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Abstract

A generalization of the differential geometry of forms and vector
fields to the case of quantum Lie algebras is given. In an abstract
formulation that incorporates many existing examples of differential
geometry on quantum spaces we combine an exterior derivative, in-
ner derivations, Lie derivatives, forms and functions all into one big
algebra, the “Cartan Calculus”.

(This is an extended version of a talk presented by P. Schupp at the
XXIIth International Conference on Differential Geometric Methods in
Theoretical Physics, Ixtapa, Mexico, September 1993)
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1 Introduction

The central idea behind Connes’ Universal Calculus [1] in the context of
noncommutative geometry was to retain the classical differential geometric
properties of d, i.e. nilpotency and the undeformed Leibniz rule!: do =
d(a)+(—1)Pad for any p-form a. Here we want to base the construction of a
differential calculus on quantum groups on two additional classical formulas:
to extend the definition of a Lie derivative from functions and vector fields

to forms we postulate

£Lod=dol; (1)

this is essential for a geometrical interpretation of vector fields. The second
formula that we can — somewhat surprisingly — keep undeformed in the
quantum case is

£y = 1y, d +diy,, (Cartan identity) (2)

where {x;} are the generators of some quantum Lie algebra.

2 Quantum Lie Algebras

A quantum Lie algebra is a Hopf algebra ¢/ with a finite-dimensional biin-
variant subvector space 7, spanned by generators {x;} with coproduct
| Axi=xi®1+ 07 ® x;-. 3

More precisely we will call this a quantum Lie algebra of type II. Let {w’ €
7,'} be a dual basis of 1-forms corresponding to a set of functions & € A via

W = Sty dbly; i.e.

AA06) = 18®xi _ 4
Aalxi) = x; 0T, T’; € Fun(G,), (5)
bo(w) = —{(x:,SV)=4¢, (6)
AA(w':) = 1 @wi, (7)
As’) = o ®SITE,. 8)

4We use parentheses to delimit operations like d, i, and £ z, €.9. da = d(a) + ad.
However, if the limit of the operation is clear from the context, we will suppress the

parentheses, e.g. d(izda) = d(i.(d(a))).



If the functions & also close under adjoint coaction A44(b) = ¥ @ S~1T%;,
we will call the corresponding quantum Lie algebra one of type 1.

We can derive two alternate expressions for the exterior derivative of a
function from the Cartan identity (2) in terms of these bases:

d(f) =wj£><j(f) = "‘£Sx,~(f)wj- 9)
Combining the two expressions for d one easily denves the well-known f —w

commutation relations
fuf = £o,(f). (10)

The classical limit is given by O;* — 16;, so that forms commute with func-
tions.

3 Generators, Metrics and the Pure Braid
Group

How does one go about finding the basis of generators {x;} and the set of
functions {b'} that define the basis of 1-forms {w'}? Here we would like to
present a method that utilizes pure braid group elements as introduced in

[2].

Let us recall that a pure braid element Y is an element of /&U that
commutes with all coproducts of elements of U, i.e.

TA@y) =AY, WelU. (11)

T maps elements of A to elements of U with special transformation properties
under the right coaction:

Y- A—-U: bi—)Tb—E(T,b®1d>a

Ba(Ts) = Togy ® S = (T @id,r3(A%B) @ia)). (1P

An element T of the pure braid group defines furthermore a bilinear quadra-
tic form on A

(,):AQRA—k: a®br (a,)=—(Y,a® S(b)) €k, (13)

with respect to which we can construct orthonormal bases {b;} and {¥'} of
functions (i.e. (b;,5) = &) that in turn will give generators x; := T, and
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1-forms w’ = S (b{l))dbfz). Typically, one can choose span{b;} = span{¥'};
then one starts by constructing one set, say {b;}, of functions that close under

adjoint coaction _
AAdb,' = bj ® T7;. (14)

If the numerical matrix
ni; = — (T, b; ® Sb;) (metric) (15)

is invertible, i.e. det(n) # 0, then we can use its inverse 7% := (n7!);; to raise
indices via :

b = by - (16)
This metric is invariant — or T is orthogonal — in the sense that
nji = muT*5Th. (17)

Once we have obtained a metric 17, we can truncate the pure braid‘*element
T and work instead with

T = Torune = =S(:) ® X' = —S(x:) ® x;7°, (18)

which also commutes with all coproducts. Casimir operators can also be
constructed from elements of the pure braid group. The truncated pure
braid element gives, for instance, the quadratic casimir

[070 (ST Qid)(Tirunc) = nj"xjx,'. (casimir) (19)

Now we would like to show that we have actually obtained a quantum Lie
algebra of type I°:

f‘_<Xi,Sbi> = — (T, ® Sbe) ™ =y = &, (20)

Aa(xi) = Yoy ® S(bin)bis) = To; @ T%; = x; @ T (21)

and
A% = b @ T = b @ ™ T = 8 @ S7'T%. (22)

5Note, that T has to be carefully chosen to insure the correct number of generators.
Furthermore, we still have to check the coproduct of the generators. If they are not of
the form Ax; = x: ® 1+ O;7 ® x; then we might still consider a calculus with deformed

Leibniz rule.




- 3.1 Examples
3.1.1 The R-matrix approach

Often one can take b; €span{t",,}, where t",, is a quantum matrix in the
defining representation of the quantum group under consideration. If we are
dealing with a quasitriangular Hopf algebra with universal R = o; ® £, a
natural choice for the pure braid element is

_ 1 21512
'I‘R—:\—(1®1—-R’R), (23)
where the term R?'R'? has been introduced and extensively studied in [3]

and later in [4, 5, 2]. These choices of b;s and T lead to the R-matrix approach
to differential geometry on quantum groups. The metric is

" == (X1, St) = % ( [(Rgl_l)t2 (Rutz)_l] 2 1) : (24)

where X; = (Tgr,t1 ®id), Ri2 = (R,t1 ® t2), and I is the identity matrix.
In the case of GL,(2) we find

g3 0 0 0
0 0 —¢! 0
NeLe@ = 0 _ q-3 % 0 (2’5)
0 0 0 —q7!

Using this metric we recover — as expected — the well-known [6, 7] expres-
sion of the exterior derivative d on functions in terms of the quantum trace
over X -and the Cartan-Maurer form Q = ¢t~dt:

d = wix; = —tr(D7IQX) (on functions). (26)

(This follows essentially from D3;'m2 = P2, where D = (u,t) with u =
S(B*)c; and P is the permutation matrix.)

3.1.2 Trace formula for the metric

Again in the case where U is a quasitriangular Hopf algebra, there exists
an alternate way of defining a Killing form; let p : &/ — M, (k) be an n x n
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matrix representation of I with entries in k. Define the map ) : UQU — k

a.SG

1€ (z @ y) = tr, [S(uzy)], | (27)
where =,y € U, tr, is the trace over the given representation, and u (see

above) implements the square of the antipode [8]. The map n®?) has the
following properties:

Pyex) = 1Y(ze5), (28)
19z ¥ 2)® 2y B ) = 19(z @)e(2), (29)

for all z,y,z € U. Respectively, these express the symmetry of ¥ and
its invariance under the adjoint action. In the case when U is a quantum
Lie algebra with generators {x;}, we can define the Killing metric for the
representation p as '

n® =nP0:®x5) o (30)
For the quantum group GL,(2), with p being the fundamental representation,
a calculation gives the Killing metric (expressed as a matrix in the basis

(X17 X413 X—> X2)) as

(fund GLq(2)) 0 0 ¢° 0
e 0 ¢7 0 0
0 0 0 g°
= —q *Nore@» (31)

so we see that the two differ only by a multiplicative constant (which is —g~2"
for the GL4(n) case). If we reduce the two matrices (25) and (31) into 163
matrices, corresponding to the basis (x1 + ¢ 2x2, X+, X-» X1 — X2), We find

g3+q® 0 0 0
0 0 0 -1 0
NleLe = _q477(f 4 Gle(2) = - 0 q—3 qO 0 - (32)
0 0 0 gl4g3

5The map 7(?) as defined in the Proceedings of the XXII** DGM Conference differs
from the one appearing here by an antipode. This can be compensated by choosing the
contragredient representation in the former case.

5



Here we see the decomposition which in the undeformed case is expressed as
GL(2)~U(1)xSL(2). .

Further properties of the Killing metric as defined in this subsection will
be examined in a forthcoming paper [9)].

3.1.3 The 2-dim quantum euclidean group

This is an example of a quantum Lie algebra that seems to have no universal
R and where the set of functions {b;} does not arise from the matrix elements
of some quantum matrix. In [2] we constructed such a set of functions by,
by, b_, by, and a pure braid element T. = ;(Ac— c® 1) from the casimir
c:= P, P_ of ¢,(2). Now we can put the new machinery to work and calculate
the (invertible) metric

01 O 0
10 O 0

Meq2 = 00 0 -1 | (33)
00 —gq72 O

which immediately gives an expression for d on functions:

d = wox1 + wiXo — Q%W X- = W_X+- (34)

3.1.4 Universal Calculus

Given (countably infinite) linear bases {e;} and {f*} of the Hopf algebras
U and A respectively, we can always construct new counit-free elements
e;—1ue(e;) and fi—14¢€(f*) that each span (infinite) biinvariant spaces 7, and
C, respectively and have coproducts of the form (3); in fact 1, 7, = U and
14 ®C, = A as vector spaces. Using some Gram-Schmitt orthogonalization
procedure one can rearrange the infinite bases of &/ and A in such a way that
eo = ly, f° = 14 and e;, f* with €(e;) = €(f) = 0 for i = 1,...,00 span
7, and C, respectively. (In the rest of this section roman indices 1,j,k,. ..
will only take on values from 1 to c0.) To avoid confusion with the finite-
dimensional quantum Lie algebras, we will use the symbol 8 instead of d for
the exterior derivative.

Given orthonormal linear bases {e;} and {f*} of 7, and C, we can now
express 8§ on functions a € A as

6(a) = —ws—lfi ‘£e,'—lc(e.') (a), (35)
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note, however, that all of these wg-1yis are treated as linearly independent
and remain so even in the classical limit, because (35) in conjunction with the
Leibniz rule for § only gives trivial commutation relations between forms and
functions (aw, = WhS-1a0yA(1) — e(b)ws-la(z)a(l)); therefore, it is not generally
possible to reorganize the infinite set of wg-1:s into a finite basis of 1-forms.
This is the case for Connes’ noncommutative geometry [1] and is in contrast
to the ordinary “textbook” treatment of differential calculi that has forms

commuting with functions.

4 Calculus of Functions, Vector Fields and
Forms

Here we will generalize the Cartan calculus of ordinary commutative differ-

ential geometry to the case of quantum Lie algebras.
As in the classical case, the Lie derivative of a function is given by the

action of the corresponding vector field, i.e.
£x.' (@) =xiva= a(l).(Xi,a(2)> s (36)
£yxa=aq <Xi(1)’ a(2)> £x.-(z) .
The action on products is given through the coproduct of x;:
Xi b ab= (Xi(l) 2 a) (X,:(z) > b) (37)

The Lie derivative along y; of an element y € U is given by the adjoint action
in U:

ad
£3¥) =xi > ¥ = xS ()- (38)
To find the action of ¢,; we can now use the Cartan identity (2):
xi>a= £.(a) = ix:(da) +d(iy.a). (39)

As the inner derivation ¢,, contracts 1-forms and is zero on 0-forms like a,

we find

ty,(da) = xiba = aq <x,~,a(2)> . (40)
Next consider that for any form e, '
£xe (da) = d(ixda) + iy, (dde) = d(£kia) +0, (41)

7



which shows that Lie derivatives commute with the exterior derivative; £,,d =
d£,, (we will also assume £, commutes with d for all z € U as well). From

this and (36) we find
£:d(a) = d(aq)) <Xi(1), a(z)> Lriny- (42)

To find the complete commutation relations of ¢,; with functions and forms
rather than just its action on them, we next compute the actlon of £,.,0ona
product of functions a, b € A, i.e.

£:(ab) = iy, d(ab) = iy, (d(a)b + ad(b)), (43)

and compare with equation (37) Recalling that the x; have 00products of
the form Ax; = x; ® 1 + O ® xj, O € U, we obtain

13,0 = (Oij > a) ix,' = £O.~J' (@) ixJ' (44)

if we assume that the commutation relation of z,; with d{a) is of the general

form
- 12,,d(a) = ty;(da) +“braiding term” - z,, . (45)
N e’

eA
A calculation of £,,(d(a)d(b)) along similar lines gives in fact

ixd(@) = (xiva)—d(07pa) iy,

. . 46
;= u(da) — £o,i(da) iy, (46)

and we propose for any p-form a:
ta = 1y (o) + ("1)p£0,~i (a) Ty (47)

Using the Cartan identity we can derive commutation relations for (Lie)
derivatives and functions from equation (44), which can be written in Hopf
algebra language as

Xia = a) <Xi(l),a(2)> Xi(2)- (48)
This actually defines the product in the cross-product algebra AU of general
vector fields that one obtains by combining the Hopf algebras A and U/; see

e.g. [2].



4.1 Maurer-Cartan Forms

The most genéral left-invariant 1-form can be written as [10]
wp == S(b(l))d(b(g)) = —d(Sb(l))b(g) (49)

(left-invariance: aA(ws) = S(be))bE) @ S(ba))d(ba)) = 1 Quwe),  (50)

corresponding to a function b € A. If this function happens to be t';, where
t € M,,(A) is an m X m matrix representation of I with A(t) =t'; @ t/x
and S(t) = t~1, we obtain the well-known Cartan-Maurer form w, = t~1d(%).
Here is a nice formula for the exterior derivative of wy:

d(ws) = —Wh(;)Whey - (51)
The Lie derivative is
£ (w5) = way (xi» S (b1))b(3) ) - (52).
The contraction of left-invariant forms with 2, is
(W) = — (xi, (b)) € k.. (33)

4.2 Tensor Product Realization of the Wedge
From (52) and (53) we find commutation relations for ,, with w’,

ix;‘-‘)j = 53 - £O;"(""j)ix:=

63 —wm <Oika Ss-1 (ij)> iXk ’ (54)

which can be used to define the wedge product A of forms as a kind of
antisymmetrized tensor product’. As in the classical case we make an ansatz
for the product of two forms in terms of tensor products

VALY =0 QW — 57 0™ Quwn, (55)

with as yet unknown numerical constants 6%,,,, € k, and define 2, to act on
this product by contracting in the first tensor product space, i.e.

By (W A WF) = Sk — 675,870, (56)

7So far we have suppressed the A-symbol; to avoid confusion we will reinsert it in this
paragraph.



But from (54) we already know how to compute this, and we find
9 mn = (O, S7H(T"0)), (57)

o AW = (I —8)Y ™ Qu 8

= W Ruw —uwF® £o,i(w). (5 )
- These equations give implicit (anti)commutation relations between the w's.
Note that (I — &) has a sensible classical limit — it becomes (I — P) where
P is the permutation matrix. Using the same method as for w we can also
~ obtain a tensor product decomposition of products of inner derivations.

Example: Maurer-Cartan Equation

dow = dwy = —wbi'l) A wb{Q)
s R C AR ® “oly. o .
= —* @ <_SX'” S -1(Sb{1)b;3))> <_SX" b@))

= —wF®uw <§S-IXk)(1)XIS(S—1X1=)(2)} St

(59)

ad
. . S=ixx b xi
/
= —’fk:'[w S w'.

In the previous equation we have introduced the adjoint action of a left-
invariant vector field on another vector field. A short calculation gives

STk ¥ xi = xoXe(858F — %) = xa (S X T%) = xafs™ (60)
as compared to
ad c > a
xk B x1 = Ly (x1) = xexe(858) — Bwt) = Xafe®t5 (61)

with B, = <Okb,T°z>. The two sets of structure constants are related
by (xx,T%) = fx®s = —fl*1R71. See [11] for a detailed discussion of such
structure constants.

10



4.2.1 The “Anti-Wedge” Operaf,or

There is actually an operator W that recursively translates wedge products
into the tensor product representation:

WA ST @AY, p2>1,

W QW —w® £onk.(&7i)
W Q@ uWF —wr @uWmé,,,

W) = " ® iy, (@), ©2)
for any p-form a. Two examples:
W AWE = w”®ix,5(w7'/\wk)_ '
= w" ® (6;71(.0" et £On"' (wJ)(S,’;) (63)

and, after a little longer computation that uses W twice,

WAL AW = w® (W Aw) —w ® (W Aw)e%;
+wi ® (60'7 A w")‘&“‘;j&b‘ﬁk
= W RWRW —w*Quw ®ukst,
—t ® W ® wc&abij + Wt ® B ® wka.lcjka.abil
+w' @ w? @ wka;6%y — W @ W ® WFE 116%™ .
| (64)

In some cases this expression can be further simplified with the help of the
characteristic equation of &.

4.3 Summary of Relations in the Cartan Calculus

Commutation Relations For any p-form a:

da = d(o)+ (—1)Pad (65)
o = ig(a)+ (—1)p°£0¢f (a)ix,' (66)
£x-' a = '£xe (a) + °£O.-J' (@) ‘EX'J' (67)

Actions For any function f € A, 1-form wy = S f(3)d f(2) and vector field
¢ € AxU:

iw(f) = 0 | (68)

11



i,(df) = dfy <Xi, fi (2)>
tu(wy) = —(xi,Sf)
£x.' (f) xi(f) = fo <Xi, f(2)>
L) = wiy {x,S(w)f)
£5:(4) Xi1)#S (Xi(2))

Il

Graded Quantum Lie Algebra of the Cartan Generators

dd = 0

df, = £.d

£x.' = dix.'"'ix.'d_
[’exn"exnc]q = ‘£xzfilk

. . l
[‘exnzxg]q = iy fik

The quantum commutator [, ], is here defined as follows:

["BX"DL = £x.-D — £o,~j(D)£xj.

(69)
(70)
(71)
(72)
(73)

(74)
(75)
(76)
(77)

(78)

(79)

This quantum Lie algebra becomes infinite-dimensional as soon as we intro-

duce derivatives along general vector fields.

4.4 TUniversal Cartan Calculus

In the case of a Universal Calculus (see section 3.1.4) the relations of a Cartan
Calculus can be expressed in a basis-free form in Hopf algebra language.
Here is a summary of commutation relations valid on any form. All of these
equations are identical to the corresponding quantum Lie algebra relations
when written in terms of the bases {eg} and {f?}, where § = 0,1,...,co.

z,y €U, a € A, ais a pform and ¢ € AxU is a vector field.

£za = a1) <""(1)’a(2)> "€$<2)

£:6(a) = 8(aw) <$(l)7a(2)> £z(zj)-
£xa = £1-(1) (a) ’6.1:(2)

12
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2.0
i.6(a)

Y

da

66(a)
£2(¢)

62
§L.

. £z
£.£,

£2i,

o) (2> 9@)) Bz

aq) (= — Le(), a@) — 8law) (2, a(2)) Faca
i.r(a) + (_1)p£z(1) (0‘) iz’(z)

§(a) + (=1)Pabd

—(—1)"8(cx)8

z(1)$S(z(2))

0
£:6
62, + le(z) + 1.6 (universal Cartan identity)

£y(1) <$(1)7y(2)'> £:(2)
iy(1) <x(l)7 y(2)l> '£a:(2)

(83)
(84)
(85)
(86)
(87)

(88)

(89)
(90)
(91)
(92)
(93)

This type of Cartan calculus on an arbitrary Hopf algebra will be treated in
detail in an upcoming paper [12].

4.5 Lie Derivatives Along General Vector Fields

So far we have focused on Lie derivatives and inner derivations along left-
invariant vector fields, i.e. along elements of 7,. The classical theory allows
functional coefficients, so that a general vector field need not be left-invariant.
Here we may introduce derivatives along elements in the AX7, plane by the
following set of equations valid on forms (recall (x) = 0 for x € T,):

i = f ix.' )
£ fi = dig+ t5xd,
£fx.' = f£xe + d(f)ixn
Lixd = dL fxi+

(94)
(95)
(96)
(97)

Equation (96) can be used to define Lie derivatives recursively on any form.

13
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