ICYCLED MAX,CON(108))
C n = logxeq(’'POISSON.POI’)

IF(IDIRICH.GE.1)THEN _ . .
OPEN (unit=7, FILE='DIRICH_IN.DAT’, STATUS='OLD’)
OPEN (unit=8, FILE=/DIRICH OUT.DAT’, STATUS='OLD’)

c EPSILD=0.001 IS CON(58) DEFAULT VALUE, SET IN LATSO
c ICYCLED MAX=3 IS CON(108) DEFAULT VALUE, SET IN LATSO
c. RHODTR=1.9 INITIALLY (SEE SETDIR) :
c ETADIR=1.0 INITIALLY (SEE SETDIR)
END IF ,
ICYCLED=0
RESIDD=0.
ICYCLED=ICYCLED+1 .
IF (IDIRICH.GE.1 .AND.ICYCLED.EQ.ICYCLED MAX)THEN
PRINT 539, ICYCLE,AMIN,AMAX,RESIDA,ETAAIR, RHOAIR, XJFACT
CALL SETDIR
IF (RESIDD .LT. .009)ICYCLED MAX=3
IF (RESIDD .LT. .003) ICYCLED MAX=4
IF (RESIDD .LT. .0007)ICYCLED MAX~7
IF (RESIDD .LT. .0001)ICYCLED MAX=9
IF (RESIDD .LT. .001)ICYCLED MAX=10 ! .001 is low enough
ICYCLED=0
END IF
IF (RESIDA.LT.EPSILA .AND. RESIDD.LT.EPSILD) GO TO 220
§ .AND. RESIDD.LT.EPSILD) GO TO 230
c CONVERGED ON DIRICHLET POINTS - -
c - :

IF(IDIRICH.GE.1) THEN

"WRITE (8, 489)

IQMA=JMA+1

IF(IDIRICH*IMA.GT.JMA) IQMA=IDIRICH*IMA+1 '

!'DP

'RDS
'RDS
IRDS

'RDS
!RDS

!RDS
{RDS
IRDS
!RDS
IRDS
!RDS

-1RDS

!RDS

!'RDS
!RDS

!RDS
IRDS
IRDS
IRDS
IRDS
'RDS
'RDS

-!RDS

'RDS
!RDS
!RDS

{RDS

" IRDS

1RDS
'RDS
'RDS

tFC

ter



DO 101 J=2, IQMA !RDS

WRITE(8,491) J, JKDUM(J),JLDUM(J),A(JDIR(J)), - IRDS
g & . IKDUM (J), ILDUM(J),A INT(J) © IRDS
‘101 CONTINUE 7 'RDS
CLOSE (UNIT=7, STATUS='KEEP’) !RDS

CLOSE (UNIT=8, STATUS=‘'KEEP’) : 1RDS

END IF 'RDS

C : _ IRDS
489 FORMAT(//,’ J *,1X,’JLDUM JKDUM ‘,’ A DIRICH ’, v {RDS

& *IKDUM ILDUM ‘,° = A_INT ‘,/) . , IRDS

491 FORMAT(I3,1X,2(1X,13,2X,I3,2X,D10.4,1X)) !RDS

ADDED SUBROUTINESvSETDIR, MATDIR, AND ZTOW:

C****************************************************I‘c*****’**************

C . _
SUBROUTINE SETDIR ‘ : - IRDS

"SETDIR"™ RESETS THE "DIRICHLET" BOUNDARY POINT POTENTIALS FOR THE
CASE OF B.C. SIMULATING REST OF UNIVERSE WITHOUT SOURCES/SINKS AND
CALCULATES RESIDUAL FOR DIRICHLET POINT CONVERGENCE

LOCALLY USED VARIABLE:
DIMENSION A INT (500)

a0n000ao0

DOUBLE PRECISION A, ZMAT, ADIR, SUMA, SUMDA, ANORM, tpp
& A_INT, AVG_TWO ' IFC
COMMON /A1l/A(20000) ‘ _ : N
COMMON /PROB/CON (125) ' :
COMMON /RDS/ZMAT (500, 500) , IMA, JMA, JDIR(500) , TINT(500),RESIDD,

L& JKDUM(500) , JLDUM(500), IKDUM(500), ILDUM(500), A INT(500) !RDS
REAL LAMBDAD ' ~

EQUIVALENCE (RHOAIR,CON(75)), (ETAAIR,CON(106)),

X {OMEGA,CON(52)), (ICYCLE,CON (90)),

& (ICYCLED_MAX,CON(108)),

& (IHOR,CON (22)), (IVER,CON{(24)), (IDIRICH,CON(14)) IFC

PI=4 . *ATAN(l.)

IF (ETADIR.EQ.0.)ETADIR=1. ‘ -
IF (RHODIR.EQ.0.)RHODIR=1.9

: . v
EXTEND REGION 2’S BOUNDARY VALUES OF A INT TO FULL ELLIPSE (OR CIRCLE)
' IFC

Qoo

do 348 i=2,ima+2
A_int({i) = A(iint(i))
348 continue
ima_fc=ima
if(idirich.gt.1l)then
ima_ fc=ima*idirich,
if (idirich. eq. 4)then
1f(1ver eqg.l .and. ihoxr.eq.l)then ! (x2s)
c invariant to rotation by 180 deg (& possibly by 90 deg w/ 31gn changs
c ‘ as in an elliptical aperture quadrupole (& p0331bly symmetrical quad
c ' (i.e. reflection in both x-axis and y-axis)
_ print 101, A _int(2), A_int (ima+2)
101 format (/ A_int(2) = ‘,£9.3,3x,
& ‘ A int (ima+2) = ‘. f9.3) 23



end if

cce avg _two = A_int (2)+A_ 1nt(1ma+2)
do 349 i=2,ima+1 .
A_lnt(2*(1ma+2)—i) = A _int({i) i
349 continue
do 350 i=3,2*ima+l
A int(ima_fc+4-1i) = A_int (i)
350 continue _ .
- else 1f(1ver eq. 0 .and. ihor.eq.0)then ! (x2s)
c invariant to rotation by 180 deg (& possibly by 90 deg w/ sign change
c (i.e. reflection w/ sign change in both x-axis and y-axis)
c Check: Is A _int(2). = - A_int (ima+2) 2 (Should be)
print 105, A_int(2), A_int(ima+2)
105 format (* Is A int(2) = 7,£9.3,
& ’ equal to A _int(ima+2) = ’,£9.3, * 2')
avg_two = A lnt(2)+A int (ima+2)
do 351 i=2,ima+1
A int(2* (ima+2)-i) = avg_two - A int (i)
351 continue ' : :
do 352 i=3,2*ima+l
. A int (ima_fc+4-i) = avg_two - A_int (i)
352 continue :
else if(iver.eq.0 .and. ihor.eq.l)then
c invariant to rotation by 180 deg w/ sign change (r2c)
c as in an H-magnet or'elllptlcal aperture sextupole
c (i.e. reflection in x-axis and reflection w/ sign change in y-axis)
print 101 A int(2), A _int(ima+2)
avg_two = 2. *A 1nt(1ma+2)
do 353 1—2 ima+1 :
A 1nt(2*(1ma+2) 1) = avg_two - A int (i)
353 continue , .
: do 354 i=3,2*ima+l
A int (ima__ fc+4—1) = A int (i)
354 .continue
else
print 104, idirich
104 format(’ invalid symmetry type for idirich =',1i2,/,
& ‘program aboxrt’)
stop
end if
else if(idirich. eq 2)then
© if(ihor.eq.l)then
C. ! reflection in x-axis (rls)
c Check: A _int (2) should be equal to A 1nt(1ma+2)
print 101 A int(2), A _int (ima+2)
do 355 i= 2 ima+1 _
A int (ima_fc+4-i) = A_int (i)
355 continue
else if(ihor.eq.0)then
c ! reflection w/ sign change in x-axis (rls)
c Check: A_int (2) should be equal to A _int (ima+2)
print 105, A _int (2), A_int (ima+2)
avg_two = A int (2)+A 1nt(1ma+2)
- do 356 i=2,ima+l :
A int (ima_fc+4-i) = avg_two - A int (i)
356 continue '
else .
print 104, idirich
stop '
end if
else
print 106, idirich
106 - format(’ invalid value for idirich: idirich =’,i2,/,
& ‘program abort’)
stop 24
end if '



C RESET "DIRICHLET" BOUNDARY POINT POTENTIALS AND CALCULATE RESIDUALS

C==================__.___ _____________ P LT T T T PO R P PP e
SUMDA=0
SUMA=(0. . _
DO 372 J=2, JMA+1 ' IFC
ADIR=(0. :

DO 370 I=2,IMA_FC+1 . '
. ADIR=ADIR+2ZMAT (I, J)*A INT(I) ! A INT(I) = A(IINT(I)) IN FIRST QUADRANT
ccc IF(J.EQ.2)PRINT *, I, A(IINT(I))
370 CONTINUE-
SUMDA—SUMDA+(ADIR—A(JDIR(J)))**2 v
CCcC PRINT *, J, ADIR, A(JDIR(J})), SUMDA , A(IINT(J))
A(JDIR(J))=A(JDIR(J)) +RHODIR* (ADIR-A(JDIR(J))} )"
SUMA—SUMA+A(JDIR(J))
372 CONTINUE
ANORM=SUMA/FLOAT (JMA)
CCcC PRINT *, J, J, SUMDA, SUMA, ANORM

SUMA=0.
DO 374 J=2,JMA+1
SUMA—SUMA+(A(JDIR(J))—ANORM)**Z
374 CONTINUE
RESIDD=1.E8
: IF (SUMA .NE. 0. )RESIDD—SQRT(SUMDA/SUMA)
CccC PRINT 381, SUMDA, SUMA, RESIDD

C ESTIMATE SPECTRAL NORM OF ITERATION MATRIX AND USE TO CALCULATE ===
C OPTIMUM OVERRELAXATION FACTOR, ‘RHODIR’ -
C .

IF (SNOLDD.EQ.0.)GO TO 382 _ ! FIRST TIME THROUGH
PRINT *,QWE,ICYCLED_ MAX '
ROOTD=1.0/(2.0*FLOAT (ICYCLED_MAX))
ETADIR= (SUMDA/SNOLDD+1.E-20) * *ROOTD

382 SNOLDD=SUMDA
LAMBDAD= (REODIR+ETADIR-1.0) / (REODIR*SQRT (ETADIR+1.E-10) )
'IF (LAMBDAD.LT.1.0) GO TO 384
RHODIR=AMAX1 (RHODIR-10.0*OMEGA, 1. 0)
GO TO 386

384 RHODIR=(2./(1.+SQRT (1. ~LAMBDAD**2) ) ) ~OMEGA

386 WRITE(6,388)ICYCLE, RESIDD,ETADIR, RHODIR, LAMBDAD
PRINT 388, ICYCLE,RESIDD, ETADIR, RHODIR, LAMBDAD

[oNeNe

TEMPORARY DIAGNOSTIC PRINTOUT
TOMA=JMA+1 : 1FC
IF (IDIRICH*IMA .GT. JMA)IQMA—IDIRICH*IMA+1 3o
CCcC DO 376,J3=2,IQMA 'FC
cce AJ=A(JDIR(J) S
ccce AI=A INT(J) !FC
cce PRINT 398, J, AJ, AI, RESIDD
376 CONTINUE
C . : , _ : .
381 FORMAT(’ SUMDA=',D9.3,2X,’ SUMA=’,D9.3,2X, ' RESIDD=',E9.3) 'DP

CCC 388 FORMAT (1HO,I9, 26X16HRHODIR OPTIMIZED,2F9.4,11H LAMBDAD =,
cce X 1PE13.4)
388 FORMAT (1HO, I9,30H RESIDD, ETADIR RHODIR, LAMBDAD:
§&E11.4,1X,2F9.4,1PE11.4) _
398 FORMAT(’ J=",I3, * A(JDIR(J))=',E10.4,' A(IINT(J))=',E10.4,
& * RESIDD =',E8.2)

RETURN
END
C

C************************************************‘k**********************

C ' 25



O0O0000

SUBROUTINE MATDIR : ' . IRDS

"MATDIR" CALCULATES THE MATRIX "ZMAT" USED FOR RESETTING THE
"DIRICHLET" BOUNDARY POINT POTENTIALS FOR THE CASE
OF B.C. SIMULATING REST OF UNIVERSE WITHOUT SOURCES/SINKS

LOCALLY USED VARIABLES:
DIMENSION DEL THETA(500), DEL PHI(500),

& . XDIR(500), YDIR(500), XINT(500), YINT(500),

& THETA (500), PHI(500)

DOUBLE COMPLEX E_ITHETA(500), 2DIR(500), 2INT(500), 'DP
& D{500,500), ZLND (500, 500), o

& -~ B(500,500), . BINV(500,500),

& 21, P1, P2, P3 ,P4, ZMAP

DOUBLE PRECISION ZMAT, 2ZM1l, XRAD, YRAD, PI, PI2INV B 'DP
DOUBLE PRECISION DEL_THETA, DEL_PHI, XDIR, YDIR, XINT, YINT 'Dp

& THETA PHI !, RINT
COMMON /PROB/CON{(125) ;
COMMON /RDS/ZMAT (500,500} ,IMA, JMA,JDIR(500),IINT(500), RESIDD
& JKDUM (500) , JLDUM(500), IKDUM(500), ILDUM(500), A_INT(SOO)

'EQUIVALENCE (IMAX,CON(5)), (IDIRICH,CON(14)) v v 'FC

READ IN DIRICHLET BOUNDARY POINTS
I=4.*ATAN(1.)

READ (7, *) JMA
DO 301 J=2, JMA+2

READ(7, *) JKDUM(J), JLDUM(J), X, Y - - ' !DP
XDIR(J)=X - 2 - - 'DP

YDIR(J)=Y a 1DP
301 CONTINUE

[oNeNe]

READ IN INTERIOR ELLIPSE (CIRCLE) POINTS

XRAD=0.

YRAD=0.

ACEPT=0.

BCEPT=0.

READ (7, *) IMA

DO 305 I=2,IMA+2 : - :
READ(7,*) IKDUM(I), -ILDUM(I), X, Y : IDP

XINT(I) = X _ ' » 'DP
YINT(I) =Y ' 'DP

IF(XINT(I) .EQ. 0. .AND. YINT(I) .GT. 0.) YRAD=YINT(I)
IF(YINT(I) .EQ. 0. .AND. XINT(I) .GT. 0.) XRAD=XINT(I)
ACEPT=AMAX1 (ACEPT,X)

BCEPT=AMAX]1 (BCEPT, Y)

305 CONTINUE

IF(XRAD .NE. 0.)THEN

PRINT 306, XRAD !XRAD EXACT.

ELSE C

XRAD=ACEPT

PRINT 307, XRAD !XRAD APPROXIMATE...CAUTION

END IF '

IF(YRAD .NE. 0.)THEN _
_PRINT 308, YRAD !YRAD EXACT

ELSE

YRAD=BCEPT :

PRINT 309, YRAD !YRAD APPROXIMATE...CAUTION
END 'IF ‘

EXTEND REGION 2’S$S BOUNDARY TO FORM FULL ELLIPSE (OR CIRCLE) ====!FC
26 :



106

s XeXeRe)

[eXeXe!

Q00

310

ima_fc=ima :
if(idirich.gt.l)then
ima_fc=ima*idirich
if (idirich.eq.4) then
cdo 1 i=2,ima+l

xint (2* (ima+2)-i) = - xint (i)
yint (2* (ima+2)-i) = yint (1)
continue
co 2 i=2,2* (ima+l)-1
xint (ima_fc+4-i) = xint (i)
yint{(ima_ fc+4-i) = -~ yint (1)
continue
else if(idirich.eq. 2)then
do 3 i=2,2* (ima+l)-1
xint (ima_fc+4-i) = xint (1)
yint (ima_fc+4-i) = - yint (i)
continue
else
print 106, idirich
format (’ invalid value for idirich: idirich =',i2,/,
& - "program abort’) 1 - '
stop
end if
end 1if

MAP REGION 1 BOUNDARY, EXTERIOR TO ELLIPSE IN Z-PLANE TO
EXTERIOR OF UNIT CIRCLE IN W-PLANE

DO 310 J=2,JMA+2
JDIR (J)=JLDUM (J) * IMAX+JKDUM (J) +1 -
ZMAP=CMPLX (XDIR(J), YDIR(J)) » ! ZMAP ARE Z-PLANE COORDINATES
CALL ZTOW (XRAD, YRAD, 2ZMAP, ZDIR(J)) " "t ZDIR ARE W-PLANE COORDINATES
XDIR (J)=DREAL{ZDIR(J)) '
YDIR(J)=DIMAG (ZDIR(J))
PRINT *, ZDIR(J), 2ZMAP, XDIR(J),¥YDIR(J) ! DIAGNOSTIC
RDIR=SORT (XDIR (J) **2+YDIR(J) **2)
IF(J.EQ.2)RDIR_LAST=RDIR .
IF (ABS ( (RDIR-RDIR LAST)/RDIR) GT.0.0001) THEN

PRINT 320, J,XDIR(J),YDIR(J),RDIR ! ELLIPSE RATHER THAN CIRCLE
END IF ‘ ‘
RDIR LAST=RDIR

SET UP DIRICHLET POINT ANGLES FOR ZMAT, BELOW

IF (XDIR(J) .NE.O.) THEN
PHI (J) =ATAN (YDIR (J) /XDIR(J) )
IF (XDIR(J) .LT.0.)PHI(J)=PHI(J) + PI :
TYPE *,J, PHI(J)*180./PI, XDIR(J), YDIR(J) ! DIAGNOSTIC
ELSE IF (YDIR(J).GE.0.) THEN :
PHI (J)=PI/2.
ELSE
PHI(J)=3.*PI/2.
END IF
IF (PHI(J) .LT.0.)PHI (J)=PHI (J)+2.*PI
IF (J.NE.2) DEL_PHI(J-1)=PHI (J)-PHI(J-1)
CONTINUE
IF (IDIRICH .EQ. 1) THEN ! THIS SEC. NOT USED - FOR DIAGNOSTICS ONLY
PHI(1)=PHI (JMA+1)-2.*PI
DEL_PHI (1)=PHI (2)-PHI(1)
PHI (JMA+2) =PHI (2)+2.*PI :
DEL_PHI (JMA+1)=PHI (JMA+2)-PHI (JMA+1)
ZDIR(1)=ZDIR (JMA+1) . ‘
ZDIR (JMA+2)=2DIR(2)
END IF
‘DO 313 J=1, JMA+2

PRINT 323, J, DREAL(ZDIR({J)), DIMAG(ZDIR(J)),.PHI(J)*180./PI,
27



& DEL_PHI (J) *180./PI
13 CONTINUE

MAP REGION 2 BOQUNDARY, AN ELLIPSE IN Z-PLANE TO

OO0O00wnO

DO 312 I=2,IMA _FC+2 'FC
IF(I .LE. IMA+2) IINT(I)—ILDUM(I)*IMAX+IKDUM(I)+1
ZMAP=CMPLX (XINT (I), YINT (I)) ! ZMAP ARE Z-PLANE COORDINATES"
CALL ZTOW (XRAD, YRAD, ZMAP, ZINT (1)) ¢ ! ZINT ARE W-PLANE COORDINATES
cce PRINT *,xrad,yrad, zmap,zint (i) ‘
' XINT(I)=DREAL(ZINT(I))
YINT(I)=DIMAG(ZINT(I}) _
RINT=SQRT (XINT (I) **2+YINT (I) **2)
C! E_ITHETA(I)=ZINT(I)/RINT
IF(I.EQ.2)RINT_LAST=RINT
PRINT *,RINT !, i, xint (i), yint(i)
IF(ABS((RINT-RINT_LAST)/RINT).GT.0.0002) THEN
PRINT 322
STOP
END IF
"RINT_LAST=RINT

SET UP,INTERIOR POINT (UNIT CIRLCE) ANGLES FOR ZMAT, BELOW ========

NeNeKe)

IF(XINT(I) .NE.0.) THEN
THETA(I)—ATAN(YINT(I)/XINT(I))
IF (XINT(I) .LT.0.) THETA (I)=THETA(I) + PI , :
c . TYPE *,I, THETA(I)*180./PI, XINT(I), YINT(I) !DIAGNOSTIC
' ELSE IF(YINT(I).GE.O.) THEN . - '
THETA(I)—PI/Z .
ELSE ;
THETA (I)=3.*PI/2. ‘
END IF B
IF (THETA(I).LT.0.)THETA (I)=THETA(I)+2.*PY
IF(I.NE.2) DEL_THETA(I-1)=THETA(I)-THETA(I- 1)
312 CONTINUE

THETA (1) =THETA (IMA FC+1)-2.*PI o IFC
DEL_THETA (1) =THETA (2) ~THETA (1)
THETA (IMA_FC+2)=THETA (2)+2.*PI : tFC
DEL_THBETA(IMA_FC+1)=THETA (IMA_FC+2)-THETA (IMA FC+1) 'FC
ZINT(1)=ZINT (IMA FC+1) . tFC
ZINT (IMA FC+2)=ZINT(2) . , IFC
DO 314 I=1,IMA FC+2 ‘ _ 'FC -
c PRINT 324, I, DREAL(ZINT(I)), DIMAG(ZINT(I)), THETA (I)*180./PI,
c & - DEL - THETA(I)*ISO /PI
314 CONTINUE
c
c CALCULATE MATRIX "“ZMAT": ADIR(J) = ZMAT(I,J) *AINT(I)
C ,
IF (IDIRICH.GT.1)JMA=JMA+1 ! ADD 1 FOR INCOMPLETE CIRCLES IFC
DO 318 I=1,IMA FC+2 : ‘ 'FC
DO 316 J=2,JMA+1
D(I,J)=(2DIR(J)~ZINT (I+1))/(2DIR(J)-ZINT(I))
B(I,J)=ZDIR(J)/ZINT(I)
BINV(I,J)=1./B(I,J)
ZLND(I,J)=LOG(D(I,J))
C IF(I.EQ.J.OR.I.EQ.10.0R.J.EQ.10)TYPE *,I,J,D(I,J),B(I,J), !DIAGNOSTIC
c & BINV(I,J),2LND(I,J)

316 CONTINUE
318 CONTINUE

ZI=CMPLX(0.,1.) : -

DO 332 I=2,IMA_FC+1 'FC
2M1=TAN (DEL_THETA(I-1)/2.) - TAN(-DEL_THETA(I)/2.)

P3=1.-EXP (ZI*DEL_THETA(I-1)) 2p



P2=-DEL THETA(I)*ZI*ZINT(I+1)
P1=1.-EXP(-ZI*DEL_THETA(I))
P4=+DEL THETA(I-1)*ZI*ZINT(I-1)

TYPE *, I,J,P1,P2,P3,P4 . !DIAGNOSTIC

. PIZ2INV=1./(2.*PI)
DO 330 J5=2, JMA+1 .
ZMAT (1,J)=PI2INV*DREAL{ ZM1l+
&(1./SIN(-DEL_THETA(I)))*
& (P1- (P2/ZDIR(J))+(B(I+1 J)-BINV(I+1, J))*ZLND(I J))+
& (-1./SIN(DEL_THETA(I-1)))* -~
& (P3- (P4/2ZDIR(J) )+ (BINV(I-1, J)-B(I -1, J))*ZLND(I 1,3)) )

330 CONTINUE
332 CONTINUE

c
C OUTPUT ZDIR, 2INT,ZMAT TO FILE DIRICH_OUT.DAT
C , . A
WRITE (8, 326) IMA, JMA (I, I=2,9)
- IQMA. = JMA+1 'FC
IF (IMA_FC.GT. JMA)IQMA—IMA FC+1 IFC
DO 342, J=1,IQMA
WRITE(8,327)J, DREAL(ZDIR(J)), DIMAG(ZDIR(J)),
& DREAL(ZINT (J)), DIMAG(ZINT(J)),
& _ (ZMAT(I,J),I=1,9)
342  CONTINUE :
C
ILO=10
DO 344, ITER=1,15
IHI=TLO+12
IF(ILO.LT.IMA FC+1)THEN » tFC
WRITE(S8,328) (I,I=ILO,IHI)
DO 343 J=1,JMA+1
. WRITE(8,329) J, (ZMAT(I,J),I=ILO,IHI)
343 °  CONTINUE
' ILO=IHI+1
END IF
344 CONTINUE
pe N
: PRINT 325
o
306 FORMAT(’ XRAD =',F7.2,’ IS EXACT')
307 FORMAT(’ XRAD =’,F7.2," IS APPROXIMATE...CAUTION’)
308 FORMAT(’ YRAD =',F7.2," IS EXACT’)
309 FORMAT(’ YRAD =‘,F7.2,’ IS APPROXIMATE...CAUTION’) /
320 FORMAT(’ DIR CIRCLE PTS DO NOT ALL HAVE SAME RADIUS: '/, v
& * J=*,I3,2X,’XDIR=',F7.3,2X,’YDIR=',F7.3,2X,’RDIR=’ ,F7.3,/,
& r INT CIRCLE MUST BE ELLIPSE RATHER THAN CIRCLE’)
322 FORMAT(/ INT CIRCLE PTS DO NOT ALL HAVE SAME RADIUS, CHECK INPUT‘)
323 FORMAT (” L I3, ZDIR(J)=’,F5.2,' +i ',F5.2,° PHI(J)=',F8.2,
& 4 DEL PHI(I) ,F8.2)
324 FORMAT (’ ,I3,’ ZINT(I)— ,F5.2, +i ',F5.2,’ THETA(I)=',F8.2,
& r DEL _THETA(I)=',F8. 2) '
325 FORMAT (’ MATDIR COMPLETED WITHOUT ERRORS,
& * ZDIR, ZINT, 2ZMAT WRITTEN TO DIRICH _OUT. DAT’)
326 FORMAT (' PROGRAM DIRICH.’,//, IMA=,I3,1X,’JMA=",13,//,
& ©J r,1X,* R&I ZDIR ',” R&I ZINT ,
& ’ ZMAT ‘,8(' I=',12,1X),/)

C

C

.

327 FORMAT(I3,1X,4(F5.2,1X),9(F6.2))
328 FORMAT(/,4X,13(’ I=',I3))
329 FORMAT (I3, 1X,13(F6.2))

RETURN
END

2Q

C********v**************‘k************************************************



SUBROUTINE ZTOW (A, B, ZMAP, WBACK) : 'RDS

o
C "ZTOW" DOES THE CONFORMAL TRANSFORMATION FOR THE EXTERIOR
C OF AN ELLIPSE TO THE EXTERIOR OF A UNIT CIRCLE
C
' DOUBLE PRECISION A, B : 'DP
DOUBLE COMPLEX ZMAP, WBACK - 'pp
C -
- IF(DREAL(ZMAP) .GT.0..OR.DREAL (ZMAP) .EQ.0..AND .DIMAG(ZMAP) .GT.0.)
&THEN .
WBACK=(2ZMAP + (ZMAP*ZMAP + B*B -A*A)**0.5 )/ (A+B) !-PI/2<ANGLE<=PI/2
ELSE o
WBACK=(ZMAP - (ZMAP*ZMAP + B*B -A*A)**0.5 )/(A+B) .
END IF :
‘RETURN
END
C

C**** *****************'k*******’******************************************

\
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Appendix B: Example and Test Series Check of
Accuracy of the Newly Incorporated POISSON
Boundary Condition Option '
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10 Appendix B: Example and Test Series Check of Accu-
racy of the Newly Incorporated POISSON Boundary
Condition Option

To test‘t‘he POISSON program modification allowing for singularity-free universe outside
problem boundaries the following example solves analytically (Program DIRAN) and with
POISSON the case of two current filaments (+] at z,, and —J at z,,) in air. The
analytical solution to this problem is F' = —%!ln(iz’%j—::).

o Make an AUTOMESH file (e.g. fcirc.dat; see Figure 3 above) with a circular bound-
ary as region 1. Region 2 must be a circular boundary just inside (i.e. a distance
~ DX) region 1's boundary. To assure accuracy of the numerically discretized equa- -
tion, DX must be such that angular spacing of nodes on region 2's boundary is ~
10 degrees or less.

e Run AUTOMESH

o Run [.mods]LATTICE with *14 1 *58 .001 *108 5 *22 0 *32 -1 *45 15 *20 42 *49
2 S to get: (1) mesh coordinates (z,y)=f(k,!) in outlat.lis, (see Figure 16) and {2)
k, l,z,y lists for Dirichlet circle points and inner circle points in dirich_in.dat suitable
for input to programs POISSON, DIRICH, & (with the addition of one line) DIRAN.
Notes: (a) from tape73.dat we know that LMAX=15 and there are 42 Dirichlet
boundary points on the outer circle and (b) the lower boundary condition must be
set for the Dirichlet condition.

e Run TEKPLOT withM,01005,S, GO to view mesh (See Figure 4, above)

‘e Make (in [.mods]) a dzran in.dat file (see Figure 17) from [ross.pois]dirich_in.dat
(created when LATTICE is run with IDIRICH—CON(14)=1) and 2 current filament
strengths with suntable locations obtained from grid points in outlat.lis.

e Run [ mods]diran to (1) venfy that Matrix is accurate by companng analytical solu—
tion Ad_c with solution Ajd,r [Matriz] * Agine, where A;;, is analytical, and (2)
get a listing of fixed Dirichlet potentials for POISSON (See diran_out.dat in Figure
18.)

e Run [. mods]POlSSON with *14 0 and fixed potentlal inputs from diran_out.dat and
2 current filaments from diran_in.dat or outlat.lis in pfcirc.dat (see Figure 19) to
compare POISSON'’s relaxed inner circle vector potential values in outpoz lis (see
Figure 20) with those of analytical values, A;;,,, in diran_out. dat.

e Run TEKPLOT with M, 10295, S, GO to v:ew B-field lines (identical to Fig. 5).
¢ Run [.mods]LATTICE with *14 1 *58 ..001 *108 5 *22 0 *32 -1 *4515 %492 S

e Run [.mods]POISSON with Dirichlet circle point potentials free floating and 2 current
filaments from diran_in.dat or outlat.lis in pfcirc.dat (see Fig. 21) to compare (1)
POISSON'’s converged solution on Dirichlet circle and on inner circle in dirich_out.dat
(see Fig. 22) with those of analytlcal values, Ajint, and Ad_c; in diran_out.dat and
(2) POISSON's converged solution everywhere in outpoi.lis (see Fig. 23) with those
from the previous POISSON run with Dirichlet point potentials fixed.
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e Run TEKPLOT with M, 1029 S, S, GO to view B-field lines (identical to Fig. 5).

Figure 18 verifies ‘that the matrix relating Dirichlet circle points and interior circle
points is correct.

A comparison of Figures 20 and 18 verifies additionally that POISSON relaxes to the
correct solution for a singularity-free universe outside problem boundaries when the vector
potential of boundary points are fixed at the appropriate values (i.e. .if we somehow know
beforehand the correct vector potentlals on the boundary)

A comparison of Fxgures 2 (or 23) and 18 verifies additionally that POISSON con-
verges to the correct solution for a singularity-free universe outside problem boundaries
when the vector potential of boundary points are allowed to float.
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. THE FGLLIWING IS

I

15

14

13

12

11

10

X KM KX M KX KX KX e KX

13

-0.338
1.151

~0.498
1.092

-0.383
0.924

-0.481
0.705

-0.377
0.528

-0.485
0.357

-0.377
0.177

-0.481
0.000

-0.377
-0.177

-0.485
-0.357

-0.377
-0.528

A MAP OF ARRAYS X, Y., CYCLZ,

6 7 8
-0.171 0.000 0.188 .
1.188 1.200 1.185
-0.195 0.000 0.174
0.981 1.000 0.985
~0.136 0.070 0.270
0.854 0.837 - 0.829
-0.264 -0.046 0.162
0.702 - 0.683 0.672
-0.161 0.050 0.258
0.520 0.510 0.505
-0.2M -0.059 6.149
0.350 0.344 0.339
-0.166 0.043 0.250
0.174 0.171 0.169
~0.272 -0.062 0.146
0.000 0.000 0.000
-0.166 0.043 6.250
~0.174 -0.171 ~0.169
-0.271 -0.059 0.149
-~0.350 -0.344 -0.339
. -0.161 0.050 0.258
-0.520 -0.510 -0.505

9

0.371
1.141

0.342
0.940

0.500
0.866

0.370
0.671

0.461
0.49%

0.355
0.335

0.454
0.167

0.351
0.000

0.454
-0.167

0.355
~0.335

0.461
-0.499

10 1n
0.000  0.000
0.000 ' G.000
0.545 0.705
1.069 0.971
0.643 0.849
0.766 0.849
0.567 0.766
0.657 0.643
0.662 0.866
0.454 0.500
0.557 0.755
0.333 0.332
0.655 0.349
0.167-  0.170
0.555 0.761
0.000 0.000
0.655 0.849

-0.167  -0.170
0.557 0.755

-0.333 -0.334

0.662

0.866

-0.494  -0.500

Figure 16. Partial outlat.lis file listing

=0.271 .350 1. -0.271 —0.350 -1.
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1.20000
1.18520
1.14130
1.06920
©.97080
0.34850
0.70530
0.54480
0.37080
0.13770
¢.00000
~0.17080
=0.33810
-0.49850
~0.64880
=-0.78580
-0.906%0
~1.009S0
=1.09160
~1.1351240
-1.18780
-1.20000
~1.18780
=1.15140
-1.09160
~1.00950
~0.906%0
-0.78580
~0.64080
-0.49850
—0.13810
=g.17080
0.00000
0.18770
9.Jr080
0.54480
0.70330
G._34850
0.97080
1.06920
1.14130
1.18520
1.20000

0.00000
0.13770
0.37080
0.54480
0.70530
' 0.84850
. 0.37080
1.06320
1.14130
1.18520
1.20000
1.13780
1.15140
1.09%60
1.00950
0.90690
0.73580
0.64880
0.49850

VRN ANA A uNNNuu..unqﬂngsbnn:

Figure 17. File diran_in.dat
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57 0.01 0.01 0.02 0.03- 0.04¢ 0.09 0.22 0.26 ©0.13 0,26 92.03 0.02 0.0l «14 0 S .

38 0.0 0.01 0.01 0.02 0.03 0.05 0.16 0.23 0.25 0.2 9.65 0.03 0.02 13 8 0.00000E+00
39  0.01 0.01 0.01 0.01 0.02 0.0) .05 0.11 0.2¢ 0.24 4.1l 0.05 0.03 . -

40 0.00 0.01 0.01 0.01 0.061 0.02 0.03 0.05 0.12 0.25 9.23 0.10 0.0S 13 9 0.11547E-01
41 ©0.00 0,01 0,01 ©.01 0.01 0.01 0.92 0.33 0.06 0.13,9.26 0.2l 0.09 13 10 0.23128E-01
42 0.00 0.00 0.01 ©.601 6.01 0.01 0.0 0.02 9.03 0.06 2.14¢ 0.27 0.20 12 11 0.347748-01

43 0.00 0.00 0.00 6.01 0.01 0.01 ©6.01 .01 0.02 0.03 0.07 0.1§ 0.27
' ) 12 12 0.46491E-01

ab(1)=—.2348E~03 ab(2)=0.3006E+00 -pm-o.ziu:—o: ab(4) == 2475E+00 11 13 0.582772~01
ab(S)=~,2853E+00 ab(6)=~0.2672E+00 anb(7)=0.9389E-09 ab_toc~0.3487E-01 11 14 ©0.70080E-01
apaltylcal check for dirichlet macrix, [Z} i0 14 0.81782E-01

15 0.93186E-01
15 0.10394E+00
15 0.11349E+00
15 0.12047E+00
15 0.12506E+00
14 0.12641E+00
14 0.12374E+00
13 0.11655z+00
13 0.10477E+00
12 0.88838E-01
11 0.694922-01
10 0.47659E-01
9 0.24218E-01
8 0.00000E+00
7. =-.24218E-01
6 =-.47659E-01
5 ~-.69492E-01
4 -.88838E-01
3 -.104772+00
3 «.11655E+00
2 ~.12374E+00
2 ~.12641E+00
1 ~.12506E+00
1 -.12047E+00
1 =-.11349E+00
1
1
2
2
3
4
S
6
7
1
1

input: zl=—.2710E+00 +{ 0.3500E+00 curi- 1.00
. 22==.2710E+00 +L -.3500E«00 cur2~-1.00

output: sumca=0.30SSE«G0 suma~0.30SSE«00 anorm=0.3237E-07 zesidd=0.1000E«d1 -
REI ZDIR REI ZINT  a(iinc(d)) l(jé&!(j“ ad_c(3j)

9

8

7

6

5

5

1.20 0.00 1.00 0.00 0.00000+00 0.3150D-07 . 0.0000E+00 4

1.19° 0.19 0.8 0.17 0.14070-01 0.11580-01 0.11S5E-01 3
1.14 0.37 0.9¢ 0.34 0.28260-01 0.23150-01 0.2313E-91

1.07 0.5¢ 0.37 0.50 0.4267D-01 0.3487D~0) 0.3477E-01) 2

0.97 0.71 0.37 0.64 0.57380-01 0.4662D-01 J.46495E—01 2

0.85 0.85 0.64 0.77 0.72450—01 9.58430-01 0J.5828E-01 1

0.71 0.97 0.50 0.87 0.87910—01 0.70250-01 ).7008E-01 1
0.54 1.07 0.34 0.94 0.1036D«00 - 0.8156D—01 J.8178E-0)

0.37 1.14 0.17 0.98 0.11930-00 '0.93350-01 3.331SE-01 1

0.19 1.19 0.00 1.00 0.1341D«00 0.1041D«00 J.1033E+00Q ' 1

0.00 1.20 -0.20 0.98 0.14820+00 0.1136D+00 J.1135£+00 1
-0.17 1.19 ~0.38 0.92 0.1565D+00° 9.1205D+00 J.120SE+00

~0.34 1.15 -0.56 0.83 0.15520+00 9J.12490+C0 J.1251E+00 2

1.09 ~0.71 0.71 0.1415D+00 0.1262D«00 J.1264E+00 1

-0.65 1.01.-0.83 0.56 0.1156D+00 0.21234D+00 23.1237E+GO0 2

-0.79 0.91 ~0.52 0.38 0.8126D-)1 9.1162D+00 3J.1165E+00 -

-0.91 0.79 —0.96 0.20 0.4171p—01 0.1044D<00 3.1048E«00 2

~1.01 0.65 ~1.00 0.00 0.0000D~00 J.8858D-01 J.8864E~01 3

-1.09 0.50 -0.38 -0.20 ~.41710-01 9.6931D-)2 UT.694%2—02 4
~1.15 0.34 ~0.92 -0.38 -.8126D~01 J.4756D-01 J.4766E-01

~1.19 0.17 ~0.83 ~0.56 -.1156D+00 3J.2417D-91 3.2422T-0% S

=1.20 0.00 —0.°1 -0.71 -.1415D«00 J.3465D-07 2.00Q0E+0D 5

24 -1.29 —0.17 ~0.56 -0.83 -.1552D~00 -.24170-23 6

7

8

9

BRHEEENRL e bR E S v muamawn ™
)
i
o

.2422E-0

25 -1.15 ~0.34 —0.38 -0.32 ~.1565D+00 -.47560—01 -4T6E6E-NL

26 <1.09 —0.50 ~0.20 -0.98 -.2482D+00 ~-.6931D~31 . 6949E-QL . N

27 -1.01 —0.65 0.00 -1.00 -.13410+00 -.9858D-)1 -.3884E-01 -.10394E+00

28 ~0.91 =0.79 0.17 -0.98 -.1193D+00 =-.i044D<00 ~.1048E+CO. ~.93186E-01

29 ~0.79 -0.91 0.34 -0.9%4 ~.1036D+00

30 <0.65'-1.01 0.50 -).87 -.87919-01 -.817825-01

31 G50 -1.09 0.d4 =0.77 -.72450-01 ~.12648+00 11 ~.70080E~01
32 -0.34 -1.15 0.77 —0.64 -.5738D-0% -.12512+00 ’ . 11 -.58277E-01
33 =0.17 -1:19 0.37 ~0.50 -.4267D-01 ~.120SE+C0 12 ~.46491E~01
34 0.0 -1.20 0.34 -0.3¢ ~,2826D~0% -.1135£+00 : 12 - 34774E-01
35 0.19 -1.19 0.98 ~0.17 ~-.14070-01 =-.1041D-20 -.1039E«0C .

36 0.37 «1.14 1.30 9.60 0.0000D+00 -.33350-)1 ~.9319E-0! 13 -.23128g-01
37 0.54 -1.07 0.30 5.00 0.0000D+~00 ~-.3196D~>%1 ~-.3178E~02 13 ~.11547E-01
38 0.71 -0.97 0.90 9.00 0.00000+00 ~.702SD=)1 ~-.700BE~Q? € 10

39 0.85 -0.85 0.00 0.00 0.00000+00 -.S843D~01 -.S828E—0: -

€0 0.97 -0.71 0.00 0.00 0.0000D+10 -.4662D-)1 ~.3649E-01 6 6 -1.

41 1.97 -0.5¢ 0.30 0.00 0.90000+33 -.348TS=31 -.3477E-0L -1s

42 1.14 -0.37 0.30 0.00 0.9000D-G0 ~-.23130-31 -.2313E-0C
43 1.19 -0.19 .30 J3.00 0.00000+00 ~.1158D0-01 ~.1155E-01

Figure 18.Partial file diran_out.dat - Figure-19. File pfcirc.dat (boundary
+ points with fixed potential) -

THE FOLLOWING IS A MAP OF THZ POTENTIAL ARHAY A, CYCLE 160

KT

L

. Koaleneen

- . .
1 ‘2 3 4 S [3 1 8 9 10 1 12 13

15 0.00E+00 0.00E+00 0.0CE+00 O0.Q0E+00 1.25E-01 1.20E-0} 1.13E-0)1 1.04E-01 9.32e-02 O0.002+00 0.C0E+00 O0.00E+00 O0.00E+QC
14 0.00E+00 C.00E«00 ©0.COE+00 1.24E-01 1.26E-01 1.48E-01 1.34E-0} 1.19€E-01 1.04E-01 8.18E-02 7.01E-02 O0.00E+0D0 O0.00E400
13 0.00E«0C . 1.05E-01 1.17E-01 1.56E-01 1.56E-01  1.69E-01 1.47€-0)1 1.17E~0! B8.76E-G2 7.28£-02 5.83E-02 0.00E¢0C - 0.00E+00
12 C.00E+0Q0 2.88E~02 1.12E-0) 1.42E-01 1.93E-01 2.17E-01 1.95E-0]1 1.44K-01 1.04E-0F 7.70E-02 S.75E-C7 4.65E-02 0.00E+00
1n . 6.95E-02 8.91E-02 1.16E-01 1.B4E-01 2.92E-01 2.96E-01 1.87E-01 1.20E-01 B.11E-02 5.74E-0? 4.26E-07 3.48E-02 0.00Z400
10 4.77E-02 5.91E-02 8.13E-D2 1.32E-01 2.47E-01 €.07E-01 2.46E-01 1.30E-01 7.86E-02 5.1BE-02 23.68E£-02 2.82E-02 2.J1£-02
2.42E-02 4.105-02 6.32E-02 1.08E~-0! 1.97E-01 1.93£-01 1.03E-01 S5.73E-02 3.49E-02 2.33E-02 1.68E-C2 1.41E-02 1.1S5E-92
0.00E+OD ~1.14E-04 ~-B.95E~-0S -3.31E-05 -6.34E-06 2.23E-06 4.01E-06 3.67E-06 2.B2E-06 1.99E-06 1.30E-06 5.32E-07 0.00E«00
-2.42E-02 -4.14E-02 -6.)3E-02 -1.08E~0} -1.97E~01 -1.93E-01 -1.03E~01 -5.73E-02 -3.49E~02 ~2.33E~-02 ~-1.68E-02 -1.41E-02 -1.158-02
0.00E+00 -4.77E-02 ~8,07E-02 -1.32E-01 ~2.47E-01 ~6.07E-01 -2.46E-01 -1.30E-01 ~7.86E-02 -5.18E-02 -2.828-02 -2.31g-02
'-6.95E-02 -B.61E~02 -1.16E-01 -1.84E-01 -2.92E-01 -2,96E-01 -1.87E-01 -1.20E-C1 -8.10E-02 -5.74E-02 ~3.48E-02 0.002+00C
0.002+00 -8.88E-02 -1.122-01 -1.42E-01 -1.93E-01 -2.17E-01 -1.95E-01 ~1.44E-01 -1.04E-01 -7.70E-02 -4.65E-02 D3.00E+00
0.00E+00 -1.05E-01 ~1.17E-01 -1.56E-01 -1.56E-01 ~1.69E-01 -1.47E-0! ~1.}17E-0! -B.76E-02 ~7.2BE-02 G.00S¢09 0.00E+0C
0.00E+3C C.00Z+00 0.00E+00 ~-1.24E-01 ~-1.26E-01 -1.48E-01 ~1.34E-01 -1.19E-0} -1.04E-0% -8.1BE-02? 0.00E<OV 0.00E-OT
0.00E+00 J.00Z+00 0.00Z400 0.00E+00 -1.25E-01 -1.20E-01 -1.13E~-01 ~1.C4E-0) -9.32E-02 0.005+00 O0.0CS.0C 9.00E+00 O.002+00

MNWANA VO W

Figure 20.Partial file outpoi.lis (boundary points with fixed potential)
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610 1.
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Figure 21.File pfcirc.dat

P

0.01
¢.01
0.01
0.00
0.00
0.00
g.00

0.01
0.01
0.01
0.01
0.01
9.00
0.00

0.02
0.01
0.01
Q.01

0.01"

0.01
0.00

0.03
0.02
0.01
0.01
9.01
2.01
0.01

0.04
0.03
0.02
0.01
6.01
0.o01
0.01

J JLDOM JKDGM A _DIRICE IKDOM IIDM A_INT

Fi gui’e

HOWW IR AW NI NI 1212 1214 NN W & NN O - RO

Neriae

[

8 0.21360-03
3 0.11820-01

19 0.23490-01

11 0.35220-01
12 0.47000-01
13 0.5887D-0!
14 0.70670-01
14 0.8223p-01
15 0.9372p-01 ~
15 0.1043D+00
15 0.1136D+00
15 0.1203D+00
15 0.12470+00
14 0.12580+00
14 0.212330+00
13 0.1162p+00
13 0.1044D+00
12 0.88510-01
11 0.6521p~0
10 0.47330-01
3 0.2405D-01
0.12090~03
~.23730~01
=. 4697001
~.6865D-01
~.8795D=01
~.10330+00
~.115T0+00
=.1228D+00

=.1242D+00
~.11990«00
~:3131p+00
~.1038D+00
~.9325D-91

-.8188D-C2

-.4656D~32
~.3475D~11
€ ~.2304D-31
7 -.113%0-0%

8
7
6
s
L]
3
3
2
2 -I125-00
1
'
1
1
2
2
3
4
5

THE FOLLOWING .IS A MAP OF TUE POTENTIAL ARRAY A. CYCIT 5SSO

.15 0.00E+Q0
14 0.00E+00
13 0.00E+00
12 0.00E+00
1 6.92E-02
10 4.74E-02

S 2.41E-02

1.18E-04
7 ~2.38E-02
6 0.00E+Q0
s -6.87E~02
4 0.00E+00
2 0.00E+00
2 0.00E+00
1 0.00E+00

T 6
1.20E-01
1.48E~-01
1.65e-01
2,17E-01
2.96E-01
6.07E-01
1.93E-01
2.19E-04
=1.93E-01
-6.0TE-01
~2,.95E-01
-2,17E-01
- =1.69E~-Q1
=1.48E=0)
-1.20E-01

-

rewanawswoltRUAG

2
0.00E+00
0.Q0E+00
1.04E-01
8.85E-02
8.89E-02
5.89E-02
4.10E-02
5.69E-05
-4.10E-02
-4.70E-02
~8.54E-02
~8.80E-02
~1.04E-01

0.00E+00

0.00E+00

7

1.14E-01
1.34E-01
1.472-01
1.35g-01
-1.87E-01
2.46E-Q01
%.03E-01
2.22E-04
-1.03E-01
~2.46E~-Q)
-1.87E-01
~1.34E~-01
-1.46E-01
~1.34E-01
-1.23e-02

3
Q.00E+00
0.00E+00
1.16E~01
1.12E-01
'1.16E-01
8.10E-02
6.32E-02
1.00E~04
~6.29E-02
-3.01E-02
-1.15E-01
-1.11E-01
-1.16E-01

0.00E+QQ

0.00E+0Q

3
1.04E-0L
1.20E-01
1.17E=~01
L. 44E-01
1.20E-01
1.30E-01
$.75E-02
2.21E-04

-5.70E-02
-1.30E-01
=1.20E-01
-1.44E-01
~1.17E-01
-1.15E-01
=1.04E-01

4
0.00E+00
1.23g-01
1.55e-01
1.41£~01
1.B4E-~01
1.32E-01
1.08E-01
1.722-04
-1.08E-01
-1.32g-01
-1.83-01
-1.41E-01
-1.55E=-01
-1.23E-01

0.00E+C0

] .
9.37£-02

+.04£-01
9.80E-02
1.04£-01
8.13E-02
7.88E-02
3.52£-02
2.29E-04
~3.47e-02
=-7.84E-02
-3.09E~-02
-1.04E-0)
-8,76E~02
=-1.04£~01
~3.32E-02

5
1.25E-01
1.26E-01
1.55E-01
1.93E-0)
2.92E-01
2.47E-01
1.978-01
2.08E~04

-1.97E-01
-2.47E-01
-2.81£-01
~1.928-01
-1.55E-01
-1.25E-01
-1.24E-01

10

0.00E+00
8.23E~02
1.32E-02
T.73E-02
5.78E~02
5.21E-02
2.36E-02
2.16E-04
=-2.31E-02
~5.16E-02
=5.T4E~02
~7.69E-02
~7.28E-02
=3.19E~02
3.00E+00Q

1.20E-01
1.48E-01
1.69E-01
2.17e-01
2.96E~01
5§.07E~-01
1.93g-01
2.19E-04
~1.93E-01
-€.07E-01
«2.9SE-01
=2.17E-01
~1.69E-01
~1.48E~01
~1.20E-Q1

i1

0.00E«00
1.07E-02
5.89E-02
5.79E=02
4.30E-02
3.71e-02
1.71E-02

2.24E=-04

=1.67E-G2
~3,67E=02
-4 .2$E~02
-5.75E~02

-5.84E~02
-7.02E-02
J.30E+00

GNNN

vowwooo

VWWBIAUNI AL WNNNW LR AR SD O

8

s
10
o8
12
13
13
pi}

b}
14

( (boundary points with floating potential) |

k]

1.348E=01
1.34E~01
1.47E-01
1.95e-n
1.87E~01
2.46E-01
1.03E-01
2.22E-04
=-1.03E-01
~-2.46E-01
-1.37e-01
-1.94E-01
-1.46E-01
=1.34E-01
-1.23E-01

2

0.21670-03
0.14330-01
0.28530~01
0.43030-01
0.57900-01
0.7324D-01
0.88010-01
0.10450+00

0.14800+00
0.1553p+00
0.15550+00
0.14150+00
0.1157D+00
0.81000-01
0.4097D-01
0.55490-04
-.4104D-01
-.8014D-01

~.42610-91
-.28100-92
-.2390D-91
0.2167D0-93

-.27520-22
-.17529+21
-.1752D0~21
~.1752D0+21

0.C0E+Q0 0.00E«00
0.00E+Q0  0.00E«00
0.00E«Q0 0.00E+00
4.70E-02 0.00E«00
3.52e-02 2.00t+00
2.85E-92 2.35E~02
1.43E-92 1.18E-02
2.24E-04 2.11E-04
~1.39£-02 ~1.14E-02
~2.81E~02 -2.30E-02
-3.48E-02 0.00E«00
-4.66E-02 J.00E+00
S.00E+00 0.00E~00
9.80E+J0  9.00E+00
9.30E+00  3.00E~00

0.26
9.23
3.11
0.05
0.03
0.02
0.01

0.13

0.02

22 Partial file dirich_out.dat

Figure 23. Partial file outpoi.lis (boundary points with floating potential)

36

0.06
0.12
0.24
0.25
0.13
0.06
0.03

;

0.02
0.03
0.05
0.10
0:21
0.27
0.16

2.01
2.2
2.233
J.05
2.08
3.20
2.27



Appendix C: Proof of Field Equivalence in °
- Figures 15a and 15b
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11 Appendix C: Proof of Field Equivalence in Figures 15a
and 15b '

The complex potential F(z) = A + iV for the current filament distribution shown in

Figure 14a is given by Eq. (19). We have® when the scalar potential 1" = 0:

{ln[( Tl -2 )].—.ln{(”“’“).(z+“””,J}=0 @)

Now défining the scalar p = /7,7, we have

z+tz, +2 z T+ 2
( )(Z b) =z +'Lb)=/)<_+£i—_'_ b) (21)
z _ p = P _
which, along.the circle defined by z = pe'®, reduces to 2p cowﬁi ( ty + ). The log
of this expression, being pure real, lmphes that anng the circle 22 + y? = 2,2, we have
V=0." '

Thus for the current filament distribution in Fig. 14a (or 15a), the circle defined by
r = /T.Tp is a constant scalar potential surface; outside this radius the field is identical
to that of Fig. 14b (or 15b) where an infinitely permeable iron disk of radius r = /T, 7,
likewise maintains the scalar potential at this radlus constant. :

3 Altemnatively, for V =0, S {In[(z — za)(z = zp)] ~Inf(z + za)(z + 2)]} = S {ln[r,,e-’":-] - lll(qu.'u'l]} = 0, where

rp = \/[(a:—x;,)(x-:rb)— y2? +[(22 = 24 - )2, Tq = \/[(J.+.‘l,a)(.l.+.lb) ~ PP+ {20+ za + 1)y, Op =

(2z—25~2) )y (224 x4 +x4)y -
arctan 7= Ty o2 and 0, = arctan —W Solving. we have for " = 0: 0,, = 0, from whichy = 0

or 22 4+ y? = z,1,, as above.
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