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ABSTRACT

One way to estimate the hydrologic propertieS of heterogeneous geologic media is to invert
well-test data using multiple observation wells. Pressure transients observed during a well test
are compared to the corresponding values obtained by numerically simulating the test using a
mathematical model. The parameters of the méthematic_al model are varied and the simulation
repeated until a satisfactory match to-the observed pressure transients is obtained, at which point
the model parameters are accepted as providing a possible representation of the hydrologic pro-
perty distribution. Restricting the search to parameters that represent self-similar (fractal) hydro-
logic property'distribuﬁons can improve the inversion process. Far fewer parameters are needed
to describe a. hierarchical medium, improving the efficiency and robustness of the inversion.
Additionally, each parameter set produces a hydrologic property distribution with a hierarchical
smxctufe, as is often seen in natural geological media. The parameters varied during the inver-
sion create fractal sets known as attractors, using an iterated function system (IFS). An attractor
is mapped to a distribution of transmissivity and storativity in the mathematical model. Thus the -
IFS inverse method searches for the parameters of the IFS (typically 10’s of paranieters'). rather
than the. values of the hydrologic property distribution directly (typically 100’s to 1000’s of
parameters). Application of the IFS inverse method to synthetic data shows that the method
works well for simple heterogeneities. Application to ﬁeld data from a sand/clay éedimentary

sequence and a fractured granite produces reasonable results.

1a1s0 at Department of Mathematics and Statistics, Utah State Unive_rsity, Logan



INTRODUCTION
MOTIVATION

An understanding of fluid flow and solute transport through porous or fractured geological

media is necessary to address many current environmental problems, such as toxic chemical

spills, leaking gasoline storage tanks, and long-term radioactive waste disposal, as well as to

optimize 'energy'extraction from petroleum or geothermal reservoirs. Mathematical modeling of .

the flow and transport processes is one means to gain such understanding. For realistic modeling,

a description of the spatial distribution of the hydrologic properties of the medium (i.e., a hydro-

logic model) is needed, but the restricted view of the subsurface available through boreholes cou-
pled with the extremely heterogeneous nature of most geologic media makes this difficult to

obtain.

‘With the widespread use of computers over the past twenty years, numerous techniques for

characterizing heterogeneous hydrologic property distributions have been developed. These tech-

niques can be broadly divided into two groups, depending on whether they use a forward or-

_inverse approach. In the forward approach, the hydrologic model is developed using information
gained from basic studies of the site, including geological observations and geochemical, geophy-
sical, petrophysical measurements. In the inverse approach, the general form of the hydrologic
model is specified a priori, based on informati_on from these basic studies, but the details of the
model are determined by matching the.predictions of the model to observed hydrologic behavior.
.Although both methods have advantages, each has drawbacks as well. In the present approach
we try to incorporate some of the strengths of a geologically-based forward ap‘proach within the

context of an inverse method. _
ALTERNATIVE APPROACHES FOR CHARACTERIZATION OF HETEROGENEOQUS MEDIA

In principle, any hydrologic model that contains adjustable parameters.can be incorporated
into an inverse method. A series of forward simulations are made with the model using different
parameter values, then results of each simulatiop are compared to field observations. Parameters
are chosen which give the> best match between simulated and observed data. In practice, some
models are more amenable to this process than others. In the paragraphs below, we outline
several forward approaches to developing hydrologic models of heterogeneous geologic media
and discuss their suitability fof inclusion in an inverse method. Following this, we discuss some

of the inherent strengths and weaknesses of the inversion of hydrologic data.
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Before the widespread use of computers made numerical methods practical for solving sub-
surface fluid flow and solute transport problems, a vast number of analytical solutions were .

developed and adapted from other disciplines. With only a few parameters and very short times

- required for calculation, analytical solutions are well suited to inversion. However, the hetero-

geneities that can be treated wifh analytical solutions are limited to geometrically regular featurés
such as linear vertical boundaries, horizontally layered media, and_ equally spaced fractures. Such
simple geometries can only represent highly idealized models of geoldgical media; to solve prob-
lems with heterogeneities that resemble the geometric ixregularity observed in the field, numeri-

cal modeling is needed.

In a numerical model of a geologic medium, space can be discretized into irregularly -

bshaped regions with different hydrologic properties. Both the number of parameters to be deter-

mined and the computational time for each forward simulation of the model increases drastically
(typically by several orders 6f magnitude) compared to inversions using analytical solutions. .
Hence, inverse methods based on numerical forward calculations must be carefully designed to
make use 6f computer time efficiently. The multiplicity of scales on which heterogeneities are
observed in the field complicates the discretization, and at some scale heterogeneities cannot be
treated individually but must be modeled as an effective medium. .In an effective medium
approach, a homogeneous region is used to represent a heterogeneous one by assigning hydrolo-
gic properties that incorporate the effects of the heterogeneities. The level of discretization

needed depends on the amount of hetérogeneity present and the problem at hand. ‘

In contrast to the deterministic treatment of heterogeneities based on large-scale geological
observations described above (e.g., clay layer overlying aquifer, permeable fracture zoné separat-
ing intact blocks of low-permeability rock), geostatistics provides an alternate way to construct a
hydrologic model. In geostatistics, the spatial distributions of hydrologic properties are described
as spatially correlated randbm fields. A large number of (usually small-scale) measurements are
made to determine the statistics of the distributions of the random fields, then-a hydrologic model
is constructed by drawing a realization from the distributions. For incorporation into an inverse
method, geostaﬁsﬁés has the advantage that relatively few parameters need to be determined
[Kitanidi& and Vomvoris, 1983). A disadvantage is that the small scale features being measured

may not be relevant for large-scale flow, or may have an unknown cumulative response.

Another basis for creating a hydrologic model is to model the mechanisms involved in the

creation of the geological medium, rather than to merely make observations or measurements of
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the medium itself. Such mechanistic mbdels are generally very computationally intensive [e.g.,
Koltermann and Gorelick, 1992], making them ill-suited to incorporation in a hydrologic inver-
sion in which the forward model must be run many times. Recently however, several investiga-
tors have developed inexpensive mechanistic-based models by retaining only the key aspects of
the physical mechanisms in a simple statistical way [Lo_ng et al., 1993; Webb, 1992]. Such
models would be amenable to incorporation in an inverse method by creating a series of realiza-

tions of the physical process, and testing each one to see how well it reproduces the hydrolbgic

~ behavior. An optimization process would therefore find realizations which both match the hydro-

logic data and honor the physical process. -

~ The principle advantage of using hydrologic inverse methods is that field-scale fluid flow

~ (the well test) is used to develop a model that will ultimately be used to predict field-scale fluid .

flow (contaminant clean-up, geothermal fluid production, etc.), rather than observing another
parameter such as geological facies or seismic-wave velocity and aitempting to relate it to per-

meability. The method inherently emphasizes features that are important for flow ahd disregards

the rest. In effect we develop equivalent media that do not have all the details of reality, but pro-

duce the same hydrologic response.

- The principle disadvantage of using inverse methods for hydrologic characterizatioh is that
the fluid flow equation is a diffusion equation, and as such cannot be uniquely inverted to deter-
mine model paranieters. One way to address non-uniquehess is to condition the invéféion on
additional information, such as prior estimates of model parameters [Carrera and Neuman,
1986a, 1986b, 1986c¢] or other geological or geophysical observations. Another approach is to do
multiple inversions and study the statistics of the ensemble of results, such as the mean permea-
bility distribution and its variance. A further practical disadvantage is that inverse methods tend
to be cofnputationa]ly intensive, effectively precluding use of very complicated forward models.
This should not be considered a fundamental limitation of the method, however, as rapid
developments in both computer hardware and sdftware make more and more complicated for-
ward models usable in inverse methods. | | |
THE PRESENT APPROACH " ’

Our approach to the hydrologic characterization\of hetefogeneou's geologic media involves
the inversion of well-test data, because we believe using flow information to create a model that

will ultimately be used to predict flow is a powerful technique. A numerical model is used to cal-

culate head distribution and fluid flow in the forward problem. The model parameters that are
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varied during the inversion determine the spatial variation of hydrologic bropertjes. We restrict
the search for model parameters to those whiéh represent self-similar (or hierarchical) hydrologic
property distributions. Thus we specify the nature of the overall geometry of the‘hydrologic pro-
perty distn‘buti.on, not the detailed physical processes leading to its formation. |

The model parameters considered during the inversion process are ‘generated using an
iterated function system (IFS). The IFS’s we use are composed of two to four affine transforms.
An affine transform is a function which may rotate, reflect, deform, contract, and translate a set of
points. When multiple transforms are applied iteratively, a set of points with 2 fractal geometry,
known as an 'attractor, résults. The attractor can be mapped to a distribution of transmissivity or
storativity in a mathematical model. We then use the mathematical model to simulate the well
test and compare the calculated heads to those observed during the test. If the match is not satis-
factory, the parameters of the IFS are varied, and the simulation is repeated. This proéedure con-
tinues until the IFS creates an attractor which yields a hydrologic property distribution that pro-

duces a good match to observed heads. A variety of optimization algorithms may be used to vary

_ the parameters of the IFS during the course of the inversion; we primarily use one known as

simulated annealing.

One of the primary strengths of the IFS inversion compared to other inverse methods is that

~ far fewer parameters are needed to describe a self-similar medium than a medium with unstruc-

tured heterogeneities, making the inversion more efficient and more robust. Equally important is '
that the final parameter set prbduces a hydrologic property distribution with a hierarchical struc-
ture, as is often seen in natural geological media. In fact, by limiting the variation 6f parameters
of the IFS, we can restrict the shape of the trial attractors to resemble observed hydrogeological

N

features.

In the sections that follow, we first present the mathematical basis of IFS's and describe
some practical features of the IFS inversion meth(_)d_. We then apply the method to synthetic data

to study its strengths and weaknessés, and to field data from a sand/clay sedimentary sequence

- and a fracturéd granite.
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[Biil +1By2] <1 )
By | + |322|_<1-

For convenience, we then restrict b so that the attractor is confined to the unit square O<x < 1,

0 <y < 1. The constraints on b =(b,b,) depend on the entries of B , and may be written as
| -min(0, B ;) - min(o, B)<by<1~-max(0, By;) - max(0, B 12) | 8)
~min(0, By;) -~ min(0, Byy) < by < 1 - max(0, By;) — max(0, Byy) . |
Note that under no conditions may the components.of b lié outside the rangé 2€0 to one.

During an inversion many different values of P are used in the forward model. 'Altemative
optimization algorithms primarily differ in the way that‘ they choosé new values of P, so it is
important to understand what effect making different changes to P has on the attractor. Figure 4

| shows the attractors generated by a sequence of IFS’s with k =3. These are fi:f2 " +fe
where f 1 is the Sierpinski’s gaske/t, and for frames m =2, 6 every parameter of f,, differs from

the corresponding parameter of f,,_; by a small increment:
P,=P,_+AP. _ )

The components of AP are random numbers drawn from a uniform distribution, normalized so
that the magnitude of AP, |AP]| (the square 'root of the sum of squar'ed'»components of AP),
equals 0.2. The continuous small change in P frofn frame to frame is manifested as a continuous
gradual change in the a_ttraétorél Alarger value of | AP | would produce a more rapid variation in

attractors.

The most general affine transforms that o;;erate in two dimensions have four arbitrary
entries in each B; matrix, and two arbitrary values in each b; vector, which makes P an n = 6k
dimensional vector for an IFS composed of k affine transforms. By ‘holding some components of
P fixed or limiting their variation we can produce attractors that have desired properties. As well
as making the inversion procedure more efficient by reducing the extent of the parameter space to
be searched, these constraints make the inversion more robust by conditioning it on known geo-
logical .conditions. Formally, P is defined as the vector composed of all the parameters character-
izing the IFS, but in préctice we use P to denote only those parameters that can be varied during

the inversion.

An IFS with k =2 which has constant matrices of the form

B,=B,= [0._5 o.o} —ost , ' a0

0.0 0.5
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and variable vecfors b; and b, produces a vector P Which has only four components. All the
attractors produced by such an IFS are line segments, with endpoints determined by the values of
b; and b,. For the first frame of Figure Sa, b; =(0.0, 0.5) and b, =(0.5, 0.0); for the other
fra:hes, b, and b, are incremented by random numbers drawn from a uniform distribution. For
Figure 5, in contrast to Figure 4, the originai value of P and different value of AP is used for each

frame:
P, =P;+AP,, . 1

For each frame of Figure 5a, the magnitude of the vector of random. increments, | AP, |, equals

0.6.

If both the Bs and b’s are allowed to vary, curvilinear attractors are formed, as shoWh in
Figures 5b and 5c. For the small value of |AP,, | =0.2 used in Figure 5b, all the attractors look
similar to the original one. This would be a useful constraint if the attractor represented a region
of enhanced permeability whose orientation was known a priori, such as-a regional fracture set or
buried stream channél. In Figure Sc, the variation in parameters is larger, |AP,, | =0.6. Despite
the large variability between the attractors, they all share the characteristic of being rather
‘stringy’, that is, they do not fill up the plane very well. This characteristic is quantified by é
measure known as the fractal dimension. A straight line has a fractal dimension of 6ne, whereas
a curve that doubles back on itself so much that it covers the entire plane has a fractal dimension
of two. Figures 5d and 5e show attractors creaied by IFS’s with k =3 and k =4, and large varia-
tions in parameters (| AP, | =0.6). Although there is a 1ai'ge variability amongst the attractors,
they tend to be more ‘blocky’ and less stringy as k increases, that is, fractal dimension tends to

increase with k.

As an alternative to considering each B ; as composed of four independent entries, one can

construct B; as arotation matrix

cos 6; —sin 6,} , 12)

B:=C [sin 8; cos®;
where C; is a contractivity factor (0<‘C,- <1)and 9; is a rotation'angle. This formulation
reduces the dimension of P from six to four per affine transformation, but still allows a great

variety of attractors, as illustrated in Appendix A
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FEATURES OF THE IFS INVERSION

Mapping the Attractor to a Hydrologic Property Distribution

To use the IFS attractors in a hydrologic inversion we need to prescribe how the attractor
determines the spatial distribution of hydrologic properties in the mathematical model used to
simulate the well test, which is called TRINET [Karasaki, 1987]. TRINET is a finite element
model which calculates fluid flow in a lattice of one-dimensional finite elements (i.e., pipes) of
porous or fractured medium. Although TRINET was originally developed to study fracture net-
works [Long et al.., 1991], it can aléo model poroué media, as described in Appendix B. TRINET

is well suited for use in a hydrologic inversion for several 1easons:

. the one-dimensional finite element formulation is efficient computationally, enabling many-

* forward calculations to be done,

. the lattice structure can be used effectively to represent highiy channeled flow typical of
strongly heterogeneous porous media, |

° with the mapping from attractor pbints to hydrologic property distributions, described
below, forward calculations for a tremendous variety of hydrologic settings can be done

without changing the underlying lattice.

According to Equation (2) an attractor is formed by an infinite number of iterations, so it

contains an infinite number of points. In practice we can only treat a finite number of points, so

we take only a finite number of iterations / in Equation (2). If the starting set A contains just

one point, then the number of attractor points is M= k’. For typical applications M, = 1000 is
large enough to resolve attractors adequately, implying that for k =4, I =5 is a sufficient number
of iterations. ' |

The attractor is defined on the unit square: 0 <x <1, 0<y < 1, and we need to choose a
scale factor to map the unit square to the spatial domain where hydrologic-property variations
affect the well-test response, that is, the region near the wells. We then superimpose the attractor
on the TRINET lattice and modify the hydrologic properties (transmissivity T and storativity S)

of the lattice elements adjacent to each attractor point, as illustrated in Figures 6 and 7.

The transmissivity and storativity that are unaffected by any attractor points are referred to .

as the base values Ty and Sg. The effect of attractor points can be additive or multiplicative. If

M attractor points are closest to a given lattice element, the additive algorithm gives

T =To+MAT S =So+MAS, (13)

1%
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and the multlphcatlve al gonthm gives

T= TOATM S = SOASM B '(14)-

. where AT and AS are the contrrbutron for each attractor point. With the additive algorithm,

choosmg a posmve value of AT or AS means that the attractor pomts mcrement T or S whereas
choosing a negatrve value means that attractor points decrement 7 or §. With the multiplicative
algorithm, a value of AT or AS greater than one increments T or S, and a value less than one

decrements T or S. The choice of additive or multiplicative algorithm and the sign arld magni-

, tude of AT and AS are arbitrary, but may be used to incorporate features of the geological sett_jhg

in the mathematical model. For example, for a fractured rock 7 and § gerlerally_ increase or

decrease together, along with fracture aperture. In contrast, for a sand/clay aquifer system,

“increases in § are accompanied by decreases in T, as clay content increases Furthermore using

the multlphcatrve algonthm for a parameter is equivalent to using the additive algorrthm for the

| log of the parameter makmg the additive al |gorithm for S and the multiplicative algonthm for T

a natural choice for typlca] geologlc media in which the variability of T is greater than the varia-

bility of S. Note that the value of M for each lattice element is proportional to M, the total

‘number of points in the attractor. The value M o must be large enough to allow sufficient resolu-

tion of the- attractor on the lattice, but it is preferable to give attractor points greater impact by
increasing AT and AS rather than M because the mapping of attractor points to lattice elements

is computatlonally intensive.

For a varrable -density lattice, the contrlbutlon of an attractor point to the overall hydrologic
property distribution tends to be greater in coarse regions of the lattice than in fine regions. Thus,
a given attractor will not produce the same hydrologic property drstnbutlon for two different lat-.

tices. This does not cause a problem in the inversion because only one lattice is used, but it

" means that a picture of the attractor provides only a qualitative representation of the hydrologic

property distribution and a quantitative measure must come from the T or S distribution itself,

 such as is shown in Figure 7b.

An extension of the mapping algorithm has been developed in which some attractor points
increment hydrologic properties, while other points decrement them, in contrast to the algorithms

described by Equations (13) and (14) in which all attractor points act in the same manner. This

’ approach, whieh we call the plus-minus algorithrn, has the advantage that the base values Ty and

Socan represent average values of transmissivity and storativity, while the attractor points create

fluctuations around the average. The plus-minus mapping algorithm is based on ideas from '
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Barnsley [1988, chap. 9] where a method for constructing a measure on an IFS attractor is given.
First, each of the affine transforms which comprise the IFS is labeled either positive or 'négative.
A ;ioint on the IFS attractor is then labeled positive or negative accbrding to which affine
transform was used last in its ‘generation. If the attractor point is labéled positive, then Equation
(13) or (14) is used as written to modify T and S; jf it is labeled negaﬁ\/e, then Equation (13) uses
—AT and -AS, and Equation (14) uses AT"! and AS™".- For an IFS composed of k affine
transforms, the plus-minus algorithm tends to produce k discrete regions of high or low transmis-
sivity and storétivity. Several attractors produced by this procedure are illustrated in the »applica.-

tion section of the paper. | '
An alternative approach for enabling both incremented and decremented hydrologic prdper-

ties would be to use two completely independent attractors, one with points that increment pro-

perties and the other with points that decrement properties. - Although this approach would double_'

the number of parameters needed, it could greatly increase the applicability of the inversion
method to different geological settings. A natural extension would be to use independent attrac-
tors to represent transmissivity and storativity distributions, if the geological model did not pro-

vide any information on the relation between these prbperties. ‘

Construction of an Objective Function

The objective funcﬁon, which quantiﬁés the misfnatch between the calculated and observed

drawdowns for a given value of P, is called the energy E and is given by
_ No N 5 : .
== Y (nh, —Inh,)*, _ 15)
N ,

where k. and A, é.re calculated and observed drawdowns, respectively, N is the number of obser-
vations available, and N o= 100 is a constant introducéd'to make the energy a convenient magni-
tude.. Based oh the physics of the flow problem, log drawdown is a more appropriate Variable to
include in E than draWdown itself. Ma‘theniatically, if we assu‘mve independent identically distri-
buted Gaussian random errors in the In h;' measurements, E is directly proportional to the log
likelihood of the well response. Heﬁce minimization of E corresponds to the statistical procedufe
of maximum .likelihood estimation. See Carrera and Neuman [1986a and 1986b] for a-discus-

sion of these ideas and a more general formulation of E as a quadratic form based on the correla-

tion structure of the measurement errors. The sum from 1 to N in Equation (15) runs over all

observation wells (including the pumping well if drawdown is measured there) and all
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observation times for a transient well test. For a steady- -state well test, there is just one observa- -

tion per well and all dependence on storativity drops out, leavmg the transmissivity distribution

as the only unknown to be deterrmned by the i inversion.

R | § the flow rate is held constant at the pumping well the base values of transmissxvrty Ty
and storatwity So in the lattice can be inferred from the matching procedure in much the same

way as transrmssmty and storativity for a uniform medium can be determined by matchmg draw-

-downs to a Theis type curve. Inthe calculation of the energy E, the drawdown curves calculated

with trial values of T¢ and S (and the contribution from the attractor) are shifted along the In¢
axis by an amount A and along the Inh axis by an amount Az, with A] and A, chosen to minim-
ize E Then multiplying the trial value of T, by e® yields the best-fit base transmissmty and
multiplying the tnal value of T oSo by e® yields the best-ﬁt value of that ratio. Finally, multiply-
ing the trial value- _of So by elH yields the best-fit base value of storatrvrty For steady-state

drawdowns arising from a constant-ﬂow test, a shift of the In/ values may be used to determine

T

In typical analyses of transient well tests, the observed drawdowns that are included in the

| energy »for'each well are uniforrnly distributed in log time, but the form of Equation (15) makes it

easy to account for a variety of special conditions. For example, if early-time drawdowns are,
thought to be controlled by well-bore effects or late-time drawdowns by distant boundaries not .
included m the model, they can simply be eliminated from the sum. If some observed data points
are deemed more reliable than others due to differences in instrumentation, the energy can be

weighted in their favor by including only a fraction of the less reliable points. Similarly, if cer-

' ‘tai’n responses are presumed to illustrate a key system feature, the inversion can be encouraged to

find it by increasing the number of such observation points. Such weighting of different data

points can also be accomplished formally with an energy function based on a quadratic form, as

mentioned above.”

In principle,the sum in Equation (15) could include drawdowns from multiple steady-state
or transient well tests, a procedure we call co-inversion, but'so far we have just analyzed single
tests. Furthermore, for a well test in which the head is prescribed at the pumping well, the
observed and calculated flow rates at the pumping well could also be included in the energy func-
tion. In this case, the prescribed head boundary condition eliminates the possibility of curve-
shifting al_ong the Ink axis to match observed data. ‘Fin_ally, the energy could include a com-

parison of model hydrologic properties and prior estimates of hydrologic properties, arising from,
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for example, well tests not included in the inversion or from non-hydrologic work such as core:

measurements or geophysical surveys. The ability to tailor the objective function to include all
available data is one of the strengths of the inverse method. |

~

Optimization Algorithm

The term ‘optimizétion algorithm’ describes how new trial values of the n -dimensional

vector P are chosen during the IFS inversion. Several optimization algor'ithms from standard
numerical libraries have been used, and a more syster‘nati‘c study of their strengths and
‘ weaknesses is planned for future work, thus little emphasis is given to choices regarding their use

in the applications presented in the following section. For all the optimization algorithms, the

inversion is halted when the energy E drops below a speciﬁ_ed value E min- Theoretically, the

choice of E m;,, could be made to reflect the precision of drawdown measurements, but in practice
oversimpliﬁeation- of the conceptual and numerical medels usually contributes greatly to the
discrepancy between inodeled and opserved drawdo_wn's. Hence E’mj,, is generally chosen rather
heuristically, by requiﬁng that the'correspohding match between model and observed drawdowne

is deemed ‘‘good enough.”’

The downhill simplex and direction set methods [Press et al., 1986] both choose new values

of P by interpolating or extrapolating toward lower values of E. In the downhill simplex method

an (n + 1)-dimensional ‘amoeba’ flows across the n -dimensional parameter space until it finds a

minimum vélue of E(P). In the direction set fnethod asetofn orthogoxial directions mat span '

then -dimensional parameter space is.chosen randomly, then successive one-dimensional minimi-
zations are done along each direction. For both these methods, computation time increases

_ dramatically as the the number of unknown parameters n increases.

In contrast to the above methods, which make ‘intelligent’ choices for the values of P to try,
simulated annedling [Metrbpolis et al., 1953] vuies new values ef P randomly. The energy E’
obtained using parameters P’ = P +‘AP,.where'AP is a random vector, is compared to the energy
E bbtaix_led with the original P. If E’ < E, then P’ replaces P as the current best set of parame-
ters, another random AP is chosen and the procedure .is, repeated. If E’ > E, the P’ might 'replace

~ P, with the probability of replacement given by

eE-E%, | as

where 7 is a parameter known as the temperature, which determines hbw difficult it is to accept

an increase in energy. Both |AP| and t start large and decrease during the course of the

v
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inversion. Thus early in the inversion, highly varied attractors are tested and it is easy to get out
of local minima of the energy function. Later, when E is smaller, subtle changes in attractors are

tested, and minima are not escaped easily.

Simulated annealing seems to work well for hydrologic inversions, and it has an advéntage
over the previously described methods in that computation time does not directly increase with
dimension n. However, as energy E decreases, more and more unaccepted values of P are tried,
making the method inefficient. An approach known as simplex annealing [Press and Teukolsky,
1991] combines features of the downhill simplex and simulated ar'mealing,‘in an effort to improve
efficiency by making more intelligent ch01ces for new values of P while at the same time includ-
'mg a random component t0 maintain the ability to jump out of local minima. This method

appears very promising.

To ensure that an IFS converges to a finite attractor all of whose points lie within the unit
square, the restrictions on the components of P given in Equations (7) and (8) are imposed. This
is easily done when simulated annealing is used, by simply rejecting ahy trial P’ that does not
satisfy Equations (7) and (8) and using a different random AP to create another trial P’. This
rejection algorithm cannot be so easily accommodated in the other optimization algorithms
because trial values of P are chosen intelligently rather than randomly. Instead of rejecting a trial
value of P entirely, the cbmponents of P violating Equations (7) or (8) are set to the bounding
values. This approach has not been totally sausfactory, because the opumlzauon algorithm tends
to get stuck in comers of parameter space (espec1ally for amﬁmally simple synthetic problems).
Further studies are planned to improve this procedure, because the addition of intelligence to the
choices of P is a highly desirable feature. '
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APPLICATION OF THE METHOD

It is apparent from the previous section that to use the IFS inversion method -one must

specify a number of parameters that are not modified during the course of the inversion, but rather

control the way in which the inversion operates. These parameters, known as control parameters,

include such choices as the density and nesting of the lattice, the scale factor to map the attractor.

to .the lattice, the number of affine transforms & , which components of the affine transforms may
Vary, the total number of attractor points M, .and the size and type of property increments AT
and AS. Choosing the control parameters provides an opportunity to condition the inversion on
geological or other additional inforraation, so that it will produce a model that is consistent with
all known information about the system, as well as matching the hydrologic response. Addition-
~ ally, one must specify the parameters that control the optimization algorithm, such as the tem-
perature and increment schedules for simulated anhea]_i‘ng; these choices affect the efficiency of

the inversion.
INVERSION OF SYNTHETIC DATA

The only direct way to check if a hydrologic inverse method works is to generate synthetic
well-test data from a known model and see if the inversion recovers the hydrologic property dis-
tribution of the model. It is desirable to start with simple synthetic data, to clearly illustrate what
the inversion is doing, but it is necessary to also use realistic synthetic data (i.e., data including
noise, models representing geologically realistic heterogeneities) to fully test an inversion

method. The present studies are quite simple, and further work remains to be done.

‘Linear High-Transmissivity Feature

The first synthetic problem is a well test conducted in an aquifer with a single highly

permeable linear feature, which might represent a buried stream channel or the trace of a conduc-

tive fault. The transnliSsivity of the linear feature is about 500 times greater than the background
value and its storativity is unchanged from the background value. The transmissivity distribution

and the lattice used for the calculations are shown in Figure 7b.

As described in the previous section, a linear heterogeneity can be described by an IFS with
k =2 of the form |

fA)=g A ug,(4), ‘ 17

where

QV
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gi(x)=051x+b;. . (18)

This IFS has only four paraméters; the two components of b; and b,, which determine the length

* and orientation of the line segment. The linear feature shown in Figure 7b was created using an

IFS with P given by Equation (18) and b; =(0.35,0.45) and b; = (0.19,0.19), a total of M= 1024
attractor points, and the additive algorithm with AT = 10T o- The attractor itself is shown in Fig-
ure 7a. During the well tést, a central well was pumped ét a constant rate and transient draw-
downs were calculated for four surrounding observation wells. The head was held constant at the
outer boundary of the lattice. Well locations are marked by solid circlés in Figure 7. Figure 8
shows the transient drawdowns calculated for this.transmissivity distribution (the synthetic data),
and the drawdowns that would occur for a uniform fnedium, for comparison. The effect of thé

high-transmissivity feature is clearly seen in the earlier, larger response of the upper well in Fig-

ure 8.

Because the synthetic hydroldgic déta was created using an IFS, it is 'straightforward to
specify a very ‘easy’ problem for Q'ne IFS inversion: use the same valués of the control parameters
(To, S0, AT, AS, My, k, n,etc.) as w_efe used to create the data, then, if the inversion can find the
correct v.alues of P, the resulting model will be identical to that used to create the synthetic data,
and E will be identically zéro. Table 1 summarizes the results of six inversions done using simu-
lated annealing with different random seeds. In all cases, the initial annealing temperature was
1 = 3.6, the initial incfemeht in parameters was |AP| =0.6, T and |AP| were décreased 1% each
time a trial attractor was accepted, and the inversion was halted when £ < E mi,','= 3.6. For com-

parison, the energy for a uniform medium with no attractor is E =46 and the energy for the first

| attractor tried, a horizontal line segment through the center well, is E = 860. Figure 9 shows the

energy variation over the course of the inversion for case 1E. The energy decline for acéepted

. iterations is far from monotonic, reflecting the relatively large value of T being used. | Figure 8

shows the calculated drawdowns versus time for the final iteration of Case 1E, which yields an

energy E = 1.7; the agreement with the synthetic data is vefy good, in effect justifying the choice
of E ;.. The attractors found for the six cases are shown in Figure 10. Four of the six closely
inatch the inpﬁt attractor (Figure 7a), whereas 1A and 1F differ somewhat, illusti'ating_ the varia-
bility in transmissivity distribution that yields essentially the same well-test responée. -

The tWo attractors that least resemble the correct transmissivity distribution (1A and 1F) are
in fact the two with the highest energy, suggesting that specifying a smaller value of E ;, would

yield a more unique attractor. While this is true in the present case, using an overly small a value
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of E i, can be problematical. For real-world problems, in which the mathematical model is gen-
erally an extremély simplified representation of reality and well-test data contains noise, using a
relatively large value of E;, ensures that effort spent during the inversion is used to match the
main features of the drawdown curves, rather than small variations which may not reflect the
overall hydrologic behavior of the system. For synthetic data, instrument noise and conceptual-
model errors can be éliminated, but computer round-off error cannot, so even in this case an
overly. small value of E;, can be counterproductive. For example, an attractor given by
P =(0.19,0.19), (0.35,0.45), Which is mathematically identical to the correct attractor
P =(0.35,0.45), (0.19,0.19), yields an energy E = 1.1, because a few attractor points located
nearly midway between lattice elements are mapped to different elements. Hence, specifying a
value of E;; < 1.1 would require that effort be spent during the inversion to reproduce round-off

errors rather rather than hydrologic behavior.

For a less conétrajned. inversion, we allow all entries of the affine transforms td vary,
increasing the dimension of the parameter space from 4 td 12. As shown in Figures 5b and c, the
trial attractors are no. loriger constrained to be line segments. As before, six inversions were done
using Sirhulated annealing with E;, = 3.6, using different random seeds. The range of cbmputér
times used was about the same as before; the final attractors are shown in Figure 11. In coritrast
to the previous case (Figure 10), there is now signiﬁcant variability among the attractors. All the
attractorsv's}ucceed in identifying a high-transmissivity channel bétween the middle and upper
wells, but most show fictitious high-transmissivity channels elsewhere as well. A careful exami-
nation of Figure 11 indicates that none of the spurious high-transfnissivity channels are located
along pathways connecting the pumping well and the observation wells. The model can include
these spurious high-transmissivity channels and still yield a low energy because the observation-
well drawdowns are not very sensitive to these regions of the model. This insensitivity is a com-
mon problem when analyzing well tests involving a single pumping well and a limited nurﬁbe_r of
observation wélls, and doing multiple inversions is a powerful technique for identifying regions

for which the well test provides no information. Rather than indicating a failure of the inversion

method, non-uniqueness illustrates the limited nature of the information contained in the well-test’

response.

If we visually filter out those features not common to all the attractors in Figure 11, we
begin to obtain a reasonable representation of the actual high-transmissivity feature. This visual
filtering operation can be formalized by looking at the mean transmissivity distribution. Figure

12 shows the transmissivity distributions for each of the six inverSions, corresponding to the
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attractors shown in Figure 11. Figure 13 shows the mean transmissivity distribution, formed by
calculating the transmissivity of each lattice element as the mean over the six inversions. The
mean transmissivity dlstnbutmn compares favorably with the actual distribution (Fxgure 7b),
.although the spunous lugh-transnnssmty channels are still apparent. If the spurious channels
represent random €rrors, averagmg over more inversions should minimize their effect. The aver-
age transmissivity distribution for 30 inversions, also shown in Figure 13, better replicates the
synthetic data, supporting this hypothesis

A more basic way to eliminate spurious attractor pomts is to analyze well-test data that is
| sensitive to larger areas of the aquifer, which can be accomphshed by using more observation
wells, since Flgure 11 indicates that the response at an observation well is most sensitive to the
region directly between the pumping well and observation well. Unfortunately, 'dn'lling many
yvells may -be eoonomically or physically impossible. An alternative approach is to do a series of
flow tests using different wells as the pumping well, as shown schematieally in Figure 14, then

combining all the drawdown responses in the energy.

Square Zone of Contrasting Transmissivity and Storativity

The second synthetic problem considers an aquifer with a central square region whose
transmissivity and storativity are either 100 times greater (‘high anomaly’) or 100 times less
V(‘low anomaly’) than the values of the surrounding area. Six wells, surround the anomaly, as
shown in Figure 15. One well is pumped and transient dr_aWdoyvns are measured in the other five.
Head is held fixed at the outer boundary of the lattice. Figure 16 shows the transient drawdowns
at the observation well locations for the high and low anomalies, and for a uniform medium.
Compared to the uniform medium response, the high anomaly strongly affects the drayvdown
curves at all observation wells, whereas the low anomaly primarily affects the wells across the
‘ anomaly from the pumping well. '

Table 2 summarizes the results of three inversions with k = 3-done for the high anomaly,
using simulated annealing with different random seeds. In each case, the additive algorithm was
used with AT = 10T and AS = 10S, and E yj, = 1.6. The energy for a uniform medium with no -
attractor is E = 92, the energy for the ﬁrst_attractor tried, the Sierpinski Gasket shown in Figure -
17,is E =85. ’I'he drawdowns for Case 2A are.shown in Figure 18; the agreement with the syn-
thetic data is very good; The attractors for each case, shown in Figure .19, all succeed in concen-

trating points within the anomaly.
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Three inversions with k = 3 were also done for the hi gh anomaly using attractors that decre-

ment transmissivity and storativity. For decremented transmissivity and storativity, an ideal
attractor would have points uniformly distributed 'around the outside of the anomaly. Although
the energies for these inversions (E =47 to 58) are only about a factor of two lower than the
energy for a uniform medium, the attractors, shown in Figure 20, all succeed in concentrating
points outside the anomaly. |

. By construction, an attractor is anchored to the k& points found by iterated application of

each of the k affine transforms 'that'makevup the IFS (e.g., the lower left corner point of the Sier-

pinski Gasket shown in Figure 17 results from repeated application of g =0.51 +(0,0) the upper

. right corner from g =0.51 +(05 0.5), and the upper left corner from g =0.51 +(0,0.5)). This

k-fold anchoring is consistent with the mcrease in attractor fractal dimensmn with & observed in
Figure 5, and implies that the attractors tend to contain k& -fold features Generally, higher values
of k should be used to mimic more complicated structures. In particular, it is natural to try to
outline a square anomaly using an IFS with k =4. The attractors for two such inversions using
the multiplicative algorithm with AT =AS =0.5 are shown in Figure 21. Despite the appealing
shape of the attractors, the energies are still rather high (E. = - 38 for both cases) reflecting only a

qualitative match to the drawdowns, as shown in Figure 22.

‘ Several 1nversrons using the plus-minus algorithm. were alSo done for the high anomaly,
using an IFS with k =4. Not surprisingly, the returned energies (E = 6—20) were better than for
the decrement-only inversions, but worse than for the increment-only inversions. The attractors
" tend to concentrate the incrementing points within the anomaly, while putting the decrementing

points outside it, as is illustrated in Figure 23.

‘Table 3 summarizes the results of three inversions with k =3 for the low anornaly, with

attractor points that decrement properties The multiplicative algorithm was used, with

AT AS =0.5. Although the energies (E =4-8) are not as low as for the high-an omalvy inver-

.srons with incremented properties (Table 2), the drawdowns, shown in Figure 24 for Case 2L, '

reproduce the main features of the synthetic data reasonably well. Because the energies never

reached the speci‘ﬁed-value of E p, = 1.6, an alternate stopping criterion was used, in which an

inversion was halted when E did not decrease after many (usually several thousand) iterations.

The attractors, shown in Figure 25, all succeed in concentrating the po'ints within the anomaly.

In order to investigate the sensitivity of the inversion process to well location inversions

with k =3 were done considering wells located 1n51de and outside the anomaly, in both regular :



-21-

and inegular patterns, as shown in Figure 26. Table 4 summarizes the results of the -inversions
and indicates that in all cases the IFS inversion method matches the hydrologic response. The
-high-anomaly inversions use an attractor which increments properties using' the additive algo-
rithm and AT = 10T and AS =10§,. The low-anomaly inversions use an attractor which decre-
ments properties using the multiplicative algorithm and AT = AS =0.5. Thg attractors (not
shown) successfully concentrate points within the anomaly. Intuitively, one would expect that if
an anomaly produces a-small signal in the drawdown curves'(for example, becausé it has similar
properties to the surrounding area, or is of Qery small or very large spatial extent compared to the
dimensibns of the well ﬁeld), the IFS inversion method would have less success identifying it.

Studies to quantify this notion are underway.
INVERSION OF REAL DATA FOR A POROUS MEDIUM ~ KESTERSON RESERVOIR

A variety of well tests have been conducted on a shallow aquifer system composed of inter-
bedded sands, silts, and clays at Kesterson Reservoir, located in the San Joéquin Valley in central
California [Yates, 1988]. The hydrologic properties of the aquifer/aquitard system are needed in
order to study the transport of various forms of selenium and other salts between surface waters
and underlying aquifers. The aqﬁifer studied in the present example is about 18 m thick, and is
under]a'jn by an impermeable clay layer and overlain by’ a leaky aquitard. A multi-well transient -
test was analyzed to infer the spatial distribution of transmissivity in the aquifer. Both steady-
state and transient single-well tests and multi-well pulse tests have also been conducted at the
site.

In the test under consideration, a central well was pumped at a constant rate of 6x10~% m%/s
and transient drawdowns were measured at eight Qbservation wells located 15 to 107 m away
from the pumping well. "All the wells were screened over the .mid_dle third of the aquifer thick-
ness. The test lasted 5 hours, with the first obseryations made about 5 seconds after pumping

commenced.

Quasi-threejdimensional Analysis

Initial studies used the two-dimensional nested lattice shown in Figure 27 to represent the
aquifer. The well-field is shown by the solid circles, with the pumping well at the center
(x =0, y =0). The nested lattice design is practiéal for modeling fiow in porous media, where
fine resolution is needed to represent flow near wells adequately, but the lattice must extend far
beyond the well field to realistically implement pressure boundary conditions. Fine resolution is

. undesirable beyond the well field, because it greatly increases the size of the calculation without

-
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improving the ability of the model to predict flow or pressure at the well field. At the outer boun-
dary of the lattice the head was held constant, with the extent of the lattice chosen so that the

cone of depression would not reach the boundary during the duration of the well test.

Use of a two-dimensional lattice requires that the wells be modeled as fully penetraﬁng and
that the upper ahd lower conﬁnﬁng layers be considered impermeable. The late-time slopes of the
drawdown versus time curves calculated by this model were consistently éteeper than observed
slopes. Because geological information and other hydrologic inversion studies [Yates, 1988] sﬁg#
gestéd that leakage occurred through the upper confining layer, it was decided to use a quasi-
three-dimensional model in which leakage from an overlying aquitard could be included in an
approximate way, as described in Appendix B, which required the addition of approximately 700
nodes and elements to the lattice shown in Figure 27. 'l_’he ratio of the aquitard vér-tical permea-
bility to the base value of the aquifer ho'rizontal,permeébili'ty was eétimated to be 10~ by match-
ing the slopes of the late-time portion of the drawdown curves to observed values. The specific
storage of the aquitard was assumed to correspond to the base value of storativity of the aquifer.
These parameters did not vary duﬁng theinversion (i.e., they were unaffected by the location of
attractor points). Verticé.l flow within the aquifer itself was not included in this model, so partial

. penetration effects were not accounted for.

Figure 28 shows the observed drawdown versus time curves and those calculated assuming
a medium with uniform transmissivity and st_orativity (no attractor). The energy of the uniform-
medium solution ié E =25. Note from Figure 27a that the observation wells are divided into two
groups: four ‘inner’ wellvs are located between 14 and 16 m away from the pumping well, and
four ‘outer’ wells are located between 60 and 107 m away. Figure 28 shows that the worst match
between the uniform Imedjum calculation and the observed data is for the outer well on the left,
and among the inner wells the worst match is again found for the wéll on the left. These qualita-
tive observations suggest that the attractor might show some special characteristics on the left |

side.

The attractor was scaled to lie in the region of the lattice given by =150 <x <+150 m and
-150<y <+150 'm. Geological information and previous well-test analysis [Yates, 1988] indi-
cate that storaﬁvity is far less variable than transmissivity in the Kestérso‘n setting, so attractor
points represent changes in transmissivity only. Table 5 summarizes the results of three inver;
sions with £ =4 with decremented transmiss_ivity’. The multiplicative algorithm was used, with

AT =0.5. Case K1 used simplex annealing with n = 12 parameters (the rotation form of the B
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matrix given by Equation (12), with only 6’s and b’s variable) for most of the inversion. The
inversion stopped at E = 1.7 and was restarted with all parameters i/ariable‘(n =16). Cases K2

and K3 used simulated annpealing with n =12 and n = 16, respectively. The drawdowns calcu-

Jlated for Case K3 are shown in Figure 28, the agreement with the observed drawdowns is i;ery

good.

| Figure 29 llh’xstrates the attractors for Cases K1, K2, and K3. Although they by no means
prodllce a unique picture of the trahsmissivity distribution, they do show a number of features in
common. The attractors are all relatively compact structures -overlying the inner observation
wells. In each case there is a point-free region between the pumping well and the ilmer left obser-
vation well, providing a high-permeability path between them, which accounts for the large, early
response of that observation well. Additionally, each case shows a strong concentration of polnts
bétween the inner and outer wells on the left side, which accounts for the small, léte response of

the outer left observation well.

Besause of the nested nature of the lattice used for the calculations the attractors themselves
pr(')vidé only a qualitative picture of the transmissivity distributions. Two quantitative represen-
tations are shown in Figure 29. The first displays the central portion of the lattice with the thick-
ness of each element proportional to the transmissivity of that element. This is a straightforward
representation of the transmissivity distribution used for the flow calculation, but the increase in
element trzinsmissi?ity that occurs as the lattice gets coarser tends to overshadow. the variations in
transmissivity caused by the attractor points, making the pictures cumbersome to interpret. The.
final display in Figure 29 attempts to alleviate this problem, by eliminating the lattice from the
picture and plotting the effective transmissivity of the aquifer that the lattice represents. For each
element in the lattice, trimsmissivity T is divided by element leném L 1o give effective transmis-
sivity T, as described in Appendix B. Then a square centered on the element is filled with a dot

pattern whose density is proportional to 7.

‘It turns out that for the mapping algorithm used, attractor points have a greater effect on

transmissivity in the coarser regions of the lattice than in the finer central region around the inner

wells. Thus each attractor yields a uansmissivfty distribution with an annular low transmissivity
region between the inner and outer obServ'ation wells. “ Some inversi'(')ns using incremented
transmissivity were also | done. These yielded higher energies thin the' decremented-
transmissivity inversions for comparable numbers of forward calculations, suggesting that a geo-

logical model consisting of local low-permeability features (e.g., clay lenses) embedded in a.



-24-

high—permeability backgroimd may be more appropriate than local high-perrheability features
(e.g., gravel bars) embedded in a low-permeability backgrbund. Figure 30 shows the threve>attrac-
~ tors that yielded the lowest energies (E =9) of the incremented-transmissivity inversions. For
the most part, attractor point locations are complementary to those for the decremented-
transmissivity inversions, yielding a consistent picture of the aquifer transmissivity. distribution,
with a low-permeability region just beyond the inner observation wells, and a> high-permeability

region further away.

~ Comparison with Previous Analysis

Yates [1988] used a two-dimensional axisymmetric porous medium model to analyze the
interference test _considered here. Her model differed from the present one by accounting for well
partial penetration, allowing verticél variations in permeability in the aquifer, and requiring hor-
izontal permeability variations to be radially symmetric and centered at the pumping well. She
did not use a formal optimization algorithm, but ran repeated forward simul éﬁons of the interfer-
ence test with different permeability distributions chosen by hand, using results of a series of
single-well tests to guide the choices. Her best match to the observed drawdown curves is com-
parable to tilat shown in Figure 28, and was obtained using a composite aquifer model with a
high-permeability zone in the vicinity of the inner wells,‘ with' a permeability about ten times that
of the rest of the aquifer. Our results are consistent with this model in the Vicinity of the inner
wells. Yates used a ratio of aquitard vertical permeability to inner-Zone-aquifer horizontal per-
meability of about 2x1073, twice as large as that used for the present study. The additional leak-
age provided by the higher permeability of the aquitard may eliminate the need for the high-
permeability outer zone found in the present study.

Possible Further Studies

The Kesterson Reservoir site provides several opportunities for further development and
testing of the IFS inversion method. To rigorously analyze the present interference test, we
should use a fully three-dimensional model in whjéh the transmissivities of both the aquifer and
leaky aquitard vary The IFS inversion method could be applied to three-dimensional problems
with only minor modifications, but the computational effort of an inversion would be greatly
increased. Not only will the forward calculations require far more computaﬁona] time due to a
larger lattice, but a three-dimensional attractor has 12 parameters for each affine transformation,

compared to 6 for a two-dimensional attractor, doubling the dimension of the parameter space
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that must be searched by the inversion. One possibility woﬁld be to use a three-dimensional lat-

. tice to properly account for vertical flows arising from well partial penetration, but to limit the

attractor and corresponding Umsmis§ivity variations to two-dimensional structures within .the

. aquifer to minimize the number of parameters. Before erhbarking on three-dimensional inver- -

sions we need to streamline all aspects of the inversion code.

It would be very interesting to cbndition the inversion of the interference test by the results
of the singie—_weli tests, as' was done by Yates [1988]. Such_ conditioniag could be done in a
straightforward way by co;invertjng all the available well tests, however, this would be computa-
tionally intensive as each forward calculation would have_to include the interference test and all
the single-well tests. A more efficient approach might'be to sitnulate just the interference test but
to add a penalty term to the objective functlon if the transrmssmty in the nelghborhood of a well

contradlcted the value mferred from that wells 1nd1v1dual well test.

One of the appealmg features of a fractal model for a hydrologic property distribution is its

ability to scale up the model from a relatively small-scale well test to a large-scale regional

model, which arises naturally from the self-similar nature of fractals " A second interference test

was done at Ke_sterson, _studymg the same aquifer/aquitard system at a nearby well field. It could

'bé worthwhile to invert this second teSt independently of the present work, and then co-invert '

them both, using a larger lattice encompassing both well ﬁe]ds to determine whether a fractal

model of the transmxssmty dxstnbutlon is appropriate at this larger scale.

INVERSION OF REAL DATA FOR A FRACTURED MEDI UM STRIPA

At the Stripa mine in Sweden we have been investigating the hydrology of a subvertical

fracture zone called the H-zone within a 150 m x 100 m X 50 m block of rock. A series of seven

~ boreholes (C1, C2, C3, C4, C5, W1, W2) penetrate this zone. Eaeh of these boreholes was fitted

with packers that isolate a test interval in the H-zone. An interference test, called the C1-2 test,
was conducted in these hdles. In this test, the C1 hole was‘pumped- at a constant rate from a
packed-off interval in the H-zone. Resvponses. were measured in the other holes in intervals
packed-off in the H-zone. A second experiment, called the Simulated Dﬁft Experi'ment (SDE),
'rrteasured the steady-state flow rate from the H-zone into six parallel holes drilled within a 1 m
radius (the D-holes), which were held at a eonstant drawdown. The entire data set is described in
Olsson et al. [1989] and Black et al. [1991]. An inversion of this data using simulated annealing

is given in Long et al. [1991].
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Here we present results of three IFS inversions based on the C1- 2 interference test. The
models produced by the mversmns were subsequently used to predict the flow rate into the D-
“holes in the SDE. We treat the H-zone as a two-dimensional feature, so the C-, D- and W-
-boreholes appear as points where they penetrate the plane of the H-zone. A two-dimensional
variable-density lattice, shown in Figure 31, was used to model the H-zone, in order to maximize |
detail in the vicinity of the D-holes, provide a large enough lattice to pfevent the transients from
- reaching the boundary too soon, and minimize the number of_ elements and bandwidth. The ﬁnest
iattiee spacing is-1.5 m and the lattice extends 400 m from the center of the well field. The outer
boundary conditions in the model were chosen to represent the estimated equilibrium head

values.

' Cl-2 Interference Test

Figure 32 shows the observed drawdown versus time curves and those calculated assuming
the H-zone has uniform transmissivity' and storativity (no attractor). Three general features indi-
cate the need for a heterogeneous description of the H-zone: The predicted drawdown at borehole
W2 is much too large, the predicted drawdowns at boi'ehoies C4, C2, and C5 ai'e too small, and
the predicted‘ drawdowns at boreholes W1 and C3 are too big at early times but about right at
later times. The drawdowns calculated using a uniform-medium model correspond to an energy

of E =51..

. All three C1-2 inversions used IFS’s with k =4 in which all 24 pardmeters varied indepen-
dently and the multiplicative mapping algorithm. -For.Case S1, in which the 1owest energy was
E é'lO, the attractor points either incremented or decremented the transmissivity and storativiiy
‘using the plus-minus 'aigorithm, in Case S2 (E =9) the .atu'actor points incremented the transmis-
sivity and storativity,' and Case S3 (E = 19) the attractor points decremented tiansniissivity and
storativity. The results of the three inversions are summarized in Table 6. Each inveision was
halted after E had not decre.ased for many iterations. Figuie 32 shows the drawdown curves and
Figure 33 shows the energy variation over the course of the inversion for Case S1. Results for
Cases S2 and S3 (not shown) are similar. Figure 34 shows the attraétor_ which yields the lowest
energy for each case and the cormresponding hydrologic pfoperty distribution. - The background
values of transmissivity and storativity for the three inversions differ, because zilthough each
inversion started with the same value of T and S, the amount the drawdown curves were shifted
fo yield the minimum energy, A, and A,, differed from case-to case. The middle and lower rows

of Figure 34 show the transmissivity distributions with the different shifts taken into account by
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plotting Te®. These plots also represent the spatial variability of storativity, but not its absolute

value, which would require plotting Se:~21,

Figure 34 shows that each inversion creates a hydrologic property distribution in which
uansnﬁséivity and siorativity are larger in the region of the H-zone around boreholes C1, W1, C3,
and C4 than elsewhere. This results in an improvement in all the predicted drawdown curves: the
drawdown at borehole W2 is decreased by isolating W2 in a low-permeability region; the draw-

downs at boreholes C2, C4, and C5 are increased because of the high-permeability region

* between boreholes C1 and C4; and for Cases S1 and S2 the response at boreholes W1, C3, and

. C4 is delayed by increasing storativity in their vicinity, whereas for Case S3 the response is

delayed by an isolated low-permeability streak. The overall consistency between the hydrologic
property distributions created by inversions in which attractor points have sharply contrasting

effects is encouraging.

SDE Flow Rate Prediction

To use the models developéd by inverting the C1-2 data to predict the flow rate into the D-
holes during the SDE, we first shut in well C1 and allowed a stéady-state head distribution to
develop in each model. - A drawdown of 220 m was then applied at the D-holes, and the steady-
state flow rate into the D-holés was calculated. The calculated SDE flow rates range from
0.13x107 m¥s for Case S2 to 0.22x10~ m¥s for Case S1 1o to 0.38x10~6 m¥s /min for Case S3,
whereas the actual flow rate to the D-holes from the H-zone during the SDE was estimated to be
about 0.2x107 m?¥/s. The models created by the inversions with the lowest energies (Cases S1
and S3) best matched the SDE flow rate, whereas the model created by Case S3, with about dou-
ble the eneigy, did no bétter than a uniform-medium model. Overall, we consider the perfor-

mance of the IFS inversion on the Stripa data successful.
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SUMMARY AND CONCLUSIONS

We have developed an inverse method to estimate hydrologic properties based on the
analysis of hydrologic well tests. The trial hydrologic property distributions considered during
fhe inversion process are generated using iterated function systéms (IFS’s), and are constructed to
have self-similar or fractal geometry. Fewer parameters are needed to describe ‘a self-similar
geometry than a general heterogeneous geometry, improving the efficiency and robusfness of the
inversion. Equally important is that the final parameter set produces a hydrologic property distri-
" bution with a hierarchical structure, as is often seen in natural geological media. Constraining the
parameters of the IFS during the inversion constrains the resulting' attractor shapés, which may
make it possible to limit the search for hydrologic property distributions to those consistent with

_conceptual geological models or with other additional information.

Application of a two-dimensional version of the IFS inversion method to idealized synthetic
data and to field data from a sand/clay sedimentary sequence and a fractured granitelhas shown its
promise, but further work remains to be cloxie. We are investigating altematé methods for map-
ping the attractor to' the lattice, in order to better represent geological structure. Another major
task bei'ng undertaken is to analyze and improve the optimization algorithm. Optimization algo- -
rithms such as simplex annealing, which combine intelligent choices for new parameter values
with the ability to escape local minima seem very promising. Finally; we are working to make
the numerical simulation of the forward problem as efficient as possible. With the above.
improvements more computationally intensive. problems can be tackled, such as using three-

dimensional numerical models and co-inverting sequences of well tests. -

The IFS inversion method does not élways return a uniquely determined hydrologic pro-
- perty distribution. This is not a failufe of the method itself, but rather reflects on the limitations
of the information contained in the wel’l-fe'st response. By making multiple inversions of a given
- well test,' and comparing the returned hydrologic property distributions, one can discern from the
- common features those regions which have the greatest influence on the well test and their hydro-
logic properties, and from the contradictory features those regions to which the ‘w'ell-test response
is not sensitive. | '

As illustrated in Figure 14, co-inverting multiple well tests can make the analysis sensitive
to greater portions of the flow region. This concept can be extended by co-inverting different
kinds of data, for example adding seismic or electromagnetic measurements to the objective func-

tion, and adding the corresponding simulations to the forward calculation. A more economical
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means of impfoving uniqueness is to condition the inversion of a hydrologic interference test by
adding penalty terms to the objective function to reflect mismatches to known hydrologic pro-
perty data. Another possibility would be to do a geostatistical analys‘is of each trial hydrologic
property distribution and reject those which contradict observed geostatistical parameters.

One of the strengths of the hydrologic inversion method is that we use fluid flow-to develop

models that will be used to predict fluid flow. Predicting fluid flow is the ultimate goal for appli-

cations such as estimating water supply or optimizing oil recovery. For studies involving remedi-

.ation of contaminated -aquifers or storage of nuclear waste, understanding solute transport via
fluid flow is the ultimate goal, rather than studying the flow itself, making the inversion of solute
transport data desirable. Such inversion can be incorporated in the IFS fiarnework in a straight-
forward manner, and may yield noteworthy results because the equation goverhing solute tran-
sport contains an advective as well diffusive term, which may strongly impact the inversion pro-

cess.”
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APPENDIX A: CONSTRUCTING B AS A ROTATION MATRIX

As an alternative to considering each B; as composed of four independent entries, one can

construct B; as a rotation matrix .

Bi=Cilsing, cos6;

cos 6; —=sin 9,]

where C is a contractmty factor (0<C; <1) and 0; is a rotation angle. This formulation
reduces the dimension of P from six to four per afﬁne transformation but sull allows a great
variety of attractors, as illustrated in Figure A.1, frame (a). By holding some components of P
constant, the éffect of C, 6, and b can be demonstrated, as shown in frames (b) through (d). By
allowing changes in 6 and b while holding C fixed, a wide variety of attractor shapes can be
created (frame (e)), with a further reduction in the dimension of P from four to three per affine

transform.

APPENDIX B: THE NUMERICAL MODEL TRINET

Basic Formulation
The ﬁmte element model TRINET [Karasakz, 1987] calculates fluid flow and solute tran-
sport on a lamce of one-dlmensmna] finite elements (i.e., pipes) of porous medium. TRINET

incorporates an adaptive gridding algorithm to minimize numerical dispersion for transport calcu-

lations, but in the present application we use a fixed grid and calculate fluid flow only. The flow -

equation between the two nodes at either end of a one-dimensional finite element may be written

as
B.1)

where & .is hydraulic head and S and T are the stora'tivity and transmissivity, respectively, of the
element. The lattice of elements need not be uniformly spaced; it can be two- or three-

dimensional, and rectangular, triangular, or a combination thereof.

Representation ofa Two-dimensional Porous Medium (a Confined Aquifer)

When applying the IFS inversion method to a porous medium, TRINET is used with a two-

dimensional rectangular lattice to represent an areal view of an aquifer. It can be shown

A1)
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[Doughty, 1993]‘_that fbr lattice elements with transmissivity T, storativity S, a cross-sectional

area of one, and length L, the effective aquifer transmissivity T and storativity § are given by
T==— S=—<-" wm

As is customary in the hydrologlc literature, the transxmssmty T is the product of aquer
- hydraulic conductmty K and aqulfer thickness, the storativity S is the pmduct of aquifer specxﬁc _ |
storage S, and aquifer thickness, and hydraulic oonductmty is intrinsic permeablhty divided by |
fluid viscosity. ' | ' ' |
For a lattice with variable spacing to behave as a uniform porous medium, element proper-
" ties must vary with lattice spacing. A convenient variable lattice is a nested lattice in which a
central fine region with spacing L is. surrounded by a region with spacing aL, which in tum is
surrounded by a region with spacing a2L, and so on, so that the jth nested region has lattice
spacing a/L. Figure 27 illustrates such a lattice. One consistent prescription for lattice element
properties is io réduire that as lattice spacing increases from L to a’L, the element p_robelﬁes are

modified as follows:
T>dT Soads. } (B3)

The 'ability of TRINET to properly model flow through a porous medium has been verified
by comparing its results to the Theié solution [Theis, 41935] f(_)r transient radial flow in a confined
homogenebus isotropic aquifer, in which a fully-pengtrating well is pumped ata 'conStanf flow
rate [Doughy, 1993]. | | |
Representatzon of a Quasi Three-dtmenszonal Porous Medium (a Leaky Aquifer)

The two-dimensional aquifer model described in the previous section has completely
nnpetmeable confining layers above and below it. It is straightforward to extend the model to
include small vertical ﬁows into the aquifer through a leaky confining layer, wlnch is presumed to
‘Temain at constant head. One new vertical element and one new constant-head node are added
. for each .node in the original two-dimensional lattice. Each new eleineﬁ't has st_oraﬁvity S’,
'~ transmissivity T’, length L’, and a cross-sectional area of one. It can be shown that for a lattice
 .spacing L, the effective confining layer vertical hydmuﬁc conductivity K’ and specific storage S,

are given by

K=% S§==. B4
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To account for the variable lattice density in a nested lattice, when the lattice spacing increases

from L to a’ L, the TRINET properties are modified as follows:

. T'>d¥T §'—a¥s. - ®BS5)
The quasi-three-dimensional nested lattice has been verified by comparing TRINET results to an ‘
analytical' solution [Hantush and Jacob, 1955] for transient radial flow in a homogeneous isotro-
pic aquifer with a slightly leaky confining layer, in which a fully-penetrating well is pumped at a
constant flow rate [Doughty, 1993]. ’ |
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NOTATION
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set of points x

coarsening factor for a nested lattice

matrix of affine transform

vector of affine transform

rotation-matrix contractivity factor (Equation (12))

energy, the value of the objective function to be minimized by inversion
stopping criterion for the inversion

iterated function system (IFS)

affine transform

‘head or drawdown (m)
“number of iterations used to generate attmctor

identity matrix _
level of nesting for a nested lattice

. hydraulic conductivity (m/s)

the number of affine transforms in an IFS

lattice spacing, for a nested lattice the lattice spacing is a’L at the Jjthlevel of nesting (m)
number of attractor points affecting a lattice element

total number of attractor points

‘number of observed drawdowns included in the objective function

a constant to keep E a convenient magnitude (currently N = 100)
dimension of parameter space '
vector of unknown parameters (entries of B ’s and b’s)

vector of random increments

_ magnitude of vector AP (square root of sum of squares of components of AP)

storativity

contribution of attractor pomt to storativity
specific storage (m™ D)

transmissivity (m%s) _
contribution of attractor point to transmlsswlty
time (s)

~ temperature in s1mulated annealing algonthm

coordinates of point (m)

distance (m)

distance (m) : '

amount of curve shift along the Int orInk axis, respectively, to minimize E
rotation-matrix angle (Equation (12)) :

Subscripts and modifiers

calculated

observed

base value (unaffected by attractor pomts) or initial value
leaky confining layer property or trial value

effective porous medium property
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Table 1. Synthetic problem 1 inversions with k = 2, b’s only varying, and E r;, = 3.6.

Number of Number of P
Case Forward Accepted (b, by) E
Calculations  Attractors

1A 184 21 (0.29,0.47), (0.27,0.25) 32

1B 169 43 (0.20,0.20), (0.36,0.46) 2.8

1C -449 ' 67 (0.36,0.46), (0.19,0.20) 0.3

1D 387 50 (0.21,0.21), (0.33,0.41) 1.5

1E 244 35 (0.19,0.18), (0.34,0.45) 1.7

1F . 316 47 (0.28,0.26), (0.17,0.42) 34

Averagei 292 44 (0.22,0.22), (0.31,0.45) 2.2
Correct P (0.35,0.45), (0.19,0.19) 10710
- (0.19,0.19), (0.35,0.45) 1.1-

Uniform . 46

| medium :

CPU time per iteration is 10 sec on a Solbourne 500 series workstation
~forder of b; and b, interchanged for Cases A and C before average taken

Table 2. -Synthetic problem 2 (high anomaly) inversions w1th k =3, attractor pomts that
. increment properties, and E ;, = 1.6.

Number of Number of
Case Forward Accepted E
' Calculations  Attractors
2A - 795 71 14
2B . 87 20 1.6
2C 2,606 181 1.2
Uniform ' 92
medium

CPU time per iteration is 17 sec on a Solbourne 500 series workstation
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~

Table 3. Synthét.ic problem 2 (low anomaly) inversions with k =3, attractor points that
decrement properties, and E ;, = 1.6. ’

VY

Number of Forward  Total Number
Case Calculations when of Forward E
Best Energy Found Calculations '
2K 2,929 : 3,497 8.4
2L 10,929 13,562 5.6
2M ' 5,271 26,164 39
Uniform ' 91
medium

Table 4. Synthetic problem 2 inversions for various well locations. Three k. = 3 inversions '
were done for each problem, using different random seeds. In all cases E ;, = 1.6.

Well -Number of
~Locations = Anomaly Forward E
Calculationst
Outer High 1,900-2,900 1.3-1.5
Low 6,000-13,200 - 0.8-14
Inner High 700-2,600 1.2-1.6
Low 6,100-12,400 = 1.3-1.6
Random - High - 1,100-2,100 009-1.6
‘Randomf - High 500-1,100 1.0-1.6

tRounded to nearest hundred
fAlternate pumping well; location shown in Figure 26.
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Table 5. Kesterson Reservoir inversions with k =4 and attractor points that decrement
transmissivity.

Number of = Number of
Case , Forward Accepted E

\ Calculations  Attractors

K1 10,579 - 1.6

K2 . 14,993 349 2.1

K3 7,600 354 1.7 .
Uniform C 25
medium

CPU time per iteration is 77 sec on a Solbourne 500 series workstation -

Table 6. Stripa H-zone C1-2 interference test inversions with k =4 and attractor points that
modify transmissivity and storativity.

Mapping Number of Forward  Total Number : SDE
Case from Attractor  Calculations when of Forward Energy  Flow Rate
‘ to Lattice Best Energy Found ~ Calculations (107° m¥s)
S1 Plus-minus 8,825 13,729 10 ’ 0.22
S2 , Increment 10,453 10,710 - 8.7 0.13
S3 Decrement 7,166 11,457 19 0.38
Uniform . - - 51 0.36
Medium - ' '
Field | ' 0.21%0.06
Observation : - '

CPU time per iteration is 3.5 min.on a Solbourne 500 series workstation

-
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FIGURE CAPTIONS

Fig. 1. The effect of various affine transforms on a set of points. ,

Fig. 2. Generation' of Sierpinski’s gasket using an IFS with k =3 and a set Ay forming a
Cross. o | | '

Fig. 3. Generation of an attractor usingiavn IFS with k ¥4 andasetAg censisting of a single
' _poi‘nt. . |

Fig. 4. A sequerice of attractors generéted by IFS’s with k =3 whose parameters differ by a
small .amount. For the mth frame, P, =P,,_; + AP, where AP is a vector with rendom
increments and AP} =0.2. ' ' » ‘

Fig. S. “The variation in attractor as para.metersrof the IFS change. For the mth frame in
'each series, P,, =P + AP,,, where AP,,, is é vector with random increments.

Fig. 6. Schematic diagram of the_mapping from attractor points to lattice element hydrolo- '

gic properties. In the frame at the right, element thickness is proportional to transmissivity.

- Fig. 7. Example of the mapping from attractor points to transmissivity distribution. Frame
(a) shows the attractor superposed on the lattice, and frame (b) shows the transmjssivity dis-
tribution, m which element thxckness is proportional to Tﬂ'o The solid c1rc1es mark the

well locations for synthetic problem 1.

Fig. 8. Transient draWdoWns at the four observation wells for synthetic problem 1. The
arrangement of the. plots on the page follows the locations of the observation wells in the

well field. ,

Fig. 9. Energy variation during the inversion for Case 1E. The minimum energy so far is

~ shown as a dotted line in both frames.

Fig. 10. The final attractors for six inversions of synthetic problem 1, using IFS’s with k =2
with only the b terms of the affine transforms varying. Well locations are marked with open

. circles.

Fig. 11. The final attractors for six inversions of synthenc problem 1, using IFS’s with k = 2

with all parameters of the afﬁne transforms varying.

-

Fig. 12. The transmissivity distributions for the six inversions of synthetic problem 1. Ele- -
ment thickness is proportional to T/To. '
Fig. 13. The mean transmissivity distribution for the six distributions shown in Figure 12,

~ and the mean transmissivity distribution for 30 inversions all using the same parameters, but
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different random seeds. ‘Element thickness is proportional to T/T¢. -
Fig. 14. A Schematic diagram showing the regions of an aquifer in which heterogeneities
tend to have the most affect on well-test results; these are the regions directly between

pumping wells and observation wells.

Fig. 15. Model for synthetic problem 2, showing the lattice, well locations (solid circles),
and the central square anomaly, which may have transmissivity and storativity either 100
times greater or 100 times less than vthe background values. The pumping well is' the middle
well on the left. | o ‘ | _ |

Fig. 16. Synthetic data at the five observation wells for synthetic problem 2, compared to
the response for a uniform medium. The arrangement of the plots on the page follows the

locations of the observation wells in the well field.
Fig. 17. The initial attractor for the k = 3 inversions of synthetic problem 2.

Fig. 18. Tran51ent drawdowns for synthehc problem 2 with the high anomaly when attractor

points mcrement propertles

F1g 19. The final attractors for three k = 3 inversions of syntheuc problem 2 with the high
anomaly, when att_ractor points increment properhes. \

.Fig. 20. The final attractors for three & =3 inversions of synthetic problem 2 with the high

: anomaly; when attractor points decrement properties.

- Fig. 21. The final attractors for two k =4 inversions of synthetic problem 2 with the high

'anomaly, when attractor points decrement properties.

Fig. 22. Transnent drawdowns for synthetxc problem 2 with the high anomaly when attractor

points decrement propemes

Fig. 23. The final attractor for a k =4 inversion of synthetic problem 2 with the high ano-
maly, 'using the plns-minus algorithm. Attractor points which increment transmissivity and
storativity are shown as pluses and points which decremen't properties are shown as open cir-
cles. Only one quarter of the attractor points used are plotted (256 out of 1024), in order for

the symbols to be more readily distinguishable. )

Fig. 24. Transient drawdowns 'for synthetic problem 2 with the low anomaly when attractor

points decrement properties.

Fig. 25. The final attractors for three k = 3 inversions of synthetic problem 2 with the low

anomaly, when attractor points decrement properties.
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Fig. 26. _The well locations used for the inversions of synthetic problem 2, which are sum- ,

marized in Table 4.

Fig. 27. The nested TRINET lattice used for the Kesterson inversion. Frame (a) shows the
central portion of the lattice; the pumping well is at x =0, y =0, the locations of the obser-
vation wells are shown as solid circles. Frame (b) shows the entire lattice; head is held con-

stant at x =+600, y =+600.

Fig. 28. Observed and calculated transient drawdowns for Kesterson. The arrangement of

_the plots on the page follows the locations of the observation wells in the well field.

Fig. 29. Results of three decremented-transmissivity inversions for Kesterson: top row — the
final attractor for each case; middie row — the TRINET lattice plotted with element thickness
proportional to transmissivity; bottom row — a grey-scale plot of effective aquifer transmis-
sivity T. The minimum transmissivity level shown is T¢/100, although several elements

have even lower T values.
Fig. 30. The final attractors for the incremented-transmissivity inversions for Kesterson.
Fig. 31. The central portion of the nested TRINET lattice used for the Stripa inversion.

Fig. 32. Observed and calculated transient drawdowns for the Stripa C1-2 interference test
for Case S1. The arrangement of the plots on. the page shows the locations where the

boreholes intersect the H-zone.

Fig. 33. Energy variation during the inversion of the Stripa C1-2 interference test for Case

S1. The minimum energy so far is shown in both frames.

Fig. 34. Results of three inversions for the Stripa C1-2 interference test: top row — the final
attractor for each case; middle row — the TRINET lattice plottéd with element thickness pro-
. portional to.transmvissivity; bottom row — a gréy-scale plot of effective aquifer transmissivity
T. For Case S1 attractor points which increment properties are shown as pluses and points
which decrement properties are shown as open circles. For Case S2 attractor points incre-
ment properties-and for Case S3 points decrement properties. Thef: range of transmissivity

levels shown is T /100 to 40T, although several elements have more extreme values.

Fig. A.1. The variation in attractor as parameters of the IFS change, using the rotation-
matrix form for B, Equation (A.1). For the mth frame P,, =P, + AP,,, where AP,, is a vec-

tor with random increments and | AP,, | =0.4.
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Fig. 1. The effect of various affine transformations ona set of points.
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Untransformed set After one iteration
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Fig. 2. Generation of Sierpinski’s gasket using an IFS with k=3 and a éet Ap forming a CroSs.
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Untransformed set After one iteration
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Fig. 3. Generation of an attractor using an IFS with k =4 and a set Ao consisting of a single point.
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Fig. 4. A sequence of attractors generated by IFS’s with k= 3 whose parameters differ by a small
amount. For the m th frame, P,,= P,,; + AP, where AP is a vector with random increments and
| AP1=0.2 _ _
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Fig. 5.. The variation in attractor as parameters of the IFS change. For the m th frame in each
series, P,,= Py + AP,,, where AP,, is a vector with random increments. .
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XBL 919-2021

Fig. 6. Schematic diagram(of the mapping from attractor points to lattice element hydrologic
-properties. In the frame at the right, element thickness is proportional to transmissivity.
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— 1 == 1000

XBL 935-4306

Fig. 7. Example of the mapping from attractor points to transmissivity distribution. Frame (a)
shows the attractor superposed on the lattice, and frame (b) shows the transmissivity distribution,
in which element thickness is proportional to T/Ty. The solid circles mark the well locations for
synthetic problem 1. :



49

Unitorm medium (E=46)

CaselE(E=7)

Synthetic data <

Inh

XBL 935-4307

Fig. 8. Transient drawdowns at the four observétion wells for synthetic problem 1. The_arrange;
ment of the plots on the page follows the locations of the observations wells in the well field. '
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XBL 935-4309

Fig. 10. The final attractors for six inversions of synthetic problem 1, using IFS’s with & = 2 with
only the b terms of the affine transforms varying. Well locations are marked with open circles.



52

(-} ‘\o' o. o é (-] -] .o
o ;(‘\ .

q

Fig. 11. The final attractors for six inversions of synthetic problem 1, using IFS’s with k=2 wn‘.h
all parameters of the affine transforms varying.
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Fig. 12. The transmissivity distributions for the six inversions of synthetic problem 1. Element
~ thickness is proportional to 7/T. :
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Fig. 13. The mean transmissivity distribution for the six distributions shown in Figure 12, and the
mean transmissivity distribution for 30 inversions all using the same parameters, but different ran-
dom seeds. . Element thickness is proportional to 77T;.
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Single test with many wells Multiple tests with few wells"

e Observation well
© Pumping well

- XBL 935-4313
Fig. 14. A schematic diagram showing the regions of an aquifer in which heterogeneities tend to

- have the most affect on well-test results; these are the regions directly between pumping wells and
observation wells. _
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Fig. 15. Model for synthetic problem 2, showing the lattice, well locations (solid circles), and the
central square anomaly, which may have transmissivity and storativity either 100 times greater or
100 times less than the background values. The pumping well is the middle well on the left.
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XBL 935-4315

Fig. 16. Synthetic data at the five observation wells for synthetic problem 2, compared to the re-
sponse for a uniform medium. The arrangement of the plots on the page follows the locations of
the observation wells in the well field.
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Fig. 17. The initial attractor for the k = 3 inversions of ' synthetic problem 2.
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~ Fig. 18 Transient drawdowns for the synthetic.problem 2 w1th the hlgh anomaly when attractor
pomts increment properties.
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Fig. 19. The final attractors for three k = 3 inversions of synthenc problem 2 with the hlgh
anomaly, when attractor points increment properues
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Fig. 20. The final attractors for three k = 3 inversions of synthetlc problem 2 with the high

anomaly, when attractor points decrement properties.
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Fig. 21. The final attractors for two k = 4 inversions of synthetic problem 2 with the high anomaly,
when attractor points decrement properties.
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Fig. 22. Transient drawdowns for synthetic problem 2 with the high anomaly when attractor points
decrement properties. '
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XBL 935-4322A

Fig. 23. The ﬁnal attractor for a k = 4 inversion of synthetic problem 2 with the high anomaly,
using the plus-minus algorithm. Attractor points which increment transmissivity and storativity are
shown as pluses and points which decrement properties are shown as open circles. Only one

quarter of the attractor points used are plotted (256 out of 1024), in order for the symbols to be
more readily distinguishable.
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Fig. 24. Transient drawdowns for synthetic problem 2 with the low anomaly when attractor points
decrement properties. ' ' :
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Fig. 25. The final attractors for three k = 3 inversions of synthetic problem 2 with the low
anomaly, when attractor points decrement properties.
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. Fig. 26. The 'we.ll locations used for the inversions of synthetic problem 2, which are summaﬁzed '
in Table 4.
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Fig. 27. The nested TRINET lattice used for the Kesterson inversion. Frame (a) 'show‘s, the central
portion of the lattice; the pumping well is at x =0, y = 0, the locations of the observation wells are

shown as solid circles. Frame (b) shows the entire lattice; head is held constant at x = £600,
y = +600. '
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Fig. 28. Observed and calculated transient drawdowns for Kesterson. The arrangement of the
plots on the page follows the locations of the observation wells in the well field. '
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Fig. 29. Results of three decremented-transmissivity inversions for Kesterson: top row — the final
attractor for each case; middle row — the TRINET lattice plotted with element thickness propor-

tional to transmissivity; bottom row — a grey-scale plot of effective aquifer transmissivity 7. The
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Fig. 31. The central portion of the nested TRINET lattice used for the Stripa inversion.
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Fig. 32. Observed and calculated transient drawdowns for the Stripa C1-2 interference test for
Case S1. The arrangement of the plots on the page shows the locations where the boreholes inter-
sect the H-zone. ' . : : : _
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Fig. 33. Energy variation durmg the inversion of the Smpa C1-2 interference test for Case S1. The
minimum energy so far is shown in both frames.
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Fig. 34. Results of three inversions for the Stripa C1-2 interference test: top row — the final attrac- .
tor for each case; middle row — the TRINET lattice plotted with element thickness proportional to
transmissivity; bottom row — a grey-scale plot of effective aquifer transmissivity 7. For Case S1
attractor points which increment properties are shown as pluses and points which decrement prop-
erties are shown as open circles. For Case S2 attractor points increment properties and for Case S3 -
points decrement properties. The range of transmissivity levels shown is T¢/100 to 40Ty, although
several elements have more extreme values. .
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Fig. Al. The variation in attractor as parameters of the IFS change, using the rotation-matrix form
for B, Equation (A.1). For the m th frame P,, = P, + AP, , where AP, is a vector with random
increments and | AP,, | = 0.4.
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